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PREFACE. 

With the exception of Professor J. Willard Gibbs's last work, 
EUmenta/ry Principles in StatiBtioal Mechomics* and of his lectures 
upon Vector Analysis, adapted for nse as a text-book by his pupil 
Dr. E. B. Wilson,f and printed like the former as a volume of the 
Tale Bicentennial Series, none of his contributions to mathematical 
and physical science were published in separate form, but appeared 
in the transactions of learned societies and in various scientific 
journals. 

These scattered papers, which constitute the larger and perhaps 
the more important part of his published work, are here presented 
in a collected edition, from which, so far as known to the editors, 
no printed paper has been omitted. A small amount of hitherto 
unpublished matter has also been included. Permission for the 
present reprint of the diflferent papers contained in these volumes 
has in every case been granted by the authorities in charge of the 
publications in which they originally appeared, a courtesy for which 
the editoi*s desire here to make due acknowledgment. 

In the arrangement of the papers a grouping by subject has been 
adopted in preference to a strict chronological order. Within the 
separate groups, however, the chronological order has in general 
been preserved. 

The papers on Thermodynamics, which form somewhat more than 
one half of the whole, constitute the first volume. Among these 
is the well-known memoir On the EgvALibrvu/m of Heterogeneous 
Substances, which has proved to be of such fundamental importance 
to Physical Chemistry and has been translated into German by 
Professor Ostwald, and into French by Professor Le Chatelier. 



*" Elementary Prinoiplee in Statistical Meohanios developed with espeoial reference 
to the Rational Foundation of Thermodynamics." By J. Willard Gibbs. Charles 
Seriboer's Sons, New York. Edwin Arnold, London. 1902. 

t " Vector Analysis, a text-book for the use of students of Mathematics and Physics, 
foonded upon the Lectures of J. Willard Gibbs." By E. B. Wilson. Charles Scribner's 
Sods, New York. Edwin Arnold, London. 1901. 
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Shortly before the aathor s death he had yielded to numerous 
requests for a republication of his thermodynamic papers, and had 
arranged for a volume which was to ccmtain the Equilibrium of 
Heterogeneous Subsianeea and the two earlier papers. Graphical 
Methods in the TherTnodynamics of Fluids^ and A Method of 
Geometrical Representation of the Thermodynamie Properties of 
Substances by means of Surfaces, To these he proposed to add 
some supplementary chapters, the preparaticm of which he had hardly 
more than oonmienoed when he was overtaken by his last illness. 
The manuscript of a portion of this additional material (evidently 
a first draft) was found among the authors papers and has been 
printed at the end of the first volume. It is believed that it will 
be of interest and value in spite of its unfinished and somewhat 
fragmentary conditicm. 

The remaining papers, which compose the second volume, are 
divided between mathematical and physical science. Most of them 
naturally fall under one of the follo¥ring heads: Dynamics, Vector 
Analysis and Multiple Algebra, the Electromagnetic Theory of light, 
and are so grouped in the volume in the order named. A fourth 
section is made up of the unclassified papers. 

In the first section the short abstract of a paper read before the 
American Association for the advancement of Science is worthy of 
notice as showing that the fundamental ideas and methods of the 
treatise on Statistical Mechanics were well developed in the author's 
mind at least seventeen years before the publication of that work. 

The second section includes the Elements of Vector Analysis, 
privately printed in 1881-1884 for the use of the author's classes, 
but never published. It contains in a very condensed form all the 
essential features of Professor Gibbs's s^'stem of Vector Analysis, 
but without the illustrations and applications which he was accus- 
tomed to give in his lectures on this subject. Copies of this pamphlet 
have been for many years past practically unobtainable. Here is 
also placed a hitherto unpublished letter to the editor of Elinkerfues' 
Theoretische Astronomie, on the use of the author's vector method 
for the determination of orbits. 

Five papers on the Electromagnetic Theory of Light constitute 
the third section. The fourth and last is composed of miscellaneous 
papers, including biographical sketches of Clausius and of the 
author's colleague Hubert A. Newton. 

The editors have spared no pains to make the reprint typographi- 
cally accurate. In a few eases slight corrections had been made by 
IVofowSsor Uibbs in his own copies of the papers. These changes, 
together with the correction of obvious misprints in the originals, 
have been incorporated in the present edition without comment 



PREFACE. vii 

Where for the sake of clearness it has seemed desirable to the editors 
to insert a word or two in a footnote or in the text itself, the addition 
has been indicated by enclosing it within square brackets [], a sign 
which is otherwise used only in the formulsB. 

A sketch of the life and estimate of the work of Professor Gibbs, 
by one of the editors, is placed at the beginning of the first volume. 
It is taken, with some additions, from the American Journal of 
Science, September 1903. 

HENRY ANDREWS BUMSTEAD. 
RALPH GIBBS VAN NAAfE. 



YaLB UiriYXRSITT, 

New Haven, 
October 1906. 
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JOSIAH WELLARD GIBBS. 

[Reprinted with some additions from the American Journal of Science, 
ser. 4, vol. xvi., September, 1903.] 

JosiAH WiLLARD GiBBS was bom in New Haven, Connecticut, 

February 11, 1839, and died in the same city, April 28, 1903. He 

was descended from Robert Gibbs, the fourth son of Sir Henry Gibbs 

of Honington, Warwickshire, who came to Boston about 1658. One of 

Bobert Gibbs's grandsons, Henry Gibbs, in 1747 married Eatherine, 

daughter of the Hon. Josiah Willard, Secretary of the Province of 

Massachusetts, and of the descendants of this couple, in various parts 

of the country, no fewer than six have borne the name Josiah Willard 

Gibbs. 

The subject of this memorial was the fourth child and only son of 
Josiah Willard Gibbs, Professor of Sacred Literature in the Yale 
Divinity School from 1824 to 1861, and of his wife, Mary Anna, 
daughter of Dr. John Van Cleve of Princeton, N, J. The elder 
Professor Gibbs was remarkable among his contemporaries for pro- 
foond scholarship, for unusual modesty, and for the conscientious and 
painstaking accuracy which characterized all of his published work. 
The following brief extracts from a discourse commemorative of his 
life, by Professor George P. Fisher, can hardly fail to be of interest to 
tlioee who are familiar with the work of his distinguished son : " One 
who should look simply at the writings of Mr. Gibbs, where we meet 
only with naked, laboriously classified, skeleton-like statements of 
scientific truth, might judge him to be devoid of zeal even in his 
favorite pursuit. But there was a deep fountain of feeling that did 
iK)t appear in these curiously elaborated essays. ... Of the science 
of comparative grammar, as I am informed by those most competent 
to judge, he is to be considered in relation to the scholars of this 
country as the leader.'' Again, in speaking of his unfinished trans- 
lation of Gesenius's Hebrew Leocicon: "But with his wonted 
thoroughness, he could not leave a word until he had made the article 
upon it perfect, sifting what the author had written by independent 
investigations of his own." 
The ancestry of the son presents other points of interest. On his 
G. I. b 



XIV JOSIAH WILLARD GIBES. 

fathers Hide we timl an unbn)keii line of nix college {fnuluat««*. Fiv«* 
of thew wen* ^rn«liiat4*H of Harvanl. — President Samuel Willard, hi» 
Hon JoHiah Willanl. th«* ^n*^at grandfather, grandfather and father of 
the elder Profesnor (lihlxs. who wtih hininelf ii graduate of Yale. 
Among hi» mother'n ancestors were two more Yale graduates. <Kie *4 
whom. Rev. Jonathan Dickinson, was the first President of the College 
of New Jersey. 

Josiah Willanl Gihbs, the younger, entered Yale College in 1H54 
and wan graduated in 1H5H, receiving during his c«>llege course several 
prizes for excellence in Latin and Mathematics : during the next five 
years he continued his studies in New Haven, and in lS4i3 received 
the degree of doctor of philosophy and was api)ointe<l a tutor in the 
college for a term of three years. During the first two years of his 
tutorship he taught I^tin and in the thinl year Natural Philonophy. 
in )x)th of which subjects he had gained marke<l distinction as an 
undergraduate. At the end of his term as tutor he went abroad with 
his sisters, spending the winter of 1H66-67 in Paris and the folli>wiiig 
year in Berlin, where he heard the lectures of Magnus and other 
teachers of physics and of mathematics. In 1S6S he went to Heidel- 
berg, where KirchhotT and Helmholt/. were then statiun«*d, returning 
to New Haven in June. 18(59. Two years later he was appointed 
Professor of Mathematical Physics in Yale College, a position which 
he held until the time of his death. 

It was not until 1873, when he was thirty-four years old, that he 
gave to the world, by publication, evidence of his extraordinaiy 
powers as an investigator in mathematical physics. In that year two 
papers appeared in the Tnni^ti-titmf of the Cnun^iiimt At'iyUmy, the 
first being entitled " Graphical Methods in the Thermodynamics of 
Fluids." and the second " A Method of Geometrical Representation of 
the Tliermodynamic Properties of Sulistances by Means of Surface*.* 
These were followed in 1S76 and 1878 by the two parts of the great 
paper "(^n the lilquilibrium of Heterogeneous Substances." which is 
generally, and probably rightly, considered his most important contri- 
bution to physical science, and which is unquestionably among the 
gr«*at4*st and most enduring monuments of the wonderful scientific 
activity of the ninett'enth century. The first two pafiers of this series, 
although somewhat overshadowtil by the thinl, are themselves ver}' 
remarkable and valuable cfHitributions to the theory of themii»- 
dynamics ; they have pn>ved useful ami fertile in many direct ways. 
and, in addition, it is difficult to H«*t* hnw, witlHUit them, the third 
could have Imh^u written In logical di'velopnient tht* three ar«» wry 
cloMfly ct>nuei*ti*«I. and m«*tlioilH fin«t bnnight furwanl in the earlier 
pa|ieni are use^l omtinually in the third. 

Profeiwor Giblia was much indineil to the use of geometrieal 
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illustrations, which he employed as symbols and aids to the imagin- 
ation, rather than the mechanical models which have served so many 
great investigators ; such models are seldom in complete correspondence 
with the phenomena they represent, and Professor Qibbs's tendency 
toward rigorous logic was such that the discrepancies apparently 
destroyed for him the usefulness of the modeL Accordingly he usually 
had recourse to the geometrical representation of his equations, and 
this method he used with great ease and power. With this inclination, 
it is probable that he made much use, in his study of thermodynamics, 
of the volume-pressure diagram, the only one which, up to that time, 
had been used extensively.. To those who are acquainted with the 
completeness of his investigation of any subject which interested him, 
it is not surprising that his first published paper should have been a 
careful study of all the different diagrams which seemed to have any 
• chance of being useful. Of the new diagrams which he first described 
in this paper, the simplest, in some respects, is that in which entropy 
and temperature are taken as coordinates ; in this, as in the familiar 
volume-pressure diagram, the work or heat of any cycle is proportional 
to its area in any part of the plane ; for many purposes it is far more 
perspicuous than the older diagram, and it has found most important 
practical applications in the study of the steam engine. The diagram, 
however, to which Professor Qibbe gave most attention was the 
volume-entropy diagram, which presents many advantages when the 
properties of bodies are to be studied, rather than the work they do or 
the heat they give out. The chief reason for this superiority is that 
volume and entropy are both proportional to the quantity of substance, 
while pressure and temperature are not ; the representation of coexis- 
tent states is thus especiaUy clear, and for many purposes the gain in 
this direction more than counter-balances the loss due to the variability 
of the scale of work and heat. No diagram of constant scale can, for 
example, adequately represent the triple state where solid, liquid and 
v^)or are all present; nor, without confusion, can it represent the 
states of a substance which, like water, has a maximum density ; in 
these and in many other cases the volume-entropy diagram is superior 
in distinctness and convenience. 

In the second paper the consideration of graphical methods in 
thermodynamics was extended to diagrams in three dimensions. 
James Thomson had already made this extension to the volume-pressure 
diagram by erecting the temperature as the third coordinate, these 
three immediately cognizable quantities giving a surface whose inter- 
pretation is most simple from elementary considerations, but which, 
for several reasons, is far less convenient and fertile of results than 
one in which the coordinates are thermodynamic quantities less directly 
known. In fact, if the general relation between the volume, entropy 
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and energy of any body is known, the relation between the volume^ 
pressure and temperature may be immediately deduced by differen- 
tiation; but the converse is not true, and thus a knowledge of the 
former relation gives more complete information of the properties of a 
substance than a knowledge of the latter. Accordingly Gibbs chooses 
as the three coordinates the volume, entropy and energy and, in a 
masterly manner, proceeds to develop the properties of the resulting 
surface, the geometrical conditions for equilibrium, the criteria for its 
stability or instability, the conditions for coexistent states and for the 
critical state ; and he points out, in several examples, the great power 
of this method for the solution of thermodynamic problema The 
exceptional importance and beauty of this work by a hitherto unknown 
writer was immediately recognized by MaxweU, who, in the last years 
of his life, spent considerable time in carefuUy constructing, wiUi his 
own hands, a model of this surface, a cast of which, very shortly before 
his death, he sent to Professor Gibb& 

One property of this three dimensional diagram (analogous to thai 
mentioned in the case of the plane volume-entropy diagram) proved 
to be of capital importance in the development of Gibbs's futui*e work 
in thermodynamics ; the volume, entropy and energy of a mixture of 
portions of a substance in different states (whether in equilibrium or 
notX are the sums of the volumes, entropies and energies of the separate 
parts, and, in the diagram, the mixture is represented by a single point 
which may be found from the separate points, representing the different 
portions, by a process like that of finding centers of gravity. In 
general this point is not in the surface representing the stable states 
of the substance, but within the solid bounded by this surface, and 
its distance from the surface, taken parallel to the axis of energy, 
represents the available energy of the mixture. This possibility of 
representing the properties of mixtures of different states of the same 
substance immediately suggested that mixtures of substances differing 
in chemical composition, as well as in physical state, might be treated 
in a similar manner; in a note at the end of the second paper the 
author clearly indicates the possibility of doing so, and there can be 
little doubt that this was the path by which he approached the task 
of investigating the conditions of chemical equilibrium, a task which 
he was destined to achieve in such a magnificent manner and with 
such advantage to physical science. 

In the discussion of chemically homogeneous substances in the first 
two papers, frequent use had been made of the principle that such a 
substance will be in equilibrium if, when its energy is kept constant, 
its entropy cannot increase ; at the head of the third paper the author 
puts the famous statement of Clausius : " Die Energie der Welt ist 
constant. Die Entropie der Welt strebt einem Maximum zu." He 



JOSIAH WILLARD GIBBS. xvii 

proceeds to show that the above condition for equilibrium, derived 
from the two laws of thermodynamics, is of universal application, 
carefully removing one restriction after another, the first to go being 
tiiat iiie substance shall be chemicaUy homogeneous. The important 
analytical step is taken of introducing as variables in the fundamental 
differential equation, the masses of the constituents of the hetero- 
geneous body ; the differential coefficients of the energy with respect 
to these masses are shown to enter the conditions of equilibrium in a 
manner entirely analogous to the " intensities," pressure and temper- 
ature, and these coefficients are called potentials. Constcmt use is 
made of the analogies with the equations for homogeneous substances, 
and the analytical processes are like those which a geometer would 
use in extending to n dimensions the geometry of three. 

It is quite out of the question to give, in brief compass, anything 
approaching an adequate outline of this remarkable work. It is 
universally recognized that its publication was an event of the first 
importance in the history of chemistry, that in fact it founded a new 
department of chemical science which, in the words of M. Le Chatelier, 
is becoming comparable in importance with that created by Lavoisier. 
Nevertheless it was a number of years before its value was generally 
known ; this delay was due largely to the fact that its mathematical 
fonn and rigorous deductive processes make it difficult reading for 
any one, and especially so for students of experimental chemistry 
whom it most concerns; twenty-five years ago there was relatively 
only a small number of chemists/who possessed sufficient mathematical 
knowledge to read easily ev^ the simpler portions of the paper. 
Thus it came about that a mmiber of natural laws of great importance 
which were, for the first ^ime, clearly stated in this paper were subse- 
quently, during its period of neglect, discovered by others, sometimes 
from theoretical considerations, but more often by experiment. At 
the present time, however, the great value of its methods and results 
tre fully recognized by all students of physical chemistry. It was 
translated into German in 1891 by Professor Ostwald and into French 
in 1899 by Professor Le Chatelier ; and, although so many years had 
passed since its original publication, in both cases the distinguished 
translators give, as their principal reason for imdertaking the task, 
not the historical interest of the memoir, but the many important 
questions which it discusses and which have not even yet been worked 
out experimentally. Many of its theorems have already served as 
starting points or guides for experimental researches of fundamental 
consequence; others, such as that which goes under the name of 
the "Phase Rule," have served to classify and explain, in a simple 
and logical manner, experimental facts of much apparent complexity ; 
while still others, such as the theories of catalysis, of solid solutions, 
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and of the action of semi-permeable diaphragms and osmotic presBnre, 
showed that many facts, which had previoosly seemed mysterious and 
scarcely capable of explanation, are in fact simple, direct and nacesaary 
conse(|aence8 of the fundamental laws of thermodynamics. In the 
discussion of mixtures in which some of the components are present 
only in very small (|uantity (of which the most interesting cases at 
pn*sent are <liiute solutions) the theory is carrie<l as far as is possible 
fmm (1 itrifiri considerations; at the time the paper was written the 
lack of experimental facts did not permit the statement, in all it« 
generality, of the celebrated law which was afterwani discovered by 
van*t H(»tr; but the law is distinctly statetl for solutions of gases as a 
din*ct c<jnse<|uence of Henr>'*H law and. while the facts at the aothor'i 
disposal did not permit a further extension, he remarks that there are 
many indicatiouH *' tliat the law expresst*d by these e^juations has a 
very general application.'* 

It is not surprising that a work containing results of such conse- 
(|uence should have excited the pnifoundest admiration among students 
of the physical sciences ; but even more remarkable than the results, 
and {Hfrliaps of even greater sen-ice to science, are the methixls by 
which they were attained : these do not depend upon special hypotheses 
as t<) the constitution of matter or any similar assumption, but the 
whole system rests directly upon the truth of certain experiential 
laws which possess a very high degree of pn>bability. To have 
obtained the results embodied in these papers in any manner would 
have been a great achievement ; that they were reached by a method 
of such logical austerity is a still greater cause for wonder and 
admiration. And it gives to the work a degree of certainty and an 
aKHurance of permanence, in form and matter, which is not often 
found in investigations so original in character. 

In lecturing to students upon mathematical physics, especially in 
the theor}- of electricity and magnetism. Professor Gibhs felt as ho 
many other physicists in recent years have done, the desirability of a 
vector algebra by which the more or less complicated space relations, 
dealt with in many departments of physics, could be conveniently and 
perspicuously expresses! ; and this desire was especially active in him 
on acojunt of his natural tendency toward «*legance and conciseness 
of mathematical uiethfxl. He did not, however, find in Hamilton's 
system of ((uatemions an instrument altogether suited t4> his ne«-<ls. 
in this n^spect sharing the expi-rience of other investigators who have, 
of late years, si*«*nieil more and more inclined, for practical puqsiM-**. 
t(» reji'Ct the (|Uateniiunic analysis, notwithstanding itA l>eauty and 
logical c«»nipletenesH, in fav«>r *»f a simpler ami more din*ct tn*atment 
of the subject. For the use of bin student**. IVoft^ssor Uibljs privately 
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printed in 1881 and 1884 a very concise account of the vector analysis 
which he had developed, and this pamphlet was to some extent circu- 
lated among those especially interested in the subject In the develop- 
ment of this system the author had been led to study deeply the 
Auddehnungslehre of Grassmann, and the subject of multiple algebra 
m general ; these investigations interested him greatly up to the time 
o! his death, and he has often remarked that he had more pleasure in 
the study of multiple algebra than in any other of his intellectual 
activities. His rejection of quaternions, and his championship of 
Grassmann's daim to be considered the founder of modem algebra, 
led to some papers of a somewhat controversial character, most of 
which appeared in the columns of Nature, When the utility of 
his system as an instrument for physical research had been proved 
by twenty years* experience of himself and of his pupils. Professor 
Gibbs consented, though somewhat reluctantly, to its formal publi- 
cation in much more extended form than in the original pamphlet. 
As he was at that time wholly occupied with another work, the task 
of preparing this treatise for publication was entrusted to one of his 
students. Dr. E B. Wilson, whose very successful accomplishment of 
the work entitles him to the gratitude of all who are interested in 
the subject. 

The reluctance of Professor Gibbs to publish his system of vector 
analysis certainly did not arise from any doubt in his own mind as 
to its utility, or the desirability of its being more widely employed ; 
it seemed rather to be due to the feeling that it was not an original 
contribution to mathematics, but was rather an adaptation, for special 
purposes, of the work of others. Of many portions of the work this 
is of course necessarily true, and it is rather by the selection of 
methods and by systematization of the presentation that the author 
has served the cause of vector analysis. But in the treatment of the 
linear vector function and the theory of dyadics to which this leads, 
a distinct advance was made which was of consequence not only in 
the more restricted field of vector analysis, but also in the broader 
theory of multiple algebra in general. 

The theory of dyadics* as developed in the vector analysis of 1884 
must be regarded as the most important published contribution of 
Professor Gibbs to pure mathematics. For the vector analysis as an 
algebra does not fulfil the definition of the linear associative algebras 
of Benjamin Peirce, since the scalar product of vectors lies outside the 
vector domain; nor is it a geometrical analysis in the sense of 



• The three succeeding paragraphs are by Professor Percey F. Smith ; they form part 
erf a sketch of Professor Gibbs*s work in pure mathematics, which Professor Smith con- 
thlmted to the Bulletin of the American Mathematical Society ^ vol. x, p. 34 (October, 
1903). 
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Orassmann, the vector product satisfying the combinatorial law, but 
yielding a vector instead of a magnitude of the second order. While 
these departures from the systems mentioned testify to the great 
ingenuity and originality of the author, and do not impair the utility 
of the system as a tool for the use of students of physics, they never- 
theless expose the discipline to the criticism of the pure algebraist. 
Such objection falls to the ground, however, in the case of the theory 
mentioned, for dyadics yield, for 7i=3, a linear associative algebra of 
nine units, namely nonions, the general nonion satisfying an identical 
equation of the third degree, the Hamilton-Cayley equation. 

It is easy to make clear the precise point of view adopted by 
Professor Gibbs in this matter. This is well expounded in his vice- 
presidential address on multiple algebra, before the American Asso- 
ciation for the Advancement of Science, in 1886, and also in his warm 
defense of Grassmann's priority rights, as against Hamilton's, in his 
article in Natv/re "Quaternions and the Auadelinungslehre" He 
points out that the key to matricular algebras is to be found in the 
open (or indeterminate) product (i.e., a product in which no equations 
subsist between the factors), and, after calling attention to the brief 
development of this product in Grassmann's work of 1844, affirms 
that Sylvester's assignment of the date 1858 to the " second birth of 
Algebra" (this being the year of Cayley's Memoir on Mairices) must be 
changed to 1844. Grassmann, however, ascribes very little importance 
to the open product, regarding it as offering no useful applications. 
On the contrary. Professor Gibbs assigns to it the first place in the 
three kinds of multiplication considered in the Avsdeltnungslehre, 
since from it may be derived the algebraic and the combinatorial 
products, and shows in fact that both of them may be expressed in 
terms of indeterminate producta Thus the multiplication rejected 
by Grassmann becomes, from the standpoint of Professor Gibbs, the 
key to all others. The originality of the latter*s treatment of the 
algebra of dyadics, as contrasted with the methods of other authors in 
the allied theory of matrices, consists exactly in this, that Professor 
Gibbs regards a matrix of order ti as a multiple quantity in ??- units, 
each of which is an indeterminate product of two factors. On the 
other hand, C. S. Peirce, who was the first to recognize (1870) the 
quadrate linear associative algebras identical with matrices, uses for 
the units a letter pair, but does not regard this combination as a 
product. In addition, Professor Gibbs, following the spirit of 
Grassmann's system, does not confine himself to one kind of multi- 
plication of dyadics, as do Hamilton and Peirce, but considers two 
sorts, both originating with Grassmann. Thus it may be said that 
quadrate, or matricular algebras, are brought entirely within the 
wonderful system expounded by Grassmann in 1844. 



JOSIAH WILLABD GIBBS. xxi 

As already remarked, the exposition of the theory of dyadics given 
in the vector analysis is not in accord with Grassmann's system. In 
a footnote to the address referred to above, Professor Gibbs shows the 
alight modification necessary for this purpose, while the subject has 
been treated in detail and in aU generality in his lectures on multiple 
algebra delivered for some years past at Yale University. 

Professor Oibbs was much interested in the application of vector 
analysis to some of the problems of astronomy, and gave examples 
of such application in a paper, "On the Determination of Elliptic 
Orbits from Three Complete Observations" (Mem. Nat Acad. Sci., 
voL iv, pt. 2, pp. 79-104). The methods developed in this paper were 
afterwards applied by Professors W. Beebe and A. W. Phillips* to 
the computation of the orbit of Swift's comet (1880 V) from three 
observations, which gave a very critical test of the method. They 
found that Gibbs's method possessed distinct advantages over those 
of Gauss and Oppolzer ; the convergence of the successive approxi- 
mations was more rapid and the labor of preparing the fundamental 
equations for solution much less. These two papers were translated 
by Buchholz and incorporated in the second edition of Klinkerfues* 
Theoretische AstroTwmie. 

Between the years 1882 and 1889, five papers appeared in ITie 
American Journal of Science upon certain points in the electro- 
magnetic theory of light and its relations to the various elastic 
theories These are remarkable for the entire absence of special 
hypotheses as to the connection between ether and matter, the 
only supposition made as to the constitution of matter being that 
it is fine-grained with reference to the wave-length of light, but 
not infinitely fine-grained, and that it does disturb in some manner 
the electrical fluxes in the ether. By methods whose simplicity 
and directneas recall his thermodynamic investigations, the author 
shows in the first of these articles that, in the case of perfectly 
transparent media, the theory not only accounts for the dispersion 
of colors (including the "dispersion of the optic axes" in doubly 
refracting media), but also leads to Fresnel's laws of double refrac- 
tion for any particular wave-length without neglect of the small 
quantities which determine the dispersion of colors. He proceeds 
in the second paper to show that circular and elliptical polariza- 
tion are explained by taking into account quantities of a still 
higher order, and that these in turn do not disturb the explanation 
of any of the other known phenomena; and in the third paper he 
deduces, in a ver}' rigorous manner, the general equations of mono- 
chromatic light in media of every degree of transparency, aiTiving 

* A^ronomicalJoumai, voL ix, pp. 114-117, 121-124, 1889. 
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at equations somewhat different from those of Maxwell in that they 
do not contain explicitly the dielectric constant and conductivity as 
measured electrically, thus avoiding certain difficulties (especially in 
regard to metallic reflection) which the theory as originally stated had 
encountered; and it is made clear that ''a point of view more in 
accordance with what we know of the molecular constitution of 
bodies will give that part of the ordinary theory which is verified 
by experiment, without including that part which is in opposition 
to observed facts/' Some experiments of Professor C. S. Hastings 
in 1888 (which showed that the double refraction in Iceland spar 
conformed to Huyghens's law to a degree of precision far exceeding 
that of any previous verification) again led Professor Gibbs to take 
up the subject of optical theories in a paper which shows, in a 
remarkably simple manner, from elementary considerations, that this 
result and also the general character of the facts of dispersion are in 
strict accord with the electrical theory, while no one of the elastic 
theories which had, at that time, been proposed could be reconciled 
with these experimental results. A few months later upon the publi- 
cation of Sir William Thomson's theory of an infinitely compressible 
ether, it became necessary to supplement the comparison by taking 
account of this theory also. It is not subject to the insuperable 
difficulties which beset the other elastic theories, since its equations 
and surface conditions for perfectly homogeneous and transparent 
media are identical in form with those of the electrical theory, and 
lead in an equally direct manner to Fresnel's construction for doubly- 
refracting media, and to the proper values for the intensities of the 
reflected and refracted light. But Gibbs shows that, in the case of 
a fine-grained medium, Thomson's theory does not lead to the known 
facts of dispersion without imnatural and forced hypotheses, and that 
in the case of metallic reflection it is subject to similar difficulties; 
while, on the other hand, " it may be said for the electrical theory 
that it is not obliged to invent hypotheses, but only to apply the 
laws furnished by the science of electricity, and that it is difficult to 
account for the coincidences between the electrical and optical pro- 
perties of media unless we regard the motions of light as electrical." 
Of all the arguments (from theoretical grounds alone) for excluding 
all other theories of light except the electrical, these papers furnish 
the simplest, most philosophical, and most conclusive with which the 
present writer is acquainted; and it seems likely that the con- 
siderations advanced in them would have sufficed to firmly establish 
this theory even if the experimental discoveries of Hertz had not 
supplied a more direct proof of its validity. 

In his last work, ElemenUiry Principles in Statistical Mechanics^ 
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Professor Gibbs returned to a theme closely connected with the 
subjects of his earliest publications. In these he had been concerned 
with the development of the consequences of the laws of thermo- 
dynamics which are accepted as given by experience ; in this empirical 
form of the science, heat and mechanical energy are regarded as two 
distinct entities, mutually convertible of course with certain limita- 
tions, but essentially different in many important ways. In accordance 
with the strong tendency toward unification of causes, there have been 
many attempts to bring these two things under the same category; 
to show, in fact, that heat is nothing more than the purely mechanical 
energy of the minute particles of which all sensible matter is supposed 
to be made up, and that the extra-dynamical laws of heat are con- 
sequences of the immense number of independent mechanical systems 
in any body, — a number so great that, to human observation, only 
certam averages and most probable effects are perceptible. Tet in 
spite of dogmatic assertions, in many elementary books and popular 
expositions, that " heat is a mode of molecular motion," these attempts 
have not been entirely successful, and the failure has been signalized 
by Lord Kelvin as one of the clouds upon the history of science in 
the nineteenth century. Such investigations must deal with the 
mechanics of systems of an immense number of degrees of freedom 
and (since we are quite unable in our experiments to identify or 
follow individual particles), in order to compare the results of the 
dynamical reasoning with observation, the processes must be statistical 
in character. The difficulties of such processes have been pointed out 
more than once by Maxwell, who, in a passage which Professor Gibbs 
often quoted, says that serious errors have been made in such inquiries 
by men whose competency in other branches of mathematics was un- 
questioned 

On account, then, of the difficulties of the subject and of the pro- 
found importance of results which can be reached by no other known 
method, it is of the utmost consequence that the principles and pro- 
cesses of statistical mechanics should be put upon a firm and certain 
foundation. That this has now been accomplished there can be no 
doubt, and there will be little excuse in the future for a repetition of 
the errors of which Maxwell speaks ; moreover, theorems have been 
discovered and processes devised which will render easier the task of 
every future student of this subject, as the work of Lagrange did in 
the case of ordinary mechanics. 

The greater part of the book is taken up with this general develop- 
ment of the subject without special reference to the problems of 
rational thermodynamics. At the end of the twelfth chapter the 
author has in his hands a far more perfect weapon for attacking such 
problems than any previous investigator has possessed, and its 
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triumphant use in the last three chapters shows that such purely 
mechanical systems as he has been considering will exhibit, to human 
perception, properties in all respects analogous to those which we 
actually meet with in thermodynamics. No one can understandingly 
read the thirteenth chapter without the keenest delight, as one after 
another of the familar formulsB of thermodynamics appear almost 
spontaneously, as it seems, from the consideration of purely mechanical 
systems. But it is characteristic of the author that he should be more 
impressed with the limitations and imperfections of his work than 
with its successes ; and he is careful to say (p. 166) : " But it should be 
distinctly stated, that if the results obtained when the numbers of 
degrees of freedom are enormous coincide sensibly with the general 
laws of thermodynamics, however interesting and significant this 
coincidence may be, we are still far from having explained the 
phenomena of nature with respect to these lawa For, as compared 
with the case of nature, the systems which we have considered are of 
an ideal simplicity. Although our only assumption is that we are 
considering conservative systems of a finite number of degrees of 
freedom, it would seem that this is assuming far too much, so far as 
the bodies of nature are concerned. The phenomena of radiant heat, 
which certainly should not be neglected in any complete system of 
thermodynamics, and the electrical phenomena associated with the 
combination of atoms, seem to show that the hypothesis of a finite 
number of degrees of freedom is inadequate for the explanation of the 
properties of bodies." While this is undoubtedly true, it should also 
be remembered that, in no department of physics have the phe- 
nomena of nature been explained with the completeness that is here 
indicated as desirable. In the theories of electricity, of light, even in 
mechanics itself, only certain phenomena are considered which really 
never occur alone. In the present state of knowledge, such partial 
explanations are the best that can be got, and, in addition, the 
problem of rational thermodynamics has, historically, always been 
regarded in this way. In a matter of such difficulty no positive 
statement should be made, but it is the belief of the present 
writer that the problem, as it has always been understood, has been 
successfully solved in this work ; and if this belief is correct, one of 
the great deficiencies in the scientific record of the nineteenth century 
has been supplied in the first year of the twentieth. 

In methods and results, this part of the work is more general than 
any preceding treatment of the subject ; it is in no sense a treatise on 
the kinetic theory of gases, and tlie results obtained are not tlie 
properties of any one form of matter, but the general equations of 
thermodynamics which belong to all forms alike. This corresponds to 
the generality of the hypothesis in which nothing is assumed as to 
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the mechanical nature of the systems considered, except that they are 
mechanical and obey Lagrange's or Hamilton's equations. In this 
respect it may be considered to have done for thermodynamics what 
Maxwell's treatise did for electromagnetism, and we may say (as 
Poincar^ has said of Maxwell) that Qibbs has not sought to give a 
mechanical explanation of heat, but has limited his task to de- 
monstrating that such an explanation is possible. And this achieve- 
ment forms a fitting culmination of his life's work. 

The value to science of Professor Qibbs's work has been formally 
leeognized by many learned societies and universities both in this 
eoontry and abroad. The list of societies and academies of which he 
was a member or correspondent includes the Connecticut Academy of 
Arts and Sciences, the National Academy of Sciences, the American 
Academy of Arts and Sciences, the American Philosophical Society, 
the Dutch Society of Sciences, Haarlem, the Royal Society of Sciences, 
Odttingen, the Royal Institution of Great Britain, the Cambridge 
Philosophical Society, the London Mathematical Society, the Man- 
chester Literary and Philosophical Society, the Royal Academy of 
Amsterdam, the Royal Society of London, the Royal Prussian 
Academy of Berlin, the French Institute, the Physical Society of 
London, and the Bavarian Academy of Sciences. He was the 
recipient of honorary degrees from Williams College, and from the 
oniversities of Erlangen, Princeton, and Christiania In 1881 he 
received the Rumford Medal from the American Academy of Boston, 
•nd in 1901 the Copley Medal from the Royal Society of London. 

Oatside of his scientific activities. Professor Qibbs's life was 
uneventful ; he made but one visit to Europe, and with the exception 
of those three years, and of summer vacations in the mountains, his 
whole life was spent in New Haven, and all but his earlier years in 
the same house, which his father had built only a few rods from the 
school where he prepared for college and from the university in the 
service of which his life was spent. His constitution was never 
robust — the consequence apparently of an attack of scarlet fever in 
early childhood — ^but with careful attention to health and a regular 
mode of life his work suffered from this cause no long or serious 
interruption until the end, which came suddenly after an illness of 
only a few day& He never married, but made his home with his 
sister and her family. Of a retiring disposition, he went little into 
general society and was known to few outside the university; but 
fay those who were honoured by his friendship, and by his students, 
he was greatly beloved. His modesty with regard to his work was 
proverbial among all who knew him, and it was entirely real and 
unaffected. There was never any doubt in his mind, however, as 
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to the accuracy of anything which he published, nor indeed did he 
underestimate its importance; but he seemed to r^ard it in an 
entirely impersonal way and never doubted, apparently, that what he 
had accomplished could have been done equally well by almost anyone 
who might have happened to give his attention to the same problems. 
Those nearest him for many years are constrained to believe that he 
ne\'er realized that he was endowed with most unusual powers of 
mind ; there was never any tendency to make the importance of his 
work an excuse for neglecting even the most trivial of his duties as 
an officer of the college, and he was never too busy to devote, at once, 
as much time and energy as might be necessary to any of his students 
who privately sought his assistance. 

Although long intervals sometimes elapsed between his publications 
his habits of work were steady and systematic ; but he worked alone 
and, apparently, without need of the stimulus of personal conversation 
upon the subject, or of criticism from others, which is often helpful 
even when the critic is intellectually an inferior. So far from pub- 
lishing partial results, he seldom, if ever, spoke of what he was doing 
until it was practically in its final and complete form. This was his 
chief limitation as a teacher of advanced students; he did not take 
them into his confidence with regard to his current work, and even 
when he lectured upon a subject in advance of its publication (as was 
the case for a number of years before the appearance of the Statistical 
Meclmnica) the work was really complete except for a few finishing 
touches. Thus his students were deprived of the advantage of seeing 
his great structures in process of building, of helping him in the 
details, and of being in such ways encouraged to make for themselves 
attempts similar in character, however small their scale. But on the 
other hand, they owe to him a debt of gratitude for an introduction 
into the profounder regions of natural philosophy such as they could 
have obtained from few other living teachers. Always carefully 
prepared, his lectures were marked by the same great qualities as his 
published papers and were, in addition, enriched by many apt and 
simple illustrations which can never be forgotten by those who heard 
them. No necessary qualification to a statement was ever omitted, 
and, on the other hand, it seldom failed to receive the most general 
application of which it was capable; his students had ample oppor- 
tunity to learn what may be regarded as known, what is guessed 
at, what a proof is, and how far it goes. Although he disregarded 
many of the shibboleths of the mathematical rigorists, his logical 
processes were really of the most severe type ; in power of deduction, 
of generalization, in insight into hidden relations, in critical acumen, 
utter lack of prejudice, and in the philosophical breadth of his view 
of the object and aim of physics, he has had few superiors in the 
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history of the science; and no student could come in contact with 
this serene and impartial mind without feeling profoundly its influence 
in all his future studies of nature. 

In his personal character the same great qualities were apparent. 
Unassuming in manner, genial and kindly in his intercourse with his 
fellow-men, never showing impatience or irritation, devoid of personal 
ambition of the baser sort or of the slightest desire to exalt himself, 
he went far toward realizing the ideal of the unselfish, - Chri o ti oa- 
gentleman. In the minds of those who knew him, the greatness of 
his intellectual achievements will never overshadow the beauty and 
dignity of his life. 

H. A. BUMSTEAD. 
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GRAPHICAL METHODS IN THE THERMODYNAMICS 

OF FLUIDS. 

[Trantadians of the Cownectieui Academy^ H, pp. 309-342, April-May, 1873.] 

Although geometrical repreBentations of propositions in the thermo- 
dynamics of fluids are in general use, and have done good service 
in disseminating clear notions in this science, yet they have by no 
means received the extension in respect to variety and generality 
of which they are capable. So far as regards a general graphical 
method, which can exhibit at once all the thermodynamic properties 
of a fluid concerned in reversible processes, and serve alike for the 
demonstration of general theorems and the numerical solution of 
particular problems, it is the general if not the universal practice to 
use diagrams in which the rectilinear co-ordinates represent volume 
and pressure. The object of this article is to call attention to certain 
diagrams of different construction, which afford graphical methods co- 
extensive in their applications with that in ordinary use, and prefer- 
able to it in many cases in respect of distinctness or of convenience. 

Qoantities and Belatioiui which are to be represented by the 

Diagram. 

We have to consider the following quantities : — 

v, the volume, 

p, the pressure, 

t, the (absolute) temperature, 

€, the energy, 

ay, the entropy, 

also TT, the work done, 1 by the body in passing from one state 

and H, the heat received,* J to another. 



of a given body in any state. 



* Work spent upon the body ia as usnal to be considered as a negative quantity of 
work done by the body, and heat given out by the body as a negative quantity of heat 
fMsved by it. 

It is taken for granted that the body has a uniform temperature throughout, and that 
the pressure (or expansive force) has a uniform value both for all points in the body and 
for aD direetiona. This, it will be observed, wiU exclude irreversible processes, but wiU 
■Bl sntirely exclude aolida, although the condition of equal pressure in all directions 
I the oaae very limited, in which they come within the scope of the diMsussion. 
O.I. A 
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These are subject to the relati«>nfl expresfled by the following differ 
ential equations:- dW^apdv. (a 

d€^fidH^dW. (b 

where a and /8 are constants depending upon the units by which i*, f 
IT and // are measured. We may suppose our units so choaen thai 
a« 1 and /8b l.f and write our equations in the simpler form. 

d€^dH^dW, (!] 

JW^pdv, it] 

dH^tdn. (8] 

Eliminating d W and dH, we have 

d€^tdn'^pdv. (♦; 

The quantities t*, p, t, € and 9 are determined when the stat« of IIm 
body is given, and it may be pcnnitted to call them /unctUmM of tkt 
siatf of the Inifly, The staU^ of a body, in the sense in which thi 
term is UHcd in the theniiodynainics of fluids, is capable of two inde- 
pendent variations, so that between the tive quantities f*. }>, i, c and ^ 
there exist relations expressible by three finite equations, different ix 
general fur different substances, but always such as to bi* in harmoDj 
with the differential equation (4). Tliis e(|uation evidently signiSei 
that if € be expressed as function of #• and 9, the partial differentia 
60-eflicients of this function taken with respect to t* and to f will bi 
equal to — p and to i n^spectively. { 



* BquAtioo (a) nuiy be deriTed from simple mcchAoioal oontideimtioaA. Kg— lioi |V 
and (c) may br conaiilered mm defining the eocrfO' and entropy of any stale of Um body 
or niore strictly as defining the (liSerentials d* and dif. That fanctioaa of tho MAlc o 
the body eiist, the differentials of which satisfy theee equations, may easily bo dedveei 
from the firvt and second laws of thenoodynsmica. The term ciifro/i|f, ll will K 
observe«l, is here used in accordance with the original snggea t ion of Claoiioa, and mm 
In the sense in which it has been employed by rrofcoaor l^t and u lhw a afUr ba 
snggeeiion. The same qoantiiy has been called by I'rofsssnr Rankiao tho 
dynamic /unftion. See (*Uuaius, M^haHimrkr Warmeikgorie, Abhnd. Ul | U : or ^ 
Ann,, Bd. cixv. (iNSo). p. 300; and Kankine. Phil, Trams,, vol. 144. p. 191 

t For example, we may chooee as the unit of volume, the cube of the nalt of lMglk«- 
as the unit of pressure the unit of force acting nptm the square of the onii of laagUk,- 
as the unit of wurk the unit of foroe acting thmugh the unit of length, — and M tko wur 
of heat the thermal equivalent of the unit of mirk, llir units of length and of for« 
would still be arbitrary as well as the unit of trmprrature. 

I An equation giving « in terms of iy and r, or more generally any finilo aqi 
between t , ir and r f»r a definite quantity of any fluid, may be ennsiders«l as (be 
mriital thermodynamic equation of that fluid, as from it by aid of cqnatiooa (iu M md 
(4) may be denvetl all the thermodynamic properties of the fluid (ao far aa revatmhli 
priineasee are ooooemeil), via. : the fumlaniental equation with aquation (4) givaa thi 
three relatione eiisting betwr«n r, ;i, r, « ao«i i|, and these relatioas being kaowa, 
equaliooa i'i) and (3) give the work W and heat H for any change of ataU of tbo flnid. 
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On the other hand IT mad H «n& noC fimctioos of the slate of the 
Ixxiy (ix fanctioiis off any of the quantities t% j9, /, c and f X ^^ '^'^ 
detemuDed by the whole serieB of states throagh which the body is 
supposed to pasSb 

Fimdamantal Idea and General Pteperties of the IKagranL 

Now if we associate a particular point in a plane with every separate 
flUte, of which the body is capable, in any continuous manner, so that 
sUtes differing infinitely little are associated with points which are 
infinitely near to each other,* the points associated witli states of 
equal volume wiU form lines, which may be called lines of eqiuil 
volume, the different lines being distinguished by the numerical value 
of the volume (as lines of volume 10, 20, 30, etc.). In the same way 
we may conceive of lines of equal pressure, of equal temperature, of 
equal energy, and of equal entropy. These lines we may also call 
isomdric, isopiestic, isothermal, isodynamic, isentropic,^ and if neces- 
saiy use these words as substantivea 

Suppose the body to change its state, the points associated with the 
states Uirough which the body passes will form a line, which we may 
call the path of the body. The conception of a path must include 
the idea of direction, to express the order in which the body passes 
• thioui^ the series of states. With every such change of state there 
is eoonected in general a certain amount of work done, IT, and of heat 
received. JET, which we may call the vx/rk and the heat of the path, I 
The value of these quantities may be calculated from equations (2) 
»nd(3), 

dW:=pdv, 

dH^tdri, 
U., W^fpdv, {JS) 
H^ftdri, (fl) 

*11m method OBually employed in treatises on thermodynamics, in which the reot* 
■ogoltf co-ordinates of the point are made proportional to the volume and pressure of 
^ tttdy, is a single example of such an association. 

tTbeie lines are usually known by the name given them by Rankine, culiafHifir. If, 
^<>vever, we follow the suggestion of Clausius and call that quantity erUrojty^ whUsh 
K*n^ called the thermodynamic /unction^ it seems natural to go one Rt«*p fartht*r, and 
aD the lines in which this quantity has a constant value isentropic, 

* For the sake of brevity, it will be convenient to use language which altributeN Ut 
the diagram properties which belong to the associated states of the body. Thus It <iaii 
{!▼« rile to DO ambiguity, if we speak of the volume or the temperature of a ]nAui iii th« 
^agrim, or of the work or heat of a line, instead of the volume or UimfKiraliirn of thu 
^7 in the state associated with the point, or the work done or th<i hnat rwMytui by 
^body in passing throngh the states associated with the points of the line. In llk<* 
' also we may speak of the body moving along a line in the diagram, InsUsd of 
; through the series of states represented by the line. 
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the integration being carried on from the beginning to the end of the 
path. If the direction of the path is reversed, W and H change their 
signs, remaining the same in absolute value. 

If the changes of state of the body form a cycle, Le., if the final 
state is the same as the initial, the path becomes a circuit, and the 
work done and heat received are equal, as may be seen from equation 
(1), which when integrated for this case becomes 0= JST— W. 

The circuit will enclose a certain area, which we may consider as 
positive or negative according to the direction of the circuit which 
circumscribes it The direction in which areas must be circumscribed 
in order that their value may be positive, is of course arbitrary. In 
other words, if x and y are the rectangular co-ordinates, we may 
define an area either asjfydx, or asfxdy. 

If an area be divided into any number of parts, the work done in 
the circuit bounding the whole area is equal to the sum of the work 
done in all the circuits bounding the partial areas. This is evident 
from the consideration, that the work done in each of the lines which 
separate the partial areas appears twice and with contrary signs in 
the sum of the work done in the circuits bounding the partial areas. 
Also the heat received in the circuit bounding the whole area is equal 
to the sum of the heat received in all the circuits bounding the 
partial areas.* 

If all the dimensions of a circuit are infinitely small, the ratio of 
the included area to the work or heat of the circuit is independent of 

the shape of the circuit and the 

direction in which it is described, 

and varies only with its position 

in the diagram. That this ratio 

is independent of the direction in 

which the circuit is described, is 

evident from the consideration 

that a reversal of this direction 

simply changes the sign of both 

terms of the ratio. To prove that 

the ratio is independent of the 

shape of the circuit, let. us suppose 

^*- ^' the area ABODE (fig. 1) divided 

up by an infinite number of isometrics V{v^, v^v^ etc., with equal 

differences of volume dv, and an infinite number of isopiestics PiPi, 

P2P2, etc., with equal difierences of pressure dp. Now from the 

* The conception of areas as positive or negative renders it unnecessary in propositions 
of this kind to state explicitly the direction in which the cirooits are to be described. 
For the directions of the circaits are determined by the signs of the areas, and the signs 
of the partial areas must be the same as that of the area ont of which they were formed. 
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{ffinciple of continaity, as the whole figure is infinitely small, the 
ratio of the area of one of the small quadrilaterals into which the 
figure is divided to the work done in passing around it is approxi- 
mately the same for all the different quadrilaterals. Therefore 
the area of the figure composed of all the complete quadrilaterals 
which fall within the given circuit has to the work done in circum- 
scribing this figure the same ratio, which we will call y. But the 
area of this figure is approximately the same as that of the given 
eircoit, and the work done in describing this figure is approximately 
the same as that done in describing the given circuit (eq. 6). There- 
fore the area of the given circuit has to the work done or heat received 
in that circuit this ratio y, which is independent of the shape of 
the circuit. 

Kow if we imagine the systems of equidifferent isometrics and 
isopiestics, which have just been spoken of, extended over the whole 
diagram, the work done in circumscribing one of the small quadri- 
laterals, so that the increase of pressure directly precedes the increase 
of volume, will have in every part of the diagram a constant value, 
m, the product of the differences of volume and pressure (dv x dp), 
as may easily be proved by applying equation (2) successively to its 
four aides. But the area of one of these quadrilaterals, which we 
could consider as constant within the limits of the infinitely small 
eircuit, may vary for different parts of the diagram, and will indicate 
proportionally the value of y, which is equal to the area divided by 
dvxdp. 

In like maimer, if we imagine systems of isentropics and isother- 
mals drawn throughout the diagram for equal differences drj and dt, 
the heat received in passing around one of the small quadrilaterctls, 
80 that the increase of t shall directly precede that of ^, will be the 
constant product dtf X dt, as may be proved by equation (3), and the 
value of y, which is equal to the area divided by the heat, will be 
indicated proportionally by the areas.* 



*Tlie indication of the value of y by systems of equidifferent isometrics and isopies- 
tiei, or isentropics and isothermals, is explained above, because it seems in accordance 
vith the ^irit of the graphical method, and because it avoids the extraneous consider- 
•tkiii of the co-ordinates. If, however, it is desired to have analytical expressions for 
tbe nine of y based upon the relations between the co-ordinates of the point and the 
■tite of the body, it is easy to deduce such expressions as the following, in which x 
and y are the rectangular co-ordinates, and it is supposed that the sign of an area is 
<ieterBiined in accordance with the equation A — fydx : — 

y~dx' dy dx' dy~dx' dy" dx' dy' 

^Mtt X and jf are regarded as the independent variables ;• 

_dx dy_dy dx 
"^"dv dp dv' dp* 
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Thia quautity y, which in the ratio of tho area of an iiifinit^^ly mnall 
circuit to the work done or heat received in that circuit* and which 
we niay call the scale on which work and heat are reprenented by 
areas, or more briefly, the natU of taprk and heat, may have a constant 
▼alue thniu^hout the diaf^m or it may have a varying value. The 
diagram in ordinary use afi^ords an example of the first case, aa the 
area of a circuit is everywhere proportional to the work or beat 
There are other diagrams which have the same property, and we may 
call all such duitjntm*i of vouMtanf muU**, 

In any case we may consider the scale of work and heat as known 
for every point of the diagram, so far as we are able to draw the 
isometrics and isopiestics or the isentropics and isothermals. If we 
write 6W and SH for the work and heat of an inflnitesimal circuit, 
and SA for the area included, the relations of these quantities are 
thus expressed : — * 

6W^6H^^SA. (7) 

y 

We may find the value of ir and H for a circuit of finite dimensions 
by supposing the included area A divided into areas SA infinitrly 
small in all directions, for which therefore the at)ove e<|uation will 
hold, and taking the sum of the values of SH or SW for the various 
areas SA. Writing ir*^' and H^ for tlu* work and heat of the circuit 
C*. and 2:^ for a summation or integration performed within the 
limits of this circuit, we have 
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where r aod if are the iuilrpentlent vmrUhlee. 

Three aiwl •imiUr eiprcaiions fur may be found by dividing the value of the work 
or beat fiM- an intinitrly ■inall circuit by the area includetl. This operation can be oioet 
conveniently prrfomieil upcm a circuit coneitting M four line*, in each of which <»ne ol 
the Indrpendrnt variable* ii conatanL Kg., the )a«t formula can be meet eaaily found 
fron an infinitely tniall cirruit formed ol two ieonietrice and twu isentropioa. 

*To avoiil cimfuiion, aa dW and dfi are generally na^d and are need elaewberr in 
thia article to denote the work and heat of an infinite abort path, a •lightly di^reat 
notation. 3H' and 3//, in here uard to denote thr «ork and heat of an infinitely email 
circuit. S<i 4.1 la uinl t«> ileuoie an element of area which i« iiifinitr y tniall in all 
direct ii in*, aa the lettrr d wiNild only imply that the elnnent wa« iufinitrly •mall in ooe 
dtn^'tiiiii. So aUu lirliiw. the inte nation or auinniatiiio which eitemU U* all the ele 
menta written with 3 ia den«ile«l by the charat-ur 1, aa the charactrr / naturally 
refen to eUroenta written with U. 
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Tr<^=jy^=2^i34. (8) 

y 

We have thus an expression for the value of the work and heat of a 
drcuit involving an integration extending over an area instead of one 
extending over a line, as in equations (5) and (6). 

Similar expressions may be found for the work and the heat of a 
path which is not a circuit. For this case may be reduced to the 
preceding by the consideration that W=0 for a path on an iso- 
metric or on the line of no pressure (eq. 2), and H=0 for a path on 
an isentropic or on the line of absolute cold. Hence the work of any 
path S is equal to that of the circuit formed of S, the isometric of 
the final state, the line of no pressure and the isometric of the initial 
state, which circuit may be represented by the notation [8, v", p^, v']. 
And the heat of the same path is the same as that of the circuit [8, rfy 
^, i\ Therefore using TP and H^ to denote the work and heat of 
any path 8, we have 

^^^2^fi..^M»».i^jl^^ (9) 

y 

J?»=2^^''^''''"^^-34, (10) 

y 

where as before the limits of the integration are denoted by the 
expression occupying the place of an index to the sign 2.* These 
equations evidently include equation (8) as a particular case. 

It is easy to form a material conception of these relations. If we 
imagine, for example, mass inherent in the plane of the diagram with 

a varying (superficial) density represented by -, then 2-5-4 will 

*A word should be said in regard to the sense in which the above propositions 

fhonid be understood. If beyond the limits, within which the relations of v, p, t, e 

&o<l 7 are known and which we may call the limits of the known field, we continue the 

uometrics, isopiestics, &c., in any way we please, only subject to the condition that the 

relitions of », p, i, e and i; shall be consistent with the equation d€ = tdij-pdVy then in 

calculating the values of quantities W and H determined by the equations d W=pdv 

ud dH=tdrf for paths or circuits in any part of the diagram thus extended, we may 

nse any of the propositions or processes given above, as these three equations have 

formed the only basis of the reasoning. We will thus obtain values of W and H, which 

will be identical with those which would be obtained by the immediate application of 

the equations dW=pdv and dH=tdyj to the path in question, and which in the case of 

aoj path which is entirely contained in the known field will be the true values of the 

work and heat for the change of state of the body which the path represents. We 

may thus use lines outside of the known field without attributing to them any physical 

signification whatever, without considering the points in the lines as representing any 

states of the body. If however, to fix our ideas, we choose to conceive of this part of 

the diagram as having the same physical interpretation as the known field, and to 

enunciate our propositions in language based upon such a conception, the unreality or 

even the impossibility of the states represented by the lines outside of the known field 

cannot lead to any incorrect results in regard to paths in the known field. 
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evidently denote the mass of the part of the plane incldded within 
the limits of integration, this mass being taken positively or nega- 
tively according to the direction of the circuit. 

Thus far we have made no supposition in regard to the nature of 
the law, by which we associate the points of a plane with the states 
of the body, except a certain condition of continuity. Whatever law 
we may adopt, we obtain a method of representation of the thermo- 
dynamic properties of the body, in which the relations existing 
between the functions of the state of the body are indicated by a 
net- work of lines, while the work done and the heat received by the 
body when it changes its state are represented by integrab extend- 
ing over the elements of a line, and also by an integral extending 
over the elements of certain areas in the diagram, or, if we choose to 
introduce such a consideration, by the mass belonging to these areaa 

The different diagrams which we obtain by different laws of asso- 
ciation are all such as may be qbtained from one another by a process 
of deformation, and this consideration is sufficient to demonstrate 
their properties from the well-known properties of the diagram in 
which the volume and pressure are represented by rectangular co- 
ordinates. For the relations indicated by the net-work of isometrics, 
isopiestics etc., are evidently not altered by deformation of the sur- 
face upon which they are drawn, and if we conceive of mass as belong- 
ing to the surface, the mass included within given lines will also not 
be affected by the process of deformation. If, then, the surface upon 
which the ordinary diagram is drawn has the uniform superficial den- 
sity 1, so that the work and heat of a circuit, which are represented 
in this diagram by the included area, shall also be represented by 
the mass included, this latter relation will hold for any diagram 
formed from this by deformation of the surface on which it is drawn. 

The choice of the method of representation is of course to be deter- 
mined by considerations of simplicity and convenience, especially in 
regard to the drawing of the lines of equal volume, pressure, tempera- 
ture, energy and entropy, and the estimation of work and heat. There 
is an obvious advantage in the use of diagrams of constant scale, in 
which the work and heat are represented simply by areas. Such dia- 
grams may of course be produced by an infinity of different methods, 
as there is no limit to the ways of deforming a plane figure without 
altering the magnitude of its elements. Among these methods, two 
are especially important, — ^the ordinary method in which the volume 
and pressure are represented by rectilinear co-ordinates, and that in 
which the entropy and temperature are so represented. A diagram 
formed by the former method may be called, for the sake of distinc- 
tion, a volv/me-^eaoMre diagram, — one formed by the latter, an entropy ' 
teTnperatwre diagram. That the latter as well as the former satisfies 
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the ocmditioii that y=l throughout the whole diagram, may be seen 
by reference to page 5. 

The Sntropy-temperature Diagram compared with that in 
ordinary use. 

Considerationa independent of the naiv/re of the body in questicxa. 

As the general equations (1), (2), (3) are not altered by interchang- 
ing V, — p and — W with ^, t and H respectively, it is evident that, 
80 far as these equations are concerned, there is nothing to choose 
between a volume-pressure and an entropy-temperature diagram. In 
the former, the work is represented by an area bounded by the path 
which represents the change of state of the body, two ordinates and 
the axis of abscissas. The same is true of the heat received in the 
latter diagram. Again, in the former diagram, the heat received is 
represented by an area bounded by the path and certain lines, the 
character of which depends upon the nature of the body under consid- 
eration. Elxcept in the case of an ideal body, the properties of which 
are determined by assumption, these lines are more or less unknown 
in a part of their course, and in any case the area will generally 
extend to an infinite distance. Very much the same inconveniences 
attach themselves to the areas representing work in the entropy- 
temperature diagram.* There is, however, a consideration of a 



*In neither diagram do these circamstances create any serioas difficulty in the esti- 
oatioii of areas representing work or heat. It is always possible to divide these areas 
into two parts, of which one is of finite dimensions, and the other can be calculated in 
the amplest manner. Thus in the entropy-tempera- 
ten dii^gram the work done in a path AB (fig. 2) is 
npresented by the area included by the path AB, the 
inoetric BC, the line of no pressure and the isometric 
Da. The line of no pressure and the adjacent parts 
of the isometrics in the case of an actual gas or vapor 
•re more or leas undetermined in the present state 
of our knowledge, and are likely to remain so ; for 
Ao ideal gas the line of no pressure coincides with 
the axis of abscissas, and is an asymptote to the 
imiietrics. But, be this as it may, it is not necessary ^ Fig. 2. 

to examine the form of the remoter parts of the 

disgnun. If we draw an isopiestic MN, cutting AD and BC, the area MNCD, which 
represents the work done in MN, will be equal Xop(if-i/)^ where p denotes the pressure 
ia UN, and if and f/ denote the volumes at B and A respectively (eq. 5). Hence the 
work done in AB will be represented by ABNM+jpCiy- v'). In the volume-pressure 
dlsgram, the areas representing heat may be divided by an isothermal, and treated in 
s manner entirely analogous. 

Or we may make use of the principle that, for a path which begins and ends on the 
asM isodynamio, the work and heat are equal, as appears by integration of equation 
(1). Hence, in the entropy-temperature diagram, to find the work of any path, we may 
otend it by ao isometric (which will not alter its work), so that it shall begin and end 
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general character, which shows an important advantage on the side of 
the entropy-temperature diagram. In thermodynamic problems, heat 
received at one temperature is by no means the equivalent of the 
same amount of heat received at another temperature. For example, 
a supply of a million calories at 150^ is a very different thing from a 
supply of a million calories at 5(y. But no such distinction exists is 
regard to work. This is a result of the general law, that heat cao 
only pass from a hotter to a colder body, while work can be transferred 
by mechanical means from one fluid to any other, whatever may be 
the pressures. Hence, in thermodynamic problems, it is generally 
necessary to distinguish between the quantities of heat received oi 
given out by the body at different temperatures, while as far as work 
is concerned, it is generally sufficient to ascertain the total amouni 
performed. If, then, several heat-areas and one work-area enter intc 
the problem, it is evidently more important that the former should hi 
simple in form, than that the latter should be so. Moreover, in th€ 
very common case of a circuit, the work-area is bounded entirely bj 
the path, and the form of the isometrics and the line of no pressure 
are of no especial consequence. 

It is worthy of notice that the simplest form of a perfect thermo- 
dynamic engine, so often described in treatises on thermodynamics, u 

represented in the entropy-temperature 
diagram by a figure of extreme sim- 
plicity, viz: a rectangle of which the 
sides are parallel to the co-ordinate 
axes. Thus in figure 3, the circuit 
ABCD may represent the series ol 
states through which the fluid is mad(E 

to pass in such an engine, the included 

' area representing the work done, while 
the area ABFE represents the heal 
received from the heater at the highest temperature AE, and the 
area CDEF represents the heat transmitted to the cooler at the lowesi 
temperature DK 

There is another form of the perfect thermodynamic engine, viz 
one with a perfect regenerator as defined by Rankine, Phil. Trans 
vol. 144, p. 140, the representation of which becomes peculiarly 
simple in the entropy-temperature diagram. The circuit consists ol 
two equal straight lines AB and CD (fig. 4) parallel to the axis ol 
abscissas, and two precisely similar curves of any form BC and AD 

on the same iBodynamic, and then take the heat (instead of the work) of the path thai 
extended. This method was suggested by that employed by Cazin, ThAorie H^men 
iaire des machines d air chatui, p. 11, and Zeuner, Mechanische W&rmetheorie, p. 80 
in the reverse case, viz : to find the heat of a path in the volume-pressure diagram. 
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Fig. 4. 



The included area ABCD represents the work done, and the areas 

ABba and CDdc represent respectively the heat received from the 

heater and that transmitted to the 

cooler. The heat imparted by the fluid 

to the regenerator in passing from £ 

to C, and afterward restored to the 

fluid in its passage from D to A, is 

represented by the areas BCcb and 

DAad. 

It is often a matter of the first 
importance in the study of any thermo- 
dynamic engine, to compare it with a 
pfffect engine. Such a comparison will obviously be much facilitated 
by the use of a method in which the perfect engine is represented 
by such simple forms. 

The method in which the co-ordinates represent vohmie and pressure 
has a certain advantage in the simple and elementary character of the 
notions upon which it is based, and its analogy with Watt's indicator 
has doubtless contributed to render it popular. On the other hand, 
a method involving the notion of entropy, the very existence of which 
depends upon the second law of thermodynamics, will doubtless seem 
to many far-fetched, and may repel beginners as obscure and difficult 
of comprehension. This inconvenience is perhaps more than counter- 
balanoed by the advantages of a method which makes the second law 
of thermodynamics so prominent, and gives it so clear and elementary 
an expression. The fact, that the different states of a fluid can be 
represented by the positions of a point in a plane, so that the ordi- 
nates shall represent the temperatures, and the heat received or given 
out by the fluid shall be represented by the area bounded by the line 
representing the states through which the body passes, the ordinates 
drawn through the extreme points of this line, and the axis of 
abscissas, — this fact, clumsy as its expression in words may be, is one 
which presents a clear image to the eye, and which the mind can 
readily grasp and retain. It is, however, nothing more nor less than 
a geometrical expression of the second law of thermodynamics in its 
application to fluids, in a form exceedingly convenient for use, and 
from which the analytical expression of the same law can, if desired, 
be at once obtained. If, then, it is more important for purposes of 
instruction and the like to familiarize the learner with the second 
law, than to defer its statement as long as possible, the use of the 
entropy-temperature diagram may serve a useful purpose in the 
popularizing of this science. 

The foregoing considerations are in the main of a general character, 
and independent of the nature of the substance to which the graphical 
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method is applied. On this, however, depend the forms of the 
isometrics, isopiestics and isodynamics in the entropy-temperature 
diagram, and of the isentropics, isothermals and isodynamics in the 
volume-pressure diagram. As the convenience of a method depends 
largely upon the ease with which these lines can be drawn, and upon 
the peculiarities of the fluid which has its properties represented in 
the diagram, it is desirable to compare the methods under considera- 
tion in some of their most important applications. We will commence 
with the case of a perfect gas. 

Case of a perfect gas. 

A perfect or ideal gas may be defined as such a gas, that for any 
constant quantity of it the product of the volume and the pressure 
varies as the temperature, and the energy varies as the temperature, i.&> 

pv^at, (a)* 

€=cfc (b) 

The significance of the constant a is sufficiently indicated by equation 
(a). The significance of c may be rendered more evident by differen- 
tiating equation (b) and comparing the result 

de^cdt 

with the general equations (1) and (2), viz : 

de^dH-dW, dW^pdv. 

If dv = 0, dW^O, and dH^cdt, i.e., 

(f).=c.t (c) 

i.e., c is the quantity of heat necessary to raise the temperature of 
the body one degree under the condition of constant volume. It will 
be observed, that when different quantities of the same gas are con- 
sidered, a and c both vary as the quantity, and c-^a is constant; also, 
that the value of c~a for different gases varies as their specific heat 
determined for equal volumes and for constant volume. 

With the aid of equations (a) and (b) we may eliminate p and t 
from the general equation (4), viz : 

de^tdfi^pdv, 

*In this article, aU equations which are desiguated by arabic numerals subsist for 
any body whatever (subject to the condition of uniform pressure and temperature), and 
those which are designated by small capitals subsist for any quantity of a perfect gas 
as defined above (subject of course to the same conditions). 

t A subscript letter after a differential co-efl5cient is used in this article to indicate 
the quantity which is made oonstaDt in the differentiation. 
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which is then reduced to —=~dn , 

€ c c V 

and by integration to log€ = - — logv.* (d) 

c c 

The ooDstant of integration becomes 0, if we call the entropy for 
the state of which the volume and energy are both unity. 

Any other equations which subsist between v, p, t, e and ti may be 
derived from the three independent equations (a), (b) and (d). If we 
eliminate € from (b) and (d), we have 

^ = alogv+clog^+clogc. (e) 

Eluninating v from (a) and (e), we have 

^ = (a+c) log ^— a logp+c log c+a log a. (f) 

Kliminating t from (a) and (e), we have 

^=(a+c)logt;+clogp+clog-. (o) 

Cv 

If i; is constant, equation (e) becomes 

^=clog^+Const., 
ie., the isometrics in the entropy-temperature diagram are logarithmic 
corves identical with one another in form, — ^a change in the value of 
t; having only the eflfect of moving the curve parallel to the axis of rj, 
lipia constant, equation (f) becomes 

^ = (a + c) log ^ + Const., 

so that the isopiestics in this diagram have similar properties. This 
identity in form diminishes greatly the labour of drawing any con- 
siderable number of these curves. For if a card or thin board be cut 
in the form of one of them, it may be used as a pattern or ruler to 
draw all of the same system. 

The isodynamics are straight in this diagram (eq. b). 

To find the form of the isothermals and isentropics in the volume- 
pressure diagram, we may make t and rj constant in equations (a) 
and (o) respectively, which will then reduce to the well-known equa- 
tions of these curves : — 

pt; = Const, 

and p^v^-^^ — Const 



*If we use the letter e to denote the base of the Naperian system of logarithms, 
•qvation (d) may also be written in the form 

5 _• 
* — -• «~ • 

TUs may be regarded as the f ondamental thermodynamio equation of an ideal gas. See 
the last note on page 2. It will be observed, that there woald be no real loss of 
fmerality if we should choose, as the body to which the letters refer, such a quantity 
of the gss that one of the constants a and c should be equal to unity. 
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The equation of the iaodynamics is of course the same as that of the 
iMothermals. None of these systems of lines have that property of 
identity of form, which makes the systems of isometrics and iaopi cg tici 
so easy to draw in the entropy-temperature diaj^m. 



CitHf of ctnulennable txtpurn. 

The case of bodies which pass from the liquid to the (gaseous condi- 
tion is next to Ix? considered. It is usual to assume of such a body, 
that when sufficiently superheated it approaches the condition of a 
perfect ^[as. If, then, in the entropy-temperature diaj^m of such a 
body we draw systems of isometrics, isopiestics and iscidynamics, as if 
for a perfect gas, for proper values of the constants a and r, these will 
Ije ssyniptotes to the true isometrics, etc., of the vapor, and in many 
cases will not var}' from them greatly in the part of the diagram which 
represents vapor unmixed with liquid, except in the vicinity of tlie 
line of saturation. In the volume-pressure diagram of the same body, 
the isothermals, isentn>pics and isodynamics, drawn for a perfect gas 
for the same values of a and r, will have the same relations to the tme 
isothermals, etc. 

In that part of any diagram which represents a mixture of vapor 
and liquid, the isopit^stics and isothermals will l)e identical, as the 
pressure is determined by the temperature alone. In both the 
diagrams which we are now comparing, they will \ie straight and 
parallel to the axis of abscissas. The form of the isometrics and 
isodynamics in the entropy-temperature diagram, or that of the 
iseutropics and isodynamics in the volume-pressure diagram, will 
depend upon the nature of the fluid, and probably cannot be ex- 
pressed by any simple equations. The following property, however, 
n*nders it easy to construct equiditferent systems of these lines, vii: 
any such s^'stem will divide any isothennal (isopiestic) into equal 
segments. 

It remains to consider that part of the diagram which represents 
the bnly when entirely in the condition of liquid. The fundamental 
characteristic of this condition of matter is that the volume is very 
nearly constant, so that variations of volume are generally entirely in- 
appreciable when n*presenti*<l graphically on the same scale on which 
the volume of the txxly in the state of vai)or is repn*s«*ntc<i, and both 
the variations of volume and the connect«Hl variatioiiM of the connected 
quantities may U\ ami gi*nerally are, neglt*cted by the side of the 
variations of thi» same ()uantiti<*s which occur when the Imdy pa its 
to the state of vapor. 

Ijdi us make, then, the usual assumption that v is constant, and see 
how the general eqtiations (1), (2), (3) and (4) are Uiereby affected. 
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We have first. 


dv =0, 


then 


^^■=0, 


and 


de sstd^. 


If we add 


dH=tdti, 



these four equations will evidently be equivalent to the three inde- 
pendent equations (1), (2) and (3), combined with the assumption 
which we have just made. For a liquid, then, e, instead of being a 
function of two quantities v and j;, is a function of tf alone, — t is also 
a function of ^ alone, being equal to the differential co-eflBcient of the 
function e ; that is, the value of one of the three quantities t, € and ri, 
is sufficient to determine the other two. The value of v, moreover, is 
fixed without reference to the values of t, e and fj (so long as these do 
not pass the limits of values possible for liquidity); while p does not 
enter into the equations, i.e., p may have any value (within certain 
limits) without affecting the values of t, e, j; or v. If the body change 
its state, continuing always liquid, the value of W for such a change 
is 0, and that of iT is determined by the values of any one of the 
three quantities t, € and j;. It is, therefore, the relations between t, €, 
9 and H, for which a graphical expression is to be sought ; a method, 
therefore, in which the co-ordinates of the diagram are made equal 
to the volume and pressure, is totally inapplicable to this particu- 
lar case ; v and p are indeed the only two of the five functions of the 
state of the body, v, p, t, € and j;, which have no relations either to 
each other, or to the other three, or to the quantities W and jfiT, to be 
eipressed* The values of v and p do not really determine the state 
of an incompressible fluid, — the values of t, € and tj are still left 
undetermined, so that through every point in the volume-pressure 
diagram which represents the liquid there must pass (in general) an 
infinite number of isothermals, isodynamics and isentropics. The 
character of this part of the diagram is as follows: — the states of 
liquidity are represented by the points of a line parallel to the axis of 
pressures, and the isothermals, isodynamics and isentropics, which 
cross the field of partial vaporization and meet this line, turn upward 
and follow its course.! 
In the entropy-temperature diagram the relations of t, € and j; are 



*That is, V and p have oo such relations to the other quantities, as are expressible 
by equations ; p, however, cannot be less than a certain function of L 

tAll these difficnlties are of course removed when the differences of volume of the 
liquid at different temperatures are rendered appreciable on the volume-pressure 
<iiigram. This can be done in various ways, — among others, by choosing as the body 
to which V, etc, refer, a sufficiently large quantity of the fluid. But, however we do it, 
«e most evidently give up the possibility of representing the body in the state of vapor 
ii the same diagram without making its dimensions enormous. 
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distinctly visible. The line of liquidity is a curve AB (fig. 5) deter- 
mined by the relation between t and 9. This curve is also an iso- 
metric. Every point of it has a definite 
volume, temperature, entropy and 
energy. The latter is indicated by tiie 
isodynamics E^E^, ^^> ^^> which 
cross the region of partial vaporization 
and terminate in the line of liquidity. 
(They do not in this diagram turn and 
follow the line.) If the body pass 
from one state to another, remaining 
liquid, as from M to N in the figure, 
the heat received is represented as 
usual by the area MNnm. That the 
work done is nothing, is indicated 
by the fact that the line AB is an 
isometric. Only the isopiestics in this diagram are superposed in 
the line of fluidity, turning downward where they meet this line and 
following its course, so that for any point in this line the pressure is 
undetermined. This is, however, no inconvenience in the diagram, as 
it simply expresses the fact of the case, that when all the quantities 
V, t, e and ti are fixed, the pressure is still undetermined. 

Diagrams in which the Isometrics, Isopiestics, Isothermals, Iso- 
dynamics and Isentropics of a Perfect Oas are all 8trai|^ 
Lines. 

There are many cases in which it is of more importance that it 
should be easy to draw the lines of equal volume, pressure, tempera- 
ture, energy and entropy, than that work and heat should be repre- 
sented in the simplest manner. In such cases it may be expedient to 
give up the condition that the scale (y) of work and heat shall be 
constant, when by that means it is possible to gain greater simplicity 
in the form of the lines just mentioned. 

In the case of a perfect gas, the three relations between the quanti- 
ties V, p, t, e and 9 are given on pages 12, 13, equations (a), (b) and (D). 
These equations may be easily transformed into the three 

logp + log t; - log t = log a, (h) 

loge-log^ = logc, (I) 

j; — cloge — alogt; = 0; (j) 

so that the three relations between the quantities logt;, logp, logf, 
log € and ff are expressed by linear equations, and it will be possible 
to make the five systems of lines all rectilinear in the same diagram* 
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Hence, in the diagrams of different gases, CD-!-BC will be propor- 
tional to the specific heat determined for equal volomea and fbi 
constant volume. 

As the specific heat, thus determined, has probably the same valoi 
for most simple gases, the isentropics will have the same indinatioa 
in diagrams of this kind for most simple gases. This inclination maj 
easily be found by a method which is independent of any anita ol 
measurement, for 

i.e., BD-7-CD is equal to the quotient of the co-efficient of elasticity 
under the condition of no transmission of heat, divided by the eo- 
efficieut of elasticity at constant temperature. This quotient for ■ 
simple gas is generally given as 1*408 or 1*421. As 

CA-rCD = V2«1414. 
BD is very nearly equal to CA (for simple gases), which relation i^ 
may be convenient to use in the construction of the diagram. 

In regard to compound gases the rule seems to be, that the spedfti 
heat (determined for equal volumes and for constant volume) is to IIm 
specific heat of a simple gas inversely as the volume of the eompoond 
is to the volume of its constituents (in the condition of gas): that k, 
the value of BCh-CD for a compound gas is to the value of BC+CD 
for a simple gas, as the volume of the compound is to the volume of 
its constituents. Therefore, if we compare the diagrams (formed by 
this method) for a simple and a compound gas, the distance DA and 
therefore CD being the same in each. BC in the diagram of the eooh 
pound gas will be to BC in the diagram of the simple gas as tht 
volume of the compound is to the volume of its constituenta. 

Although the inclination of the isentn)pics is independent of the 
quantity of gas under consideration, the rate of increase of f will vary 
with this quantity. In n*ganl to the rate of increase of /, it is evident 
that if the whole diagram be divided into sijuares by isiipiestics and 
isometrics drawn at equal distances, and isothcrmals U^ drawn as 
diagonals t4> these stjuares, the volumes of the isometrics, the pres su re t 
of the isopiestics and the temperatures of the isothennals will each 
form a geometrical series, ami in all these series the ratio of two 
contiguous terms will hi* the snuie. 

The propi»rties of the diagrams ot)taine<l t>y the other methods men* 
tiontMl on page 17 do not differ esmmtially from thos^* just described. 
F<ir example, in any such diiigmm. if through any |)oint we draw aa 
iN(*ntropic. an iNothermal and un isopieKtic, wtiich cut any isumetric 
not |MMsing thnmgli the same iN>int. the ratio nf the m*gments of tlw 
isometric will have the value which Imm tieen foumi for BC:CD. 

In treating the case of va|)ors also, it may be convenient to uaa 



THEBMODTKAMICS OF FLUID& 



19 



diagnms in whidi x=logv and y=Iogp, cr in which x=f and 
l^hgt; but the diagrams formed bj these mediods wiD eridentfy 
be radically different from one another. It is to be observed thai 
each of these methods is what may be eaDed a wuAod afd^miie male 
for wcnrk and heat ; that is, the Tahie of y in any part <rf the diagrm 
is independ^it of the jirapegtieR ci the flnid eonsidend. In the fiiflt 

method y=-pp^ in the seeood y=;^ In this respect these methods 

have an advantage over many others. For example, if we should 
makez=logt;, y=9, the value of y in any part <rf the diagma would 
d^d upcm the prop er ties of the fluid, and would pn>bably not vary 
in any case, except that of a perfect gas, a ceot diu g to aay simple law. 
The conveniences of the entropy-temperature metliod wiD be found 
to belong in nearly the same d^ree to the method in which the 
eiHxdiDates are equal to the entropy and the logarithm <rf the tem- 
perature: No serious difficulty ittarhps to the estimation of heat and 
work in a diagram formed on the latter method on a ce uauit of the 
▼iriation ci the scale on which they are l e p t ww^it e d, mb this variatian 
foOows so simjde a law. It may oiten be of use to remember that 
ndi a diagram may be reduced to an e nU op y - tfimn alm e diagma 
by a vertical co mp ression or extension, such 
that the distances of the isothermals diall be 
nade proportional to their diflkroices of tem- 
poature. Thus if we wish to estimat<e the work 
or heat <rf the circuit ABCD (%. 7), we may 
draw a number of equidistant ordinates (isen- 
tropics) as if to estimate the induded area, and 
for each of the ordinates take the difierene«s 
of temperature of the points where it cuts the 
cbtoit; these difierenoes of temperature wi9 
be equal to the lengths of the segments made by tb& cf/rrtspfM^jDg 
circait in the entropy-temperature diagram uprjn a orirreiqwnding 
Bystem of equidistant ordinate^ and may be used to ealeulate tb& 
vea of the circuit in the entrc^-temperature diagram, Le., to find 
tbe work or heat required. We may find the work ^>f any path by 
applying the same process to the czrcuit formed by the path, the htk 
loetric of tlie final state, the Une of no premurt if^r any i»>pie«^ic : «Ke 
Dote on page 9), and the isontecric of the initial state. And we may 
find the heat of any path by apfjying the same process to a cirenit 
formed by the path, the ordinates of the extreme p'^nts and the line 
of absolute cold. That this line is at an infinite distance oeeasions no 
<fafficalty. The lengths of the ordinates in the entropy-temperature 
diagram which we desire are giren by the temperature of points in 
tbe path determined (in either diagram) by equidistant ordinatcsu 
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The properties of the part of the entropy-temperature diagra 
representing a mixtore of vapor and liquid, which are given < 
page 14» will evidently not be altered if the ordinates are mai 
proportional to the logarithms of the temperatures instead of tl 
temperatures simply. 

The representation of specific heat in the diagram under diacuM 
is peculiarly simple. The specific heat of any substance at constai 
volume or under constant pressure may be defined as the value of 

(If), °'' iwX ' >•«•• idiki), °' (3T^«)/ 

for a certain (]uantity of the substance. Therefore, if we draw a di 
gram, in which xsjy and y^^logt, for that quantity of the substan 
which is used for the determination of the specific heat, the tangen 
of the angles made by the isometrics and the isopiestics with tl 
ordinates in the diagram will be equal to the specific heat of tl 
substance determined for constant volume and for constant puiu 
respectively. Sometimes, instead of the condition of constant voliai 
or constant pressure, some other condition is used in the determinatk 
of specific heat In all cases, the condition will be represented by 
line in the diagram, and the tangent of the angle made by this Ui 
with an ordinate will be equal to the specific heat as thus defined, 
the diagram be drawn for any other quantity of the substance, tl 
specific heat for constant volume or constant pressure, or for any othi 
condition, will be equal to the tangent of the proper angle in tl 
diagram, multiplied by the ratio of the quantity of the subetanoe b 
which the specific heat is determined to the quantity for which tl 
diagram is drawn.* 

The Volama-entropy Diagram. 

The method of representation, in which the co-ordinates of the poi] 
in the diagram are made equal to the volume and entropy of tl 
body, presents certain characteristics which entitle it to a aomewhi 
detailed consideration, and for some purposes give it substanti 
advantages over any other method. We might anticipate some 
these advantages from the simple and symmetrical form of the gener 
equations of thermodynamics, when volume and ontropy are choai 
as independent variables, viz : — t 



^ From thk gMieiml propart j of Um dkgmn, its ebancUr in Um emm ol ft ^mk 
gm Biflit b« iouDtdialaly dedoMiL 

f 8m i»s« 2. «|OAliaM (2). (3) and (4). 

Ip gmtnX^ Id thii Mtieto, vbart diflbrHitUl ocwAcmbU mn OMd, Um qsaaUlj vU 
It oooflUDt in Um diflaranUniion it indioaied by t tabteripi Ictirr. In thit dianmi 
ol Um irolamt tBtropy ditfTMn, bowtvtr, r tad f art onifonnlj regMdad m Um U 
Bt TmriihlM, nnd Um Mbwfipi l9Um la oaUitad. 



THERMODYNAMICS OF FLUIDS. 21 

'-% <"' 

dW=pdv, 

dH=tdti. 
Eliminating p and t we have also 

dW^^^dv, (13) 

dH^pdfi. (14) 

The geometrical relations corresponding to these equations are in 
the volume-entropy diagram extremely simple. To fix our ideas, let 
the axes of volume and entropy be horizontal and vertical respec- 
tively, volume increasing toward the right and entropy upward. 
Then the pressure taken negatively will equal the ratio of the differ- 
ence of energy to the difference of volume of two adjacent points in 
the same horizontal line, and the temperature will equal the ratio of 
the difference of energy to the difference of entropy of two adjacent 
pomts in the same vertical line. Or, if a series of isodynamics be 
drawn for equal infinitesimal differences of energy, any series of hori- 
amtal lines will be divided into segments inversely proportional to 
the pressure, and any series of vertical lines into segments inversely 
proportional to the temperature. We see by equations (13) and (14), 
that for a motion parallel to the axis of volume, the heat received is 
0, and the work done is equal to the decrease of the energy, while for 
» motion parallel to the axis of entropy, the work done is 0, and the 
heat received is equal to the increase of the energy. These two 
propositions are true either for elementary paths or for those of finite 
length. In general, the work for any element of a path is equal to 
the product of the pressure in that part of the diagram into the hori- 
zontal projection of the element of the path, and the heat received is 
equal to the product of the temperature into the vertical projection 
of the element of the path. 

If we wish to estimate the value of the integrals fpdv and fidi\y 
which represent the work and heat of any path, by means of measure- 
ments upon the diagram, or if we wish to appreciate readily by the 
eye the approximate value of these expressions, or if we merely wish 
to illustrate their meaning by means of the diagram ; for any of these 
purposes the diagram which we are now considering will have the 
advantage that it represents the differentials dv and dr\ more simply 
and clearly than any other. 
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But we may also estimate the work and heat of any path by 
of an integration extending over the elements of an area» via : 
formal«B of page 7, 

Y 

y 
y 

In regard to the limita of integration in these formulae, we see tl 
the work of any path which is not a circuit, the bounding line i 
posed of the path, the line of no pressure and two vertical lin« 
for the heat of the path, the bounding line is composed of the 
the line of absolute cold and two horizontal linea 

As the sign of y, as well as that of iA, will be indeterminat 
we decide in which direction an area must be circumscribed in 
to be considered positive, we will call an area positive which 
cumscribed in the direction in which the hands of a watch 
This choice, with the positions of the axes of volume and ei 
which we have supposed, will make the value of y in most case 
tive, as we shall see hereafter. 

The value of y, in a diagram drawn according to this metho 
depend upon the properties of the body for which the diagi 

drawn. In]| this respect, this n 
differs from all the others whicb 
been discussed in detail in this i 
It is easy to find an expression 
depending simply upon the variati 
the energ}', by comparing the an 
the work or heat of an infinitely 
circuit in the form (»f a rectangle I 
its sides parallel to the two axeA. 

Let N,NjjN,N\ (fig. 8) be such a < 
and let it tx* describes! in the or 
O f the numerals, so that the area is pc 

* Alsi> let €j, €5, €5, €^ represent the i 

at the four comers. The work done in the four sides in onlei 
mencing at Nj. will be €j — €,, 0, e,— e^, 0. The total work, the 
for the rectangular circuit is 

Now as the rectangle is intinittOy small, if we call its sides dv a 
the above expression will be e<)uivalent to 
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Dividing by the area dv dti, and writing y^,, for the scale of work and 
iieat in a diagram of this kind, we have 

1 _ cPe dp ^ ,,gv 

yv,,~ dvdfi^dfi" dv 
I The two last expressions for the value of l-r-yv,i| indicate that the 
Talae of y^^iy in different parts of the diagram will be indicated pro- 
portionally by the segments into which vertical lines are divided by a 
system of equidifferent isopiestics, and also by the segments into 
which horizontal lines are divided by a system of equidifferent iso- 
thermah. These results might also be derived directly from the 
iropositions on page 5. 
As, in almost all cases, the pressure of a body is increased when it 

receives heat without change of volume, ^ is in general positive, and 

ibe same will be true of y,,,, under the assumptions which we have 

loade in regard to the directions of the axes (page 21) and the defini- 

ii(m of a positive area (page 22). 

In the estimation of work and heat it may often be of use to 

cmsider the deformation necessary to reduce the diagram to one of 

eoDstant scale for work and heat. Now if the diagram be so deformed 

I that each point remains in the same vertical line, but moves in this 

I line 80 that all isopiestics become straight and hori2X)ntal lines at 

Stances proportional to their differences of pressure, it will evidently 

I become a volume-pressure diagram. Again, if the diagram be so 

deformed that each point remains in the same horizontal line, but 

moves in it so that isothermals become straight and vertical lines at 

distances proportional to their differences of temperature, it will 

become an entropy-temperature diagram. These considerations will 

enable us to compute numerically the work or heat of any path 

which is given in a volume-entropy diagram, when the pressure and 

temperature are known for all points of the path, in a manner 

analogous to that explained on page 19. 

He ratio of any element of area in the volume-pressure or the 

entropy-temperature diagram, or in any other in which the scale of 

work and heat is unity, to the corresponding element in the volume- 

1 d^e 

entropy diagram is represented by or — , , . The cases in 

which this ratio is 0, or changes its sign, demand especial attention, 
as in such cases the diagrams of constant scale fail to give a satis- 
factory representation of the properties of the body, while no difficulty 
or inconvenience arises in the use of the volume-entropy diagram* 

d/€ d'D 
As ""j-3" = ;£ > its value is evidently zero in that part of the 

<iiagram which represents the body when in part solid, in part liquid. 
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and in part vapor. The properties of Buch a mixture are very simpl 
and clearly exhibited in the volume-entropy diagram. 

Let the temperature and the pressure of the mixture, which ai 
independent of the proportions of vapor, solid and liquid, be denote 

by t and p\ Also let V, L and S (fig. J 
be points of the diagram which indicat 
the volume and entropy of the body i 
three perfectly defined states, viz : that ( 
a vapor of temperature if and pressure | 
that of a liquid of the same temperatui 
and pressure, and that of a solid of tl: 
same temperature and pressure. And 1< 
Vvi ^Vi '^Ly ^Lf '^Si ^8 dcuote the volume an 




^ p. g entropy of these states. The position < 

the point which represents the body, whi 
part is vapor, part liquid, and part solid, these parts being as ft, 
and 1— /i — J/, is determined by the equations 

where v and 17 are the volume and entropy of the mixture. Tl 
truth of the first equation is evident. The second may be written 

or multiplying by if, 

The first member of this equation denotes the heat necessary to bri] 
the body from the state S to the state of the mixture in questi^ 
under the constant temperature t\ while the terms of the seooi 
member denote separately the heat necessary to vaporize the part 
and to liquefy the part v of the body. 

The values of v and ri are such as would give the center of gravi 
of masses /<, v and 1 — /< — 1/ placed at the points V, L and S."^ Hen 
the part of the diagram which represents a mixture of vapor, liqu 
and solid, is the triangle VLS. The pressure and temperature a 
constant for this triangle, i.e., an isopiestic and also an isothenx 
here expand to cover a space. The isodynamics are straight and eqi 

distant for equal differences of energy. For -r- = ^p' and -r- = 

both of which are constant throughout the triangle. 

* These points will not be in the same straight line unless 

^'{•nr - ria) '-t^iVL-Va) iiVr-VaiVL- v«, 
a condition very nnlikely to be fulfilled by any substance. The first and second ter 
of this proportion denote the heat of vaporization (from the solid state) and that 
liquefaction. 
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This case can be but very imperfecUy represented in the volume- 

preasiire, or in the entropy-temperature diagram. For all points in 

the same vertical line in the triangle VLS will, in the volume-pressure 

cKagram, be represented by a single point, as having the same voliune 

and pressure. And all the points in the same horizontal line will be 

represented in the entropy-temperatiu^ diagram by a single point, aa 

having the same entropy and temperature. In either diagram, the 

whole triangle reduces to a straight line. It must reduce to a line 

m any diagram whatever of constant scale, as its area must become 

m such a diagram. This must be regarded as a defect in these 

diagrams, as essentially different states are represented by the same 

point In consequence, any circuit within the triangle VLS will be 

represented in any diagram of constant scale by two paths of opposite 

directions superposed, the appearance being as if a body should change 

its state and then return to its original state by inverse processes, so 

as to repass through the same series of states. It is true that the 

drcait in question is like this combination of processes in one important 

particular, viz: that W=H=0, i.e., there is no transformation of heat 

into work. But this very fact, that a circuit without transformation 

of heat into work is possible, is worthy of distinct representation. 

A body may have such properties that in one part of the volume- 
entropy diagram , i.e., -^ ia ^ ^ 

positive and in another negative. 
These parts of the diagram may 
be separated by a line, in which 

dp 



«=«• 



or by one in which 



dfi 



changes abruptly from a positive to 
a negative value.* (In part, also, 
they may be separated by an area in 

which -^ = 0.) In the representa- 
tion of such cases in any diagram 
of constant scale, we meet with a 
difficulty of the following nature. 

Let us suppose that on the right of the line LL (fig. 10) in a volume- 
entropy diagram, -^ is positive, and on the left negative. Then, if 
we draw any circuit ABCD on the right side of LL, the direction 




Rg. 10. 



* The line which represents the yarious states of water at its maximum density for 
Virions constant pressures is an example of the first case. A substance which as a 
iiqnid has no proper maximum density for constant pressure, but which expands in 
•oiidifytng, affords an example of the second case. 
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being that of the hands of a watch, the work and heat of the ciicail 
will be poeitiva But if we draw any circuit EFQH in the am 
direction on the other side of the line LL» the work and heat wfll 
be negative. For 

and the direction of the circuits makes the areas positive in boKk 
casca Now if we should change this diagram into any diagram of 
constant scale, the areas of the circuits, as representing proportioiiallj 
the work done in each case, must necessarily have opposite signik 
Le., the direction of the circuits must be opposite. We will sappoK 
that the wr>rk done is positive in the diagram of constant scale, when 
the direction of the circuit is that of the hands of a watch. Then, m 
^ that diagram, the circuit ABCD would have 

that direction, and the circuit EFQH the eon- 
trary direction, as in figure 11. Now if va 
imagine an indefinite numbi^r of circuits en 
each side of LL in the volume-entropy dis- 
gram, it will be evident that t^> transfom 
such a diagram into one of constant scale, n 
as to change the direction of all the ciremti 
on one side of LL, and of none on the other 
the diagram must be fUded over along thsl 
line ; so that the points on one side of LL in 

a diagram of constant scale do not represeni 

^ V any states of the body, while on the othci 

side of this line, each point, for a certaii 
distance at least, repres(*nts two different states of the body, which ii 
the volume-entropy diagram arc repn*sentt*il by points on opptvnU 
sides of the line LL. We have thus in a {wrt of the field two diagrami 
superposecl, which must be carefully distinguishetl. If this he done 
as by the help of different colors, or of continuous and di>tte<l line* 
or otlien%'ise, and it is rememlx^re<l tliat there is no continuity betweec 
these superposed diagrams, except along the Ixmuding line LL, all the 
general theorems which have been developed in this article can he 
readily appli«*d to the diagram. But to the eye or to the imagination 
the figure will necesHsrily be much more confusing than a volume- 
entn>py diagram. 

If ~f^i) for the lino LL, then* will be another inconvenience in 
dti 

the use of any diagram of constant scale, viz : in the vicinity of the 
line LL. . , i.e., l-r-y,,, will have a very small value, so that ansas 
will be very greatly reduced in the diagram of constant scale, as com- 
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I 



Pig. 12. 



pared with the corresponding areas in the volume-entropy diagram. 
Therefore, in the former diagram, either the isometrics, or the isen- 
bopics, or both, will be crowded together in the vicinity of the line 
LL, so that this part of the diagram will be necessarily indistinct. 

It may occur, however, in the volume-entropy diagram, that the 
aune point must represent two different states of the body. This 
oocan in the case of liquids which can be vaporized. Let MM (fig. 12) 
be the line representing the states of the liquid 
kfdering upon vaporization. This line will be 9 M 

neur to the axis of entropy, and nearly parallel 
to it If the body is in a state represented by 
I point of the line MM, and is compressed 
without addition or subtraction of heat, it will 
wmain of course liquid. Hence, the points of 
the space immediately on the left of MM re- 
jraent simple liquid. On the other hand, the 
body being in the original state, if its volume 
ihoold be increased without addition or sub- 
traction of heat, and if the conditions necessary 
for vaporization are present (conditions relative 
to the body enclosing the liquid in question, 
«tcL), the liquid will become partially vaporized, 

but if these conditions are not present, it will continue liquid. Hence, 
every point on the right of MM and sufficiently near to it represents 
two different states of the body, in one of which it is partially 
viforized, and in the other it is entirely liquid. If we take the 
points as representing the mixture of vapor and liquid, they form 
one diagram, €uid if we take them as representing simple liquid, they 
form a totaUy different diagram superposed on the first. There is 
evidently no continuity between these diagrams except at the line 
KM ; we may regard them as upon separate sheets united only along 
MIL For the body cannot pass from the state of partial vaporization 
to the state of liquid except at this line. The reverse process is 
indeed possible; the body can pass from the state of superheated 
liquid to that of partial vaporization, if the conditions of vaporization 
&Uuded to above are supplied, or if the increase of volume is carried 
a certain limit, but not by gradual changes or reversible 
After such a change, the point representing the state of 
the body will be found in a different position from that which it 
occupied before, but the change of state cannot be properly repre- 
sented by any path, as during the change the body does not satisfy 
that condition of uniform temperature €uid pressure which has been 
aasumed throughout this article, and which is necessary for the 
graphical methods under discussion. (See note on page 1.) 
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Of the two superposed diagrams, that which represents simple 
liquid is a continuation of the diagram on the left of MM. The 
isopiestics, isothermals and isodynamics pass from one to the other 
without abrupt change of direction or curvature. But that which 
represents a mixture of vapor and liquid will be different in its 
character, and its isopiestics and isothermals will make angles in 
general with the corresponding lines in the diagram of simple liquid. 
The isodynamics of the diagram of the mixture, and those of the 
diagram of simple liquid, wiU differ in general in curvature at the 

line MM, but not in direction, for -j-= — jp and 3-=^ 

The case is essentially the same with some substances, as water, 
for example, about the line which separates the simple liquid from a 
mixture of liquid and solid. 

In these cases the inconvenience of having one diagram superpoeel 
upon €uiother cannot be obviated by any change of the principle (Xi 
which the diagram is based. For no distortion can bring the thiee 
sheets, which are united along the line MM (one on the left and two 
on the right), into a single plane surface without superposition. Such 
cases, therefore, are radically distinguished from those in which the 
superposition is caused by an unsuitable method of representation. 

To find the character of a volume-entropy diagram of a perfect gsB, 
we may make e constant in equation (d) on page 13, which wiU give 
for the equation of an isodynamic and isothemud 

17 =a log v+Const, 

and we may make p constant in equation (o), which will give for the 
equation of an isopiestic 

i7=(a+c) log r+Const 

It will be observed that aU the isodynamics and isothermals can be 
drawn by a single pattern and so also with the isopiestics. 

The case will be nearly the same with vapors in a part of the 
diagram. In that part of the diagram which represents a mixture of 
liquid and vapor, the isothermals. which of course are identical with 
the isopiestics, are straight lines. For when a body is vaporised 
under constant pressure and temperature, the quantities of heat 
received are proportional to the increments of volume ; therefore, the 
increments of entropy are proportional to the increments of volume. 

As -T-= ^p and -j-=^» &ny isothermal is cut at the same angle by 

all the isodynamics, and is divided into equal segments by equi- 
different isodynamica The latter property is useful in drawing 
systems of equidifferent isodynamics. 
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Arrangement of the Isometric, Isopiestic, Isothermal and 
Isentropic about a Point. 

The arrangement of the isometric, the isopiestic, the isothermal and 
the isentropic drawn through any same point, in respect to the order 
in which they succeed one €uiother around that point, and in respect 
to the sides of these lines toward which the volume, pressure, tem- 
perature and entropy increase, is not altered by any deformation of 
the surface on which the diagram is drawn, and is therefore inde- 
pendent of the method by which the diagram is formed.* This 
arrangement is determined by certain of the most characteristic 
thermodynamic properties of the body in the state in question, and 
serves in turn to indicate these properties. It is determined, namely, 

hy the value of ( ;p) as positive, negative, or zero, i.e., by the eflFect 

of heat as increasing or diminishing the pressure when the volume 
is mamtained constant, €«id by the nature of the internal thermo- 
dynamic equilibrium of the body as stable or neutral, — an unstable 
equilibrium, except as a matter of speculation, is of course out of 
the question. 

Let us first examine the case in which i-r-) is positive and the 

equilibrium is stable. As i^j does not vanish at the point in 

question, there is a definite isopiestic passing through that point, 
on one side of which the pressures are greater, and on the other less, 

than on the line itself. As f-i-j =— f-ij , the case is the same 

frith the isothermal. It will be convenient to distinguish the sides 
of the isometric, isopiestic, etc., on which the volume, pressure, etc., 
increase, as the positive sides of these lines. The condition of stability 
requires that, when the pressure is constant, the temperature shall 
increase with the heat received, — therefore with the entropy. This 
niay be written [dt : drf\p > O.t It also requires that, when there 
is DO transmission of heat, the pressure should increase as the volume 
(iiminishes, Le., that [dp : dv], < 0. Through the point in question, 

*It is here assumed that, in the vieinity of the point in question, each point in the 
^iagnm represents only one state of the body. The propositions developed in the fol- 
Wing pages cannot be applied to points of the line where two saperposed diagrams 
Vf onited (see pages 25-28) without certain modifications. 

t Ai the notation -=- is used to denote the limit of the ratio of dt to dif, it would not 

'' /dt\ 

be quite aoenrate to say that the condition of stability requires that | -^ j >0. This 

nodttion requires that the ratio of the differences of temperature and entropy between 
tbt point in question and any other infinitely near to it and upon the same isopiestic 
t^oM be posithre. It is not necessary that the limit of this ratio should be positive. 
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A (fig. 13), let there be drawn the isometric w' and the isentropie 
^i{, and let the positive sides of these lines be indicated as in the 

figore. The conditions \-^) > and [dpidv]^ < require that the 

pressure at v and at ^ shall be greater than at A, and hence, that 
the isopiestic shall fall as pp' in the figure, and have its positive side 

turned as indicated Again, the conditions {-r-j <0 and [dt : dti]p>0 

require that the temperature at rj and at p shall be greater than at A, 
and hence, that the isothermal shall fall as tt^ and have its positive 

-T-) >0, the 

lines pp' and tt' may be tangent to one another at A, provided that 
they cross one another, so as to have the same order about the point 
A as is represented in the figure ; i.e., they may have a contact of the 

second (or any even) order.* But the condition that {^j >0, and 
hence (-j-j <0, does not allow pp' to be tangent to w', nor tt' to i|f^. 

If i-^j be still positive, but the equilibrium be neutral, it will be 
" possible for the body to change its 

state without change either of tem- 
perature or of pressure; Le., the 
isothermal and isopiestic will be 
identical. The lines will fall as in 
figure 13, except that the isothermal 
and isopiestic vdll be superposed. 

In like manner, if i-^j < 0, it may 

be proved that the lines will fall as 
in figure 14 for stable equilibrium, 
and in the same way for neutral 
equilibrium, except that pp' and tt' will be superposed.! 




'M'Ad example of this is doabtless to be found at the critical point of a flaid. 8ee 
Dr. Andrews **0n the continuity of the gaseous and liquid states of matter." PhiL 
Trans,, vol. 169, p. 576. 

If the isothermal and isopiestic have a simple tangency at A, on one side of that 
point they will have such directions as will express an unstable equilibrium. A line 
drawn through all such points in the diagram will form a boundary to the possible part 
of the diagram. It may be that the part of the diagram of a fluid, which represents 
the superheated liquid state, is bounded on one side by such a line. 

i When it is said that the arrangement of the lines in the diagram must be like that 
in figure 13 or in figure 14, it is not meant to exclude the case in which the figure 
(13 or 14) must be turned over, in order to correspond with the diagram. In the oaee, 
however, of diagrams formed by any of the methods mentioned in this article, if the 
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The case that f^j =0 includes a considerable number of con- 
ceivable cases, which would require to be distinguished. It will be 
sofficient to mention those most likely to occur. 

In a field of stable equilibrium it may occur that f^j = along a 

line, on one side of which f ^ j > 0, and on the other side f -^ j < 0. 

At any point in such a line the isopiestics will be tangent to the 
ifiometrics and the isothermals to the isen- 
tropics. (See, however, note on page 29.) 

In a field of neutral equilibrium repre- 
senting a mixture of two different states 
of the substance, where the isothermals and 
isopiestics are identical, a line may occur 
which has the threefold character of an 
isometric, an isothermal and an isopiestic. 

For such a line (^) =0. If (^) has 

opposite signs on opposite sides of this 

line, it will be an isothermal of maximum or minimum temperature.* 

The case in which the body is partly solid, partly liquid and partly 
^por has already been sufficiently discussed. (See pages 23, 24.) 

The arrangement of the isometric, isopiestic, etc., as given in figure 
13, will indicate directly the sign of any differential co-efficient of the 

form i-j-j , where u, w and z may be any of the quantities v, p, t, ff 

(and €, if the isodynamic be added in the figure). The value of such 
a differential co-efficient vdll be indicated, when the rates of increase 
of V, p, etc, are indicated, as by isometrics, etc., drawn both for the 
values of v, etc., at the point A, and for values differing from these by 

a small quantity. For example, the value of y-r-) will be indicated 

by the ratio of the segments intercepted upon an isentropic by a pair 
of isometrics and a pair of isopiestics, of which the differences of 
volume and pressure have the same numerical value. The case in 
which W OT H appears in the numerator or denominator instead of a 

<linctioDa of the axes be such as we have assumed, the agreement with figure 13 wiU 
bi wUhciut tnoemofi, and the agreement with fig. 14 will also be tnthotU inversion for 
volume-entropy diagrams, but unth invernion for volume-pressure or entropy-temperature 
^isgrams, or thoee in which x=logv and y=logp, or x^tj and y=log^ 

*Ai iome liquids expand and others contract in solidifying, it is possible that there 
m some which will solidify either with expansion, or without change of volume, or 
vith oootractiim, according to the pressure. If any such there are, they aflford examples- 
flf Um case mentioned above. 
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fanction of the state of the body, can be reduced to the preceding 
the substitution of pdv for dW, or that of td^ for dH. 

In the foregoing discussion, the equations which express the func 
mental principles of thermodynamics in an analytical form have be 
assumed, and the aim has only been to show how the same relatic 
may be expressed geometrically. It would, however, be easy, starti 
from the first €uid second laws of thermodynamics as usually em 
ciated, to arrive at the same results without the aid of analyti< 
formulsB, — to arrive, for example, at the conception of energy, 
entropy, of absolute temperature, in the construction of the diagn 
without the analytical definitions of these quantities, and to obtain 1 
various properties of the diagram vdthout the analytical expreasi 
of the thermodynamic properties which they involve. Such a cou 
would have been better fitted to show the independence ajid suffidei 
of a graphical method, but perhaps less suitable for an examinati 
of the comparative advantages or disadvantages of different graphi 
methods. 

The possibility of treating the thermodynamics of fluids by si 
graphical methods as have been described evidently arises from i 
fact that the state of the body considered, like the position of a po 
in a plane, is capable of two and only two independent variatiG 
It is, perhaps, worthy of notice, that when the diagram is only ui 
to demonstrate or illustrate general theorems, it is not necessa 
although it may be convenient, to assume any particular method 
forming the diagram ; it is enough to suppose the different states 
the body to be represented continuously by points upon a sheet. 



II. 



A METHOD OF GEOMETRICAL REPRESENTATION OF THE 
THERMODYNAMIC PROPERTIES OF SUBSTANCES BY 
MEANS OF SURFACES. 

[Transadums of the Cannedkui Academy, U. pp. 382-404, Dec. 1873.] 

The leading thermodynamic properties of a fluid are determined 
by the relations which exist between the volume, pressure, tempera- 
tare, energy, and entropy of a given mass of the fluid in a state of 
themodynamic equilibrium. The same is true of a solid in regard 
to those properties which it exhibits in processes in which the 
preasore is the same in every direction about any point of the solid. 
But all the relations existing between these five quantities for any 
sabetance (three independent relations) may be deduced from the 
flbgle relation existing for that substance between the volume, energy, 
ttid entropy. This may be done by means of the general equation, 

de^tdti^pdv, (!)♦ 

where v,p, t, e, and 17 denote severally the volume, pressure, absolute 
temperature, energy, and entropy of the body considered. The sub- 
^pt letter after the diflerential coefficient indicates the quantity 
which is supposed constant in the differentiation. 

BnpresentcUion of Vciume, Entropy, Energy, Pressure, and 
Temperatwre. 

Now the relation between the volume, entropy, and energy may 
be represented by a surface, most simply if the rectangular co- 
ordinates of the various points of the surface are made equal to the 
volume, entropy, and energy of the body in its various states. It 
Dtty be interesting to examine the properties of such a surface, which 

*For tlie demonstration of this eqaation, and in regard to the unite used in the 
irement of the qnantitiei, the reader is referred to page 2. 
0.L C 
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we will call the thermodynamic surface of the body for which it is 
formed.* 

To fix our ideas, let the axes of v, 9, and 6 have the directifms 
usually given to the axes of X, Y, and Z (v increasing to the ri^t^ 
9 forward, and e upward). Then the pressure and temperature of 
the state represented by any point of the surface are equal to the 
tangents of the inclinations of the surface to the horizon at that 
point, as measured in planes perpendicular to the axes of 9 and of tr 
respectively. (Eqs. 2 €«id 3.) It must be observed, however, that 
in the first case the angle of inclination is measured upward &oia 
the direction of decreasing v, and in the second, upward from thd 
direction of increasing ^, Hence, the tangent plane at any poinb 
indicates the temperature and pressure of the state represented. lb 
will be convenient to speak of a plane as representing a certain, 
pressure and temperature, when the tangents of its inclinations to 
the horizon, measured as above, are equal to that pressure and 
temperature. 

Before proceeding farther, it may be worth while to distinguish 
between what is essential and what is arbitrary in a sartauce (hua 
formed. The position of the plane t;=0 in the surface is evidently 
fixed, but the position of 'the planes jy = 0, e=0 is arbitrary, provided 
the direction of the axes of fj and e be not altered. This results from 
the nature of the definitions of entropy and energy, which involve 
each an arbitrary constant. As we may make ^ = and e^zQ f^ any 
state of the body which we may choose, we may place the origin of 
co-ordinates at any point in the plane t;=0. Again, it is evident? 
from the form of equation (1) that whatever changes we may make in* 
the units in which volume, entropy, and energy are measured, it will 
always be possible to make such changes in the units of temperature 
€uid pressure, that the equation will hold true in its present form^ 
without the introduction of constants. It is easy to see how a change 
of 'the units of volume, entropy, and energy would affect the sur&ce» 
The projections parallel to any one of the axes of distances between 
points of the surface would be changed in the ratio inverse to that 
in which the corresponding imit had been changed. These con- 
siderations enable us to foresee to a certain extent the nature of the 
general properties of the surface which we are to investigate. They 



*Profe88or J. ThomBon has proposed and nsed a surface in which the oo^>rdiiiatea 
are proportional to the volume, pressure, and temperature of the hody. {Proc iZioy. 
8oe,^ Not. 16, 1871, toL xz, p. 1 ; and Phil. Mag., vol. xliii, p. 227.) It is evident^ 
however, that the relation between the volume, pressure, and temperature affords a 
less complete knowledge of the properties of the body than the relation between the 
volume, entropy, and energy. For, while the former relation is entirely determined by 
the latter, and can be derived from it by differentiation, the latter relation is by no 
means determined by the former. 
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must be such, namely, as shall not be affected by any of the changes 
mentioned above. For example, we may find properties which concern 
the plane t;=0 (as that the whole surface must necessarily fall on the 
pofiitiYe side of this plane), but we must not expect to find properties 
which concern the planes 17 = 0, or e = 0, in distinction from others 
parallel to them. It may be added that, as the volume, entropy, and 
energy of a body are equal to the sums of the volumes, entropies, and 
energies of its parts, if the surface should be constructed for bodies 
differing in quantity but not in kind of matter, the different surfaces 
thus formed would be similar to one another, their linear dimensions 
being proportional to the quantities of matter. 

Sature of that Part of the Sv/rfojce which represents States which a/re 
not Homogeneous, 

This mode of representation of the volume, entropy, energy, pressure, 
and temperature of a body will apply as well to the case in which 
different portions of the body are in different states (supposing always 
tbt the whole is in a state of thermodynamic equilibrium), as to that 
in which the body is uniform in state throughout. For the body 
taken as a whole has a definite volume, entropy, and energy, as well 
18 pressure and temperature, and the validity of the general equation 
(1) is independent of the unif omiity or diversity in respe(^t to state 
of the different portions of the body.* It is evident, therefore, that 

*It ifl, however, suppoaed in this equation that the variationa in the state of the 
Ixxiy, to which dv, dti^ and de refer, are such as may be produced reversibly by expan- 
■MD and compression or by addition and subtraction of heat. Hence, when the body 
oonisti of parts in different states, it is necessary that these states should be such as 
no psas either into the other without sensible change of pressure or temperature. 
Othennse, it would be necessary to suppose in the differential equation (1) that the 
proportion in which the body is divided into the different states remains constant. 
Bat loch a limitation would render the equation as applied to a compound of different 
ititet falueleta for our present purpose. If, however, we leave out of account the 
CMes in which we regard the states as chemically different from one another, which 
Ik beyond the scope of this paper, experience justifies us in assuming the above con- 
dition (that either of the two states existing in contact can pass into the other without 
aenoble change of the pressure or temperature), as at least approximately true, when 
OM of the states is fluid. But if both are solid, the necessary mobility of the parts is 
voting. It must therefore be understood, that the following discussion of the com- 
pound states is not intended to apply without limitation to the exceptional cases, where 
ve hare two different solid states of the same substance at the same pressure and 
temperatore. It may be added that the thermodjmamic equilibrium which subsists 
bitwseD two such solid states of the same substance differs from that which aubaiata 
when one of the atatea is fluid, very much aa in atatica an equilibrium which ia main- 
ttined by friction differa from that of a frictionless machine in which the active forces 
•ra so balanced, that the alighteat change of force will produce motion in either 



Another limitation ia rendered neceaaary by the fact that in the following diacuaaion 
tke nagnitode and form of the bounding and dividing aurfacea are left out of account ; 
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the thermodynamic surface, for many substances at least, can be 
divided into two parts, of which one represents the homogeneoDS 
states, the other those which are not so. We shaU see that, when 
the former part of the surface is given, the latter can readily be 
formed, as indeed we might expect. We may therefore call tiie 
former part the primitive surface, and the latter the derived surface. 

To ascertain the nature of the derived surface and its relations to 
the primitive surface sufficiently to construct it when the latter is 
given, it is only necessary to use the principle that the volume, 
entropy, and energy of the whole body are equal to the sums of the 
volumes, entropies, and energies respectively of the parts, while the 
pressure and temperature of the whole are the same as those of each 
of the parts. Let us commence vdth the case in which the body is 
in part solid, in part liquid, and in part vapor. The position of the 
point determined by the volume, entropy, and energy of such a com- 
pound will be that of the center of gravity of masses proportioned 
to the masses of solid, liquid, and vapor placed at the three points of 
the primitive sutface which represent respectively the states of com- 
plete solidity, complete liquidity, and complete vaporization, each at 
the temperature and pressure of the compound. Hence, the part of 
the surface which represents a compound of solid, liquid, and vapor ib 
a plane triangle, having its vertices at the points mentioned. The 
fact that the surface is here plane indicates that the pressure and 
temperature are here constant, the inclination of the plane indicatiugf 
the value of these quantities. Moreover, as these values are the sam^ 
for the compound as for the three different homogeneous states coT' 
responding to its different portions, the plane of the triangle is 
tangent at each of its vertices to the primitive surface, viz: at one 
vertex to that part of the primitive surface which represents solid, at 
another to the part representing liquid, and at the third to the part 
representing vapor. 

When the body consists of a compound of two different homo- 
geneous states, the point which represents the compound state will be 
at the center of gravity of masses proportioned to the masses of the 
parts of the body in the two different states and placed at the points 
of the primitive surface which represent these two states (i.e., which 
represent the volume, entropy, and energy of the body, if its whole 
mass were supposed successively in the two homogeneous states which 
occur in its parts). It will therefore be found upon the straight line 



80 that the results are in general strictly valid only in cases in which the inflnenoe 
of these particulars may be neglected. When, therefore, two states of the snbstanoo 
are spoken of as in contact, it must be understood that the surface dividing them 
is plane. To consider the subject in a more general form, it would be necessary to 
introduce considerations which belong to the theories of capiUarity and crystaUization. 
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which unites these two points. As the pressure and temperature are 
evidently constant for this line, a single plane can be tangent to the 
derived surface throughout this line and at each end of the line tan- 
gent to the primitive surface.* If we now imagine the temperature 
and pressure of the compound to vary, the two points of the primitive 
surface, the line in the derived surface uniting them, and the tangent 

*It is here ahown that, if two diflferent states of the substance are sach that they 
ctt exist permanently in contact with each other, the points representing these states 
in the thermodynamic surface have a common tangent plane. We shall see hereafter 
that the converse of this is true,— that, if two points in the thermodynamic surface have 
a common tangent plane, the states represented are such as can permanently exist in 
ooDtact; and we shall also see what determines the direction of the discontinuous 
change which occurs when two diflferent states of the same pressure and temperature, 
for which the condition of a common tangent plane is not satisfied, are brought into 
oontact 

It is easy to express this condition analytically. Resolving it into the conditions, 
that the tangent planes shall be parallel, and that they shall cut the axis of c at the 
nne point, we have the equations 

P'=P", («) 

«' - <'V +pV = €" - <' V +!>' V, (7) 

vhere the letters which refer to the diflferent states are distinguished by accents. If 
^ are three states which can exist in contact, we most have for these states, 

p =pr szp , 



^eae results are interesting, as they show us how we might foresee whether two 
9^ ttates of a substance of the same pressure and temperature, can or cannot exist 
in oontact. It is indeed true, that the vidues of c and ri cannot like those of v, p, and t 
^aaoertained by mere measurements upon the substance while in the two states in 
^•eitioii. It is necessary, in order to find the value of t " - 1' or iy" - ly', to carry out 
■Macnrements upon a process by which the substance is brought from one state to the 
<^, hut ihU need nothebjf a process in which the two given stales shaU he found in eon- 
tect, snd in some cases at least it may be done by processes in which the body remains 
alviya homogeneous in state. For we know by the experiments of Dr. Andrews, 
^U. Trams. ^ voL 159, p. 575, that carbonic acid may be carried from any of the 
>tatee which we usually call liquid to any of those which we usually call gas, without 
lonng its homogeneity. Now, if we had so carried it from a state of liquidity to a 
ittte of gas of the same pressure and temperature, making the proper measurements 
^ the process, we should be able to foretell what would occur if these two states of 
the lobstanoe should be brought together, — whether evaporation would take place, or 
ooBdeuation, or whether they would remain unchanged in contact, — although we had 
■•▼er seen the phenomenon of the coexistence of these two states, or of any other two 
ititcsof this substance. 

Equation {y) may be put in a form in which its validity is at once manifest for two 
ititet which can pass either into the other at a constant pressure and temperature. 
If «<a put |/ and f ior the equivalent pf and tf, the equation may be written 

Hen the left hand member of the equation represents the difference of energy in the 
tvo slates, and the two terms on the right represent severally the heat received and 
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plane will change their positionA, maintaining the aforeeaid relatioi 
We may conceive of the motion of the tangent plane as produced i 
rolling upon the primitive surface, while tangent to it in two poin 
and as it Ih also tangent to the derived surface in the lines joinii 
these points, it is evident that the latter is a developable sorfi 
and forms a part of the envelop of the successive positions of U 
rolling plane. We shall see hereafter that the form of the primitti 
surface is such that the double tangent plane does not cut it, i 
that this rolling is physically possible. 

From these relations may be deduced by simple geometiie 
considerations one of the principal propositions in r^ard to nc 
compounda Let the tangent plane touch the p 
mitive surface at the two points L and V (fig. 1 
which, to fix our ideas, we may suppose to iqv 
sent liquid and vapor; let planes pass thnNi| 
these points perpendicular to the axes of r sod 
respectively, intersecting in the line AB, wfak 
will be parallel to the axis of €. Let the tange 
plane cut this line at A, and let LB and VC 1 
drawn at right angles to AB and parallel to tl 
axes of 9 and v. Now the pressure and temperature repreaented I 

the tangent plane are evidently t^ and ^y- respectively, and if i 

suppose the tangent plane in rolling upon the primitive suriMe 
turn about its instantaneous axis LV an infinitely small angle, 

AA' A 

as to meet AB in A', dp and dt will be equal to -m- and -g 

respectively. Therefore, 

where i/ and 9' denote the volume and entropy for the point 
and ff and jy* those for the point V. If we substitute for f'- 

its equivalent - (r denoting the heat of vaporization), we have I 

equation in its usual form, j? = ^::-#— .,• 
' dt t{v ^v) 




Um work doiM wh«ii the body pmw from one lUU to th« othor. TIm 9^u 
Um bo dorivod mt ones from tbo gooonU oquAtion (1) by inUfrattoo. 
It U woll known that wbon tho two sutoi boing botb fluid moot in n cvnrod mHt 

instond of (a) wo h^w ''*''"^ ^(r"*'r')* 

wbcro r and r^ art tbo nulii of tho princt|Md eanrotnrot al tho mrfBco ol ooaUct at • 
point (positive, if tho ooooority io toward the mam to which p' rolon). aad T m^ 
la oaUod tho mtptr^dai tenmom. Equation (^), howovor, holda good for Moh CMMi S 
it mlf ht eaally bo prorod that tho aame U true of oquatloo (>). In otbor wof^ ll 
ianfont planoi for tho pointa in tho thermodynamlo mirf aoo rtprnwiting tha lw« MM 
«it Iha plana v«0 ia Iha mom liaa. 
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Properties of the Sv/rface reUUing to StabilUy of Thermodynamic 

Equilibrium. 

We will now turn our attention to the geometrical properties of 

the surface, which indicate whether the thermodynamic equilibrium 

of the body is stable, unstable, or neutral. This will involve the 

consideration, to a certain extent, of the nature of the processes which 

take place when equilibrium does not subsist. We will suppose the 

body placed in a medium of constant pressure and temperature ; but 

as, when the pressure or temperature of the body at its surface differs 

from that of the medium, the immediate contact of the two is hardly 

consistent with the continuance of the initial pressure and temperature 

of the medium, both of which we desire to suppose constant, we will 

appose the body separated from the medium by an envelop which 

will yield to the smallest differences of pressure between the two, but 

which can only yield very gradually, and which is also a very poor 

conductor of heat. It will be convenient and allowable for the pur- 

poees of reasoning to limit its properties to those mentioned, and to 

■ aoppoee that it does not occupy any space, or absorb any heat except 

. what it transmits, i.e., to make its volume and its specific heat 0. By 

I the mtervention of such an envelop, we may suppose the action of the 

body upon the medium to be so retarded as not sensibly to disturb 

the uniformity of pressure and temperature in the latter. 

When the body is not in a state of thermodynamic equilibrium, its 
state is not one of those which are represented by our surface. The 
body, however, as a whole has a certain volume, entropy, and energy, 
^ which are equal to the sums of the volumes, etc., of its parts.* K, 
^cn, we suppose points endowed with mass proportional to the 
nuiases of the various parts of the body, which are in different thermo- 
^Jynaniic states, placed in the positions determined by the states 
^d motions of these parts, (i.e., so placed that their co-ordinates are 
«qual to the volume, entropy, and energy of the whole body supposed 
^oceasively in the same states and endowed with the same velocities 
*8 the different parts), the center of gravity of such points thus 
placed will evidently represent by its co-ordinates the volume, entropy, 
and energy of the whole body. If all parts of the body are at rest, 
tte point representing its volume, entropy, and energy will be the 
^ter of gravity of a number of points upon the primitive surface. 
'The effect of motion in the parts of the body will be to move the 
<»rre8ponding points parallel to the axis of e, a distance equal in 
<*ch case to the via viva of the whole body, if endowed with the 

*Ai the difcoarion is to apply to casei in which the parte of the body are in (sensible) 
*otioiif it is neoeesary to define the sense in which the word energy is to be need. We 
^ OSS the word as indwUng the via viva ofeeneible m&tuma. 
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velocity of the part represented; — the center of gravity of pou 
thus determined will give the volume, entropy, and energy of t 
whole body. 

Now let 08 suppose that the bcxiy having the initial volaa 
entropy, and energy, v\ if, and c', is placed (enclosed in an envelop 
aforesaid) in a medium having the constant pressnre P and temper 
tare 7*, and by the action of the medium and the interaction of i 
own parts oonieH to a final state of rest in which its volume, etc i 
t^t 9'« ^ ; — we wish to find a relation between these quantities, 
we regard, as we may, the medium as a very large body, so th 
imparting heat to it or compressing it within moderate limits w 
have no appreciable effect upon its pressure and temperature, si 
write V, H, and E, for its volume, entropy, and energy, equatioo ( 
becomes dE^TdH^PdV, 

which we may integrate regarding P and T as constants, obtaining 
P^E^Tir-'TH'^PV+PT, ( 

where JT, E^, etc, refer to the initial and final states of the media 
Again, as the sum of the energies of the body and the sairoundii 
medium may become less, but cannot become greater (this arises fa 
the nature of the envelop supposed), we have 

i'+E'^€'+E'. { 

Again as the sum of the entropies may increase but cannot diminid 

Lastly, it is evident that 

These four equations may be arranged with slight changes as follon 
^E^+TH^-^PY'-m. ^E'+TH'^PV 

€''+E''^€' + E' 

By addition we have 

Now the two members of this equation evidently denote the vertii 
distances of the points (r', 9 \ e") and (e^. f[, c') above the plane pa 
ing through the origin and representing the pressure P and tempei 
turc r. And the equation expresses that the ultimate distance is h 
or at most equal to the initial. It is evidently immaterial whetl 
the distances be measureil vertically or normally, or that the fix 
plane representing P and T should pass through the origin, t 
distances must be considered negative when measured from a poi 
below the plane. 
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It is evident that the sign of inequality holds in (e) if it holds in 
either (6) or (c), therefore, it holds in (e) if there are any differences 
of pressure or temperature between the different parts of the body 
or between the body and the medium, or if any part of the body has 
sensible motion. (In the latter case, there would be an increase of 
entropy due to the conversion of this motion into heat.) But even if 
the body is initially without sensible motion and has throughout the 
same pressure and temperature as the medium, the sign < will still 
hold if different parts of the body are in states represented by points 
in the thermodynamic surface at different distances from the fixed 
plane representing P and T. For it certainly holds if such initial 
einmmstances are followed by differences of pressure or temperature, 
or by sensible velocities. Again, the sign of inequality would neces- 
sarily hold if one part of the body should pass, without producing^ 
changes of pressure or temperature or sensible velocities, into the 
state of another part represented by a point not at the same distance 
from the fixed plane representing P and T. But these are the only 
sappositions possible in the case, unless we suppose that equilibrium 
subsists, which would require that the points in question should have 
aeommon tangent plane (page 37), whereas by supposition the planes 
tangent at the different points are parallel but not identical. 

The results of the preceding paragraph may be summed up aa 
follows: — Unless the body is initially without sensible motion, and 
its state, if homogeneous, is such as is represented by a point in the 
primitive surface where the tangent plane is parallel to the fixed plane 
representing P and T, or, if the body is not homogeneous in state, 
onless the points in the primitive surface representing the states of 
its parts have a common tangent plane parallel to the fixed plane 
representing P and jT, such changes will ensue that the distance 
of the point representing the volume, entropy, and energy of the 
l»dy from that fixed plane will be diminished (distances being con- 
sidered negative if measured from points beneath the plane). Let 
ns apply this result to the question of the stability of the body when 
soriounded, as supposed, by a medium of constant temperature and 
pressure. 

The state of the body in equilibrium will be represented by a point 
in the thermodynamic surface, and as the pressure and temperature of 
the body are the same as those of the surrounding medium, we may 
take the tangent plane at that point as the fixed plane representing 
^ and T. If the body is not homogeneous in state, although in 
^<]Qilibrium, we may, for the purposes of this discussion of stability, 
either take a point in the derived surface as representing its state, or 
we may take the points in the primitive surface which represent the 
states of the different parts of the body. These points, as we have 
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seen (page 37), have a common tangent plane, which in ideniieal wi 
the tangent plane for the point in the derived sarfaoe. 

Now, if the form of the sarface be such that it falls above the tt 
gent plane except at the single point of contact, the eqnilibriiim 
necessarily stable ; for if the condition of the body be slightly alien 
either by imparting sensible motion to any part of the body, or I 
slightly changing the state of any part, or by bringing any sbm 
part into any other thennodynamic state wtiatever, or in all of the 
ways, the point representing the volume, entropy, and energy of tl 
whole body will then occupy a position above the original taiiKe 
plane, and the proposition above enunciated shows that proeea 
will ensue which will diminish the distance of this point froin Ui 
plane, and that such processes cannot cease until the body is broug 
back into its original condition, when they will necessarily cease < 
account of the form supposed of the surface. 

On the other hand, if the surface have such a form that any pi 
of it falls below the fixed tangent plane, the equilibrium will 
unstable. For it will evidently be possible by a slight change in t; 
original condition of the body (that of equilibrium with the sorrooa 
ing medium and represented by the point or pointe of contact) 
bring the point representing the volume, entropy, and energy of tl 
body into a position below the fixed tangent plane, in which case i 
see by the above proposition that processes will occur which w 
carry the point still farther from the plane, and that such p roc sM 
cannot cease until all the body has passed into some state tntin 
different from its original state. 

It remaiuH to consider the case in which the surface, altboa^ 
does not anywhere fall below the fixed tangent plane* neverihak 
meets the plane in more than one point. The equilibrium in tf 
case, as we might anticipate from itn intermediate character beCwc 
the cases already consi(lere<l, is neutral. For if any part of • 
body be changed from it^ original state into that repreaentad 
another point in the thermodynamic surface lying in the aame tfl 
gent plane, e<|uilibrium will still suhnist For the suppositioii 
regard to the form of the surface implicH that unifonnity in tempvi 
ture and prcMiure still suljHiMtM, nor can the Ixxly have any neeena 
tendency to ftass entin*ly into the second state or to retom into t 
original Htate, for a change of the values of T and P less than ^ 
amignable quantity would evidently l>e Hutiicient to reverse Bacb 
tendt^ncy if any such existed, as either point at will could by soek ^ 
infiniti-simal variation of T and P he made the nearer to the plu' 
representing T and P. 

It must be observed that in the case where the tharmodynaia 
surface at a certain point is concave upward in both its princfpi 



I. 



THEBMODTNAMIC PROPERTIES OF SUBSTANCES. 43 

curvatures, but somewhere falls below the tangent plane drawn 
through that point, the equilibrium although unstable in regard to 
discontintuma changes of state is stable in regard to contimioua 
dianges, as appears on restricting the test of stability to the vicinity 
of the point in question ; that is, if we suppose a body to be in a state 
represented by such a point, although the equilibrium would show 
itself unstable if we should introduce into the body a small portion 
of the same substance in one of the states represented by points 
below the tangent plane, yet if the conditions necessary for such a 
discontinuous change are not present, the equilibrium would be 
stable. A familiar example of this is afforded by liquid water when 
heated at any pressure above the temperature of boiling water at 
that pressure.* 

Leading Features of the Thermodynaraic Sv/rfdce for Subata/acea 
which take the forms of Solid, Liquid, and Vapor. 

We are now prepared to form an idea of the general character of 
the primitive and derived surfaces and their mutual relations for a 
robstance which takes the forms of solid, liquid, and vapor. The 
primitive surface will have a triple tangent plane touching it at the 
three points which represent the three states which can exist in 
wntact Except at these three points, the primitive surface falls 
entirely above the tangent plane. That part of the plane which forms 
t triangle having its vertices at the three points of contact, is the 
derived surface which represents a compound of the three states of the 
sobstance. We may now suppose the plane to roll on the under side 
of the surface, continuing to touch it in two points without cutting it. 
This it may do in three ways, viz : it may commence by turning about 
^y one of the sides of the triangle aforesaid. Any pair of points 
^rtuch the plane touches at once represent states which can exist 
pttmanently in contact. In this way six lines are traced upon the 
wrface. These lines have in general a common property, that a 
taogent plane at any point in them will also touch the surface in 
woUier point. We must say in general, for, as we shall see hereafter, 
ttis statement does not hold good for the critical point. A tangent 
phne at any point of the surface outside of these lines has the surface 

*If we wish to express in a single equation the necessary and sufficient condition 
^^thennodynaniic equilibrium for a substance when surrounded by a medium of constant 
PNmre P and temperature T, this equation may be written 

8{e-Tri + Pv)=0, 
^^en 3 refers to the ▼ariation produced by any variations in the state of the parts of 
^ body, and (when different parts of the body are in different states) in the proportion 
is whidi the body is divided between the different states. The condition of stable 
*9*fliliriiuD is that the value of the expression in the parenthesis shall be a minimum. 
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entirely above it, except the single point of contact A tangent plaoie 
at any point of the primitive surface vritkin these lines will cut the 
surface. These lines, therefore, taken together may be called the 
limit of abaohite atabUity, and the surface outside of them, the aurfaoe 
of absolute atahUity. That part of the envelop of the rolling planer 
which lies between the pair of lines which the plane traces (m the 
surface, is a part of the derived surface, and represents a mixtore o£ 
two states of the substance. 

The relations of these lines and surfaces are roughly represented in. 
horizontal projection^ in figure 2, in which the full lines represent linaie 
on the primitive surface, and the dotted lines those on the derived, 
surface. S, L, and V are the points which have a commcm tangenfc^ 




Fig. 2. 

plane and represent the states of soUd, liquid, and vapor which can 
exist in contact. The plane triangle SLY is the derived 8ur£aoe 
representing compounds of these states. UJ and V V" are the pair of 
lines traced by the rolling double tangent plane, between which lies 
the derived surface representing compounds of liquid and vi^xir. 
VV" and SS" are another such pair, between which lies the derived 
surface representing compounds of vapor and soKd. SS'" and U/^ 
are the third pair, between which lies the derived surface repreoentixig 
a compound of solid and liquid. L'"LL', VTV" and S'SS"' are the 
boundaries of the surfaces which represent respectively the absolutely^ 
stable states of liquid, vapor, and solid. 

The geometrical expression of the results which Dr. Andrews^ 

* A horizontal projection of the thermodjmamic surface is identical with the diagnm 
described on pages 20-28 of this volume, under the name of the volume-entropjr 
diagram. 
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PhiL Trans.y vol. 159, p. 575, has obtained by bis experiments with 
carbonic acid is that, in the case of this substance at least, the derived 
snrfaoe which represents a compound of liquid and vapor is terminated 
18 follows : as the tangent plane rolls upon the primitive surface, 
the two points of contact approach one another and finally fall 
together. The rolling of the double tangent plane necessarily comes 
to an end. The point where the two points of contact fall together is 
the mtical point. Before considering farther the geometrical character- 
istics of ibia point and their physical significance, it will be convenient 
to investigate the nature of the primitive surface which lies between 
the lines which form the limit of absolute stability. 

Between two points of the primitive surface which have a common 
tangent plane, as those represented by L" and V in figure 2, if there 
ia no gap in the primitive surface, there must evidently be a region 
where the surface is concave toward the tangent plane in one of its 
principal curvatures at lecust, and therefore represents states of un- 
stable equilibrium in respect to continuous as well as discontinuous 
changes (see pages 42, 43).* K we draw a line upon the primitive 
•orface, dividing it into parts which represent respectively stable and 
f. unstftUe equilibrium, in respect to continuous changes, Le., dividing 
[ the surface which is concave upward in both its principal curvatures 
I from that which is concave downward in one or both, this line, which 
may be called the limit of essential instability, must have a form 
^ somewhat like that represented by M'CWW in figure 2. It touches 
the limit of absolute stability at the critical point C. For we may 
take a pair of points in LC and VC having a common tangent plane 
as near to C as we choose, and the line joining them upon the primi- 
tive surface made by a plane section perpendicular to the tangent 
plane, will pass through an area of instability. 

The geometrical properties of the critical point in our surface may 

be made more clear by supposing the lines of curvature drawn upon 

the surface for one of the principal curvatures, that one, namely, 

which has different signs upon different sides of the limit of essential 

instability. The lines of curvature which meet this line will in 

geoenl cross it. At any point where they do so, as the sign of their 

duratore changes, they evidently cut a plane tangent to the surface, 

And therefore the surface itself cuts the tangent plane. But where 

one of these lines of curvature touches the limit of essential instability 

wiiboiit crossing it, so that its curvature remains always positive 

(curvatures being considered i)ositive when the concavity is on the 

apper side of the surface), the surface evidently does not cut the 



* Tbk is the nine result as that obtained by Professor J. Thomson in connection with 
\ referred to in the note on page 34. 
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tangent plane, but has a contact of the third order with it in the sectiom 
of least curvature. The critical point, therefore, must be a points 
where the line of that principal curvature which changes its sign, 
is tangent to the line which separates positive from negative 
curvatures. 

From the last paragraphs we may derive the following physical 
property of the critical state: — Although this is a limiting stat» 
between those of stability and those of instability in respect to con- 
tinuous changes, and although such limiting states are in general 
unstable in respect to such changes, yet the critical state is stable in. 
regard to them. A similar propasition is true in regard to absolute^ 
stability, i.e., if we disregard the distinction between continuous and 
discontinuous changes, viz : that although the critical state is a limit— 
ing state between those of stability and instability, and although tho 
equilibrium of such limiting states is in general neutral (when wo 
suppose the substance surrounded by a medium of constant pressuro 
and temperature), yet the critical point is stable. 

From what has been said of the curvature of the primitive sur&c>e 
at the critical point, it is evident, that if we take a point in this 
surface infinitely near to the critical point, and such that the tangei&'fc 
planes for these two points shall intersect in a line perpendicular bo 
the section of least curvature at the critical point, the angle made \>^ 
the two tangent planes will be an infinitesimal of the same order m^^ 
the cube of the distance of these points. Hence, at the critical poicB-'t 

©.=»• ©.=»• ©.=». ©,-»• 
©),-»■ m.-o- ©,-». ©,=<•■ 

and if we imagine the isothermal and isopiestic (line of constaiP-* 
pressure) drawn for the critical point upon the primitive surfac^^ 
these lines will have a contact of the second order. 

Now the elasticity of the substance at constant temperature and 
its specific heat at constant pressure may be defined by the equations. 



therefore at the critical point 

c=0, i = 0, 

©,=». ©,=»■ (il=». (a=o. 

The last four equations would also hold good if p were substituted 
for t^ and vice versa. 
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We have seen that in the case of such substances as can pass con- 
tinuously from the state of liquid to that of vapor, unless the primi- 
tive surface is abruptly terminated, and that in a line which passes 
through the critical point, a part of it must represent states which are 
essentially unstable (i.e., unstable in regard to continuous changes), 
and therefore cannot exist permanently unless in very limited spaces. 
It does not necessarily follow that such states cannot be realized at 
all. It appears quite probable, that a substance initially in the 
critical state may be allowed to expand so rapidly that, the time being 
I too short for appreciable conduction of heat, it will pass into some of 
these states of essential instability. No other result is possible on 
the supposition of no transmission of heat, which requires that the 
points representing the states of all the parts of the body shall be 
confined to the isentropic (adiabatic) line of the critical point upon 
the primitive surface. It will be observed that there is no instability 
in regard to changes of state thus limited, for this line (the plane 
section of the primitive surface perpendicular to the axis of ij) is con- 
cave upward, as is evident from the fact that the primitive surface 
lies entirely above the tangent plane for the critical point. 

We may suppose waves of compression and expansion to be propa- 
gated in a substance initially in the critical state. The velocity of 

propagation will depend upon the value of \-^) , i-e., of — i^j • 

^W for a wave of compression the value of these expressions is 
determined by the form of the isentropic on the primitive surface. 
B a wave of expansion has the same velocity approximately as one 
of compression, it follows that the substance when expanded under 
fte circumstances remains in a state represented by the primitive 
surface, which involves the realization of states of essential instability. 

Ike value of ( ;t^) in the derived surface is, it will be observed, 

.totally different from its value in the primitive surface, as the 
curvature of these surfaces at the critical point is different. 

The case is different in regard to the part of the surface between 
the limit of absolute stability and the limit of essential instability^ 
Here, we have experimental knowledge of some of the states repre- 
sented. In water, for example, it is well known that liquid states can 
be realized beyond the limit of absolute stability, — both beyond the 
part of the limit where vaporization usually commences (LU in figure 
2), and beyond the part where congelation usually commences (LL"'). 
That vapor may also exist beyond the limit of absolute stability, i.e., 
that it may exist at a given temperature at pressures greater than 
that of equilibrium between the vapor and its liquid meeting in a 
jinne surface at that temperature, the considerations adduced by Sir 
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W. Thoinflon in his paper ** Ou the equilibrium of a vapor al Ai 
curved surface of a liquid " {Proc, Roy. Soc. Edinb., SenioD ISC^UNt < 
and PhU. Mag., vol. xlii, p. 448), leave no room for doobC Bjr eip» j 
mentfl like that suggested by Professor J. Thomson in his pifV! 
already referred to, we may be able to carry vapors farther bcfori '' 
the limit of atjHolute stability.* As the resistance to defo 
characteristic of solids evidently tends to prevent a 
change of state from commencing within them, substanoes ( 
less exist in solid states very far beyond the limit of absolute staUl^ 

The surface of aljsolute stability, together with the triangle 
sentiug a compound of three states, and the three developable i 
which have l)een described representing compoumls of two 
forms a continuous sheet, which is everywhere concave ii|! 
except where it is plane, and has only one value <if e for any giva 
values of r and 17. Hence, as Hs necessarily positive, it has only osi 
value of ti for any given values of v and e. If vaporixatioo ean lib 
place at every temperature except 0, jy is everywhere positive, asl 
tlie surface has only one value of v for any given values of f and c 
It fonns the Hurfaee of ditMijnited energy. If we consider all lis 
points representing the volume, entropy, and energy of the budj is 
ever}' |x>ssible state, whether of e(|uilibrium or not, these points vil 
fonn a .solid figure unbounded in some directions, but bounded is 
others bv this surface.! 



* If we eiperinient with a flaid which doea not wet the Tc«el which onetifai lb 
wc may »void the neceuity of keeping the reuel hotter than the vapor, in tHm I* 
|»re%'ent i-undeiiiation. If a ^\^»m hulb with a stem of sufficient length be placed nttia^ 
with the open end of the stem in a cup of mercury, the item containing aolkiii| krt 
mercury ami its Ttt|x>r, and the hulh mithing hut the vapor, the height at whkk At 
mercury rmU in the stem, aflbnls a ready and accurate means of detcrmiBiiV f^ 
preaaure of the vapor. If the stem at the top of the column of liquid sho«ld be mtii 
hf»tter than tho hulh, cniiilcnwition would take place in the latter, if the liqaid «frtM> 
which would wvt the hulh. Hut an thin in not the case, it api¥*Ar« pmhahle, tkat i 
the experiment were fundut^ted with proper prrciutions, there would be no eowlfl^ 
tion within ct- rtaiii hmitu in regani to the temperatures. If condensation ahooU likt 
pla«.*e, it woultl lie vaiiily r*>iM*rre«l, eapei*ially if the bulb wi-rt* bent over, ao that thi 
nirrcury ciindenM*i| could not run I Mick into the Mtoni. St> hmg aa condenaatioa it* 
n«it occur, it will lie raay to give any ilmiml (different) t«m|M*nitur«a to the h«lb tti 
the top of the (tihimn »if mercur>- in the atrm. The t«m|»erature of the latter ^ 
determine the prrK^ure of the vii|Mir iu the bulb. In thin way, it would appaar. v< 
may obtain in the bulb vapor of mercury havmg prrasures );reater for the 
ture» (hAii thiMe of t».kturat«*«l vapcir. 

t This deacription of the aurfacr of diMi|iate<l energy la intentleil to apply to a I 
at^nce capabit* i»f exiating aa anlid. lii|uiil. ami v.-i|ior. and which |»re«mu do ( 
in ita therni<M|ynamio pro|iertiea. Iliit, whate\er the furm nf the primitive aorfatf 
may In*, if we take thi* |iArta of it fur every point of which the tangent plant da* 
not cut the primitive aurface. t<>);ether with all the pl.%ne and developable danep 
aurfacea which can tw fomiril in a mannrr analoj^ooa to thoae deecribed in the precedlv 
pages, by liied and roUiuf? tangent planes which «lo n<»t cut the primitive aoriaea,-' 
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The lines traced upon the primitive surface by the rolling double 

kttgent plane, which have been called the limit of absolute stability, 

io not end at the vertices of the triangle which represents a mixture 

dl those states. For when the plane is tangent to the primitive surface 

fa these three points, it can commence to roll upon the surface as 

m doable tangent plane not only by leaving the surface at one of 

IheBe points, but also by a rotation in the op{)osite direction. In the 

ktter case, however, the lines traced upon the primitive surface by 

tte points of contact, although a continuation of the lines previously 

^eaeribed, do not form any part of the limit of absolute stability. 

And the parts of the envelops of the rolling plane between these lines, 

iHhough a continuation of the developable surfaces which have been 

deicribed, and representing states of the body, of which some at least 

may be realized, are of minor interest, as they form no part of the 

furfoee of dissipated energy on the one hand, nor have the theoretical 

nterest of the primitive surface on the other. 

Problems relating to the Swrfdce of Dissipated Energy. 

The surface of dissipated energy has an important application to a 
ttrtam class of problems which refer to the results which are theo- 
letically possible with a given body or system of bodies in a given 
initial condition. 

For example, let it be required to find the greatest amount of 
inechanical work which can be obtained from a given quantity of a 
ttrtain substance in a given initial state, without increasing its total 
▼olmne or allowing heat to pass to or from external bodies, except 

^ MuiAoes taken together will form a continooaa sheet, which, if we reject the 
Pvt,if any, for which p<0, forma the surface of dissipated energy and has the geo- 
■«Wctl properties mentioned above. 

Tkere wiU, however, be no such part in which p<0, if there is any assignable 
^peratnre tf at which the substance has the properties of a perfect gas except when its 
^^^QBM is less than a certain quantity tf. For the equations of an isotbermal line in the 
^nnodynamic surface of a perfect gas are (see equations (b) and (k) on pages 12-13) 

7y = alogi; + C. 
: ^ ttotbennal of t! in the thermodjmamic surface of the substance in question most 
^crelore hare the same equations in the part in which v exceeds the constant i/. 
'•ow if at any point in this surface p <Oand t > the equation of the tangent plane for 
**>w pobt wiU be 

*"««« denotes the temperature and -n the pressure for the point of contact, so that 

* *^ s are both positive. Now it is evidently possible to give so large a value to 

* ft the equations of the isothermal that the point thus determined shall fall below the 
^•■f«»t plane. Therefore, the tangent plane cuts the primitive surface, and the point 
7 ^ thermodynamic surface for which p<0 cannot belong to the surfaces mentioned 
'^ ^ W paragraph as forming a continuous sheet. 

6.L D 
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such as at the close of the processes are left in their initial cc 
dition. This has been called the available energy of the body. T 
initial state of the body is supposed to be such thc^t the body c 
be made to pass from it to states of dissipated energy by reversil 
processes. 

If the body is in a state represented by any point of the sur&ce 
dissipated energy, of course no work can be obtained from it unc 
the given conditions. But even if the body is in a state of thermod 
namic equilibrium, and therefore in one represented by a point in t 
thermodynamic surface, if this point is not in the surface of dissipat 
energy, because the equilibrium of the body is unstable in regard 
discontinuous changes, a certain amount of energy will be availal 
under the conditions for the production of work. Or, if the body 
solid, even if it is uniform in state throughout, its pressure (or tensic 
may have different values in different directions, and in this way 
may have a certain available energy. Or, if different parts of t 
body are in different states, this will in general be a source of ava 
able energy. Lastly, we need not exclude the case in which the bd 
hsA sensible motion and its via viva constitutes available energy, 
any case, we must find the initial volume, entropy, and energy of t 
body, which will be equal to the sums of the initial volumes, entropi 
and energies of its parts, (* Energy * is here used to include the i 
viva of sensible motions.) These values of v, ij, and e will determi 
the position of a certain point which we will speak of as representi 
the initial state. 

Now the condition that no heat shall be allowed to pass toe 
temal bodies, requires that the final entropy of the body shall not 
less than the initial, for it could only be made less by violating tl 
condition. The problem, therefore, may be reduced to this, — to fi 
the amount by which the energy of the body may be diminish 
without increasing its volume or diminishing its entropy. Tl 
quantity will be represented geometrically by the distance of t 
point representing the initial state from the surface of dissipat 
energy measured parallel to the axis of €. 

Let us consider a different problem. A certain initial state of t 
body is given as before. No work is allowed to be done upon or 
external bodies. Heat is allowed to pass to and from them only 
condition that the algebraic sum of all heat which thus passes sh 
be 0. From both these conditions any bodies may be excepted, whi 
shall be left at the close of the processes in their initial state. Moi 
over, it is not allowed to increase the volume of the body. It 
required to find the greatest amount by which it is possible unc 
these conditions to diminish the entropy of an external systc 
This will be, evidently, the amount by which the entropy of t 
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body can be increased without changing the energy of the body 
or increasing its volume, which is represented geometrically by the 
distance of the point representing the initial state from the surface 
of dissipated energy, measured parallel to the axis of ij. This might 
be called the capacity for entropy of the body in the given state.* 

* It may l>e worth while to call attention to the analogy and the difference between 
ttis problem and the preceding. In the first case, the question is virtnally, how great 
a weight does the state of the given body enable us to raise a given distance, no other 
penoanent change being produced in external bodies? In the second case, the question 
■ Tirtoally, what amount of heat does the state of the given body enable us to 
tike from an external body at a fixed temperature, and impart to another at a higher 
fixed temperature? In order that the numerical values of the available energy and 
of the capacity for entropy should be identical with the answers to these questions, it 
would be necessary in the first case, if the weight is measured in units of force, that 
thegiyen distance, measured vertically, should be the unit of length, and in the second 
««, that the difference of the reciprocals of the fixed temperatures should be unity. 
If we prefer to take the freezing and boiling points as the fixed temperatures, as 
iff ~ih= 0*00099, the capacity for entropy of the body in any given condition 
would be 0*00098 times the amount of heat which it would enable us to raise from the 
hmog to the boiling point (i.e., to take from the body of which the temperature 
ranahn fixed at the freezing point, and impart to another of which the temperature 
fixed at the boiling point). 




'^ relations of these quantities to one another and to the surface of dissipated 
^B^gy are illustrated by figure 3, which represents a plane perpendicular to the axis 
<tf r and passing through the point A, which represents the initial state of the body. 
^ ia the section of the surface of dissipated energy. Qe and Qi; are sections of the 
N*Qet 1^=0 and e=0, and therefore parallel to the axes of e and rj respectively. AD and 
^ are the energy and entropy of the body in its initial state, AB and AC its available 
*Bargy and its capacity for entropy respectively. It will be observed that when either 
^ STtilable energy or the capacity for entropy of the body is 0, the other has the same 
^tloft. Except in this case, either quantity may be varied without affecting the other, 
^or, OQ aoconnt of the curvature of the surface of dissipated energy, it is evidently 
Poadde to change the position of the point representing the initial state of the body so 
* to vary its distance from the surface measured parallel to one axis without varying 
tkit measured parallel to the other. 

Aa the different sense in which the word entropy has been used by different 
^ten it liable to cause misunderstanding, it may not be out of place to add a 



I 
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Thirdly. A certain initial condition of the body is given m bi 
No work is allowed to be done upon or by external bodies, nor 
heat to pasH to or from them ; from which conditions bodies nu 
excepted, as before, in which no permanent changes are prod 
It is reqaired to find the amount by which the volume of the 
can be diminished, uning for that purpose, according to the condil 
only the force derived from the body itself. The conditions rei 
that the energy of the body shall not be altered nor its ent 
diminished. Hence the ({uantity sought is represented by the dial 
of the point representing the initial state from the surface of < 
pated energy, measured parallel to the axis of volume. 

Fourthly. An initial condition of the body is given as before, 
volume is not allowed to be increased. No work is allowed 1 
done upon or by external bodies, nor any heat to pass to or 
them, except a certain body of given constant temperature t\ I 
the latter conditions may be excepted as before bodies in whic 
permanent changes are produced. It is re<{uired to find the gre 
amount of heat which can be imparte<l to the body of con 
temperature, and also the greatest amount of heat which can be t 
from it, under the supposed conditions. If through the point o 

few word* on the terminology of this rabjeot. If ProfeMor CUoiins IumI ^ 
mUropy 90 that its value thould be determined by the equation 

instead of his equation {Mechamijtcht WdrmeihiorUt Abhand. 11. | 14; i*09§. 



Jnly, 1M5) 



dS 



dQ 



where S denotes the entropy and T the temperature of a body and dQ the eica 
heat imparted to it, that which b here called caparity for entro/f^ wonld natwi 
called afntiabie entro^fjf, a term the more omvenient on account of its analof^r wi 
term araiiahie tnerff^. Such a difference in the definition of tntro/y woold iav« 
diffcrenoe in the form of the thermodynamic surface, nor in any of our (?eoa 
constructions, if only we suppose the direction 111 whii-h entmpy is measured 
reversed. It would only make it necessary to substitute - ly for if in onr equi 
and to make the corrrsponding change in the verbal enunciation of pmpoi 
Professor Tait has prupciscd to use the won! entropy ** m the upposite sense to I 
which CUusius hss employed it*' {Th^rmodynamira, | 4H. t<ee also f ITS), 
appears to mean that he would det4*nnine its value by the Arst of the above eqa 
He nevertheless appears sulisc<|ui*ntly to use the word to denote availabb 
(I lb2, 2d theorem). Prufess»r Maxwell uses the word entropy at synonymoa 
available energy, with the ern»ncrjuji ktatcnient that (lausius uses the wtird to 
the part of the energy which is not available ( Theory of Heat, pp. IM and 19S\ 
term entropy, howe%'er, ss used by Clausius tidm not denote a quantity of ib 
kin«l (I.e., tmr which can be moMurr<l by the same unit) as encrgr, as b evtdea 
hi* equation, cited above, in which V (hrstt dniotes a quantity measured by ti 
of energy, and as the unit in which 7* (temperature) u measured U arbitrary, Ji 
are evidently mcaaureil by different units. It may be added thst entropy as 4 
by Clausius b synonymous with the thermodynamio f motion as defined by Kankii 
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initial state a straight line be drawn in the plane perpendicular to 
the axis of v, so that the tangent of the angle which it makes with 
the direction of the axis of ij shall be equal to the given temperature 
f, it may easily be shown that the vertical projections of the two 
segments of this line made by the point of the initial state and the 
surface of dissipated energy represent the two quantities required.* 

These problems may be modified so as to make them approach 
more nearly the economical problems which actually present them- 
selves, if we suppose the body to be surrounded by a mediimi of 
eoDstant pressure and temperature, and let the body and the medium 
together take the place of the body in the preceding problems. The 
Tesults would be as follows : 

If we suppose a plane representing the constant pressure and tem- 
perature of the medium to be tangent to the surface of dissipated 
energy of the body, the distance of the point representing the initial 
state of the body from this plane measured parallel to the axis of e 
will represent the available energy of the body and medium, the 
distance of the point to the plane measured parallel to the axis of tj 
will represent the capacity for entropy of the body and medium, the 
distance of the point to the plane measured parallel to the axis of v 
will represent the magnitude of the greatest yacuum which can be ' 
poduced in the body or medium (all the power used being derived 
bom the body and medium) ; if a line be drawn through the point 
in a plane perpendicular to the axis of v, the vertical projection of the 
segment of this line made by the point and the tangent plane will 
^present the greatest amount of heat which can be given to or taken 
from another body at a constant temperature equal to the tangent of 
the inclination of the line to the horizon. (It represents the greatest 
•flumnt which can be given to the body of constant temperature, if 
^ temperature is greater than that of the medium ; in the reverse 
esse, it represents the greatest amount which can be withdrawn from 
that body.) In all these cases, the point of contact between the plane 
>Qd the surface of dissipated energy represents the final state of the 
given body. 

If a plane representing the pressure and temperature of the medium 
^ drawn through the point representing any given initial state of 
4e body, the part of this plane which falls within the surface of 
dissipated energy will represent in respect to volume, entropy, and 
energy all the states into which the body can be brought by rever- 
8ihle processes, without producing permanent changes in external 
'^es (except in the medium), and the solid figure included between 

*Thiia, in figure 3, if the straight line MAN be drawn so that tan NAC=^, MR 
^ be the greatest amount of heat which can be given to the body of constant 
^^BpttUore and NS wiU be the greatest amount which can be taken from it. 
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this plane figure and the surface of diaaipated energr will re[ 
all the states into which the body can be brought by any kind of 
processes, without producing permanent changes in external bodiM 
(except in the medium).* 

* The body under ditciunon hM been tappoMd throaghoat thk pAp*** ^ ^ !»■»' 
gencouB in rabeUnce. Bat if we imagine mny mAterial syetefin whalerer, •md 
the position of a point to be determined for erery poedble itate of ih* 
making the oo-onlinalee of the point equal to the total rolame, entropy, 
of the tyitem, the pointa that determined will eridently form a lolid 
in certain directions by the surface representing the states of disnpatad 
these states, tiie temperature is necessarily uniform throoghoot the 
p ressure may vary (e.g., in the case of a rery large mass like a planet), but H will 
be possible to maintain the equilibrium of the system (in a state of dissipated 
by a uniform normal pressure applied to its surface. This prsHore and thm 
temperature of the system will be rep rese n ted by the inclination of thm 
diisipated energy acooiding to the rule on page 34. And in regard to saeb 
have been discussed in the last five pages, this surface will posasas, ralativaly 
system which it represents, properties entirely similar to thoas of tha 
dissipated energy of a homogeneous body. 





III. 



ON THE EQinUBRIUM OF HETEROGENEOUS 
SUBSTANCES. 

[Tran$adums of the Connedicui Academy, HI. pp. 108-248, Oct. 1875-May, 
1876, and pp. 343-524, May, 1877-July, 1878.] 

'* Die Energie der Welt ist constant 
Die Entropie der Welt strebt einem Maximum zn." 

Cladbiub.* 

The comprehension of the laws which govern any material system 
is greatly facilitated by considering the energy and entropy of the 
system in the various states of which it is capabla As the difference 
of the values of the energy for any two states represents the com- 
bined amoont of work and heat received or yielded by the system 
when it is brought from one state to the other, and the difference of 

entropy is the limit of all the possible values of the integral l-j^ 

(dQ denoting the element of the heat received from external sources, 
and t the temperature of the part of the system receiving it,) the 
varying values of the energy and entropy characterize in all that is 
essential the effects producible by the system in passing from one 
state to another. For by mechanical and thermodynamic con- 
trivances, supposed theoretically perfect, any supply of work and 
heat may be transformed into any other which does not differ from 
it either in the amount of work and heat taken together or in the 

value of the integral j -j^. But it is not only in respect to the 

external relations of a system that its energy and entropy are of 
predominant importance. As in the caae of simply mechanical sys- 
tems, (such as are discussed in theoretical mechanics,) which are capable 
of only one kind of action upon external systems, viz., the perform- 
ance of mechanical woi:k, the function which expresses the capability 
of the system for this kind of action also plays the leading part in 
the theory of equilibrium, the condition of equilibrium being that 
the variation of this function shall vanish, so in a thermodynamic 
system, (such as all material systems actually are,) which is capable of 

* Pogg, Ann, Bd. cxxv. (1865), S. 400; or Mechaniache Warmetheorie^ Abhand. ix. 
&44. 
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two different kinds of action upon external H}r8tenis, the two fo 
which expresw the twofold capabilities of the system afford an 
e<)ually simple criterion of e<|uilibrium. 

Oriteria of Eqailibriom and StabUity. 

The criterion of equilibrium for a material system which is i 
from all external influences may l>e expressed in either of the 
ing entirely equivalent forms : — 

I. For the equilibrium of any isolated system it is necessai 
sujicient that in all possible varifUi4ms of the state of the 
tohich do md alter its energy, the variation of its entnypy shall 
vanish or be negative. If e denote the enerf^y, and 17 the enti 
the system, and we use a subscript letter after a variation to ii 
a quantity of which the value is not to be varied, the condi 
equilibrium may be written 

II. For the equilibrium of any isolated system it is neeessa\ 
sujficient that in all possible variations in the state of the 
which do not alter its entropy, the tHiriatioa of its energy shall 
vanish or be positive. This condition may be written 

(<?€), SO. 

That these two theorems are e<|uivalent will appear from tl 
sideration that it is always possible to increase both the ener 
the entropy of the system, or to decrease both to|rether, n 
imparting heat to any part of the system or by taking it away 
if condition (1) is not satisfied, there must be some variation 
state of the system for which 

S^>0 and 6€ = 0: 

therefore, by diminishing both the ener^ and the entropy 
system in its varied state, we shall obtain a state for which (con 
as a variation from the original state) 

S9i^0 and o€<0; 

therefore condition (2) is not satiHH«*<l. Conversely, if oundit 
is not »itistii^l. there must In* u vHrijiti<»n in the Htate of the 
for which 

0«:<0 HUll i^'ijf = 0; 

hence then* must also be one for which 

<j€ = iind 01; >0: 

therefore* condition (1) ih not satisti«Ml 

The 4M|untion.s which fXpn'SN thi- coii'lition of i-quilibrium. 
itft Hiatinu'Ht in wordn. an* ti» U* iiii«Tnrt*i«*d in arcordauce w 
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al usage in respect to differential equations, that is, infinitesimals 
;her orders than the first relatively to those which express the 
it of change of the system are to be neglected. Bat to distin- 
the different kinds of equilibrium in respect to stability, we 
have regard to the absolute values of the variations. We wiU 
as the sign of variation in those equations which are to be con- 
[ strictly, i.e., in which infinitesimals of the higher orders are 
) be neglected. With this understanding, we may express the 
ary and sufficient conditions of the different kinds of equi- 
n as follows ; — for stable equilibrium 

(A^).<0, Le., (A€),>0; (3) 

utral equilibrium there must be some variations in the state of 
stem for which 

(Ai7X = 0, i.e., (A€),= 0; (4) 

in general 

(Ai^X^O, i.e.. (A€),^0; (5) 

>r unstable equilibrium there must be some variations for which 

(Au).>0. (6) 

ere must be some for which 

(A€),<0, (7) 

in general 

(ii7>.^0, i.e., (&),^0. (8) 

iiese criteria of equilibrium and stability, account is taken only 
9ibU variations. It is necessary to explain in what sense this is 
understood. In the first place, all variations in the state of 
stem which involve the transportation of any matter through 
Elite distance are of course to be excluded from consideration, 
gh they may be capable of expression by infinitesimal varia- 
►f quantities which perfectly determine the state of the system, 
cample, if the system contains two masses of the same sub- 
not in contact, nor connected by other masses consisting of 
taining the same substance or its components, an infinitesimal 
le of the one mass with an equal decrease of the other is not to 
sidered as a possible variation in the state of the system. In 
vcL to such cases of essential impossibility, if heat can pass by 
ition or radiation from every part of the system to every other, 
lose variations are to be rejected as impossible, which involve 
fl which are prevented by passive forces or analogous resist- 
jo change. But, if the system consist of parts between which 
s supposed to be no thermal communication, it will be neces- 
regard as impossible any diminution of the entropy of any of 
>arts, as such a change can not take place without the passage 
;. This limitation may most conveniently be applied to the 



58 EQUILIBRIUM OF HETEROGENEOUS SUBSTANCBa 

second of the above fonna of the condition of equilibrium, which viD 
then become . - v ^.. . 

tl\ 9i'\ etc.. denoting the entropies of the various parts between whick 
there is no communication of heat When the condition of cqii- 
librium Ih thuH expn:tiHc<I, the limitation in respect to the eoDdoetioi 
of hi*at will need no fartlier consideration. 

In onk*r to apply to any system the criteria of equilibriom wluck 
have been given, a knowk*dge is requisite of its passive fared v 
resistances to change, in so far, at least, as they are capable ol prv- 
ventinff change. (Those passive forces which only retard chaBp. 
like vi.scosity. need not be considered.) Such pn)perties of a syitett 
are in gent^ral easily recognized upon the most superficial knowk^p 
of its nutun*. As examples, we may instance the passive force ol 
friction which prevents sliding when two surfaces of solida sn 
pressed together, — that which prevents the different componentt d 
a solid, and sometimes of a Huid, from having different moiioiia cm 
from another, — that resistance to change which sometimes preytafci 
either of two forms of the same substance (simple or compooif] 
which are capable of existing, from passing into the other,*-lkll 
which prevents the changes in solids which imply plasticity, (in i 
words, changes of the form to which the solid tends to return,) ^ 
the deformation does not exceed certain limits. 

It is a characteristic of all these passive resistances that they pir 
vent a certain kind of motion or change, however the initial state d 
the system may be modified, and to whatever external agencies of font 
and heat it may be subjected, within limits, it may be. but yet 
limits which allow finite variations in the values of all the 
ties which express the initial state of the system or the me 
or thermal influences acting on it. without pnxiucing the change m 
question. Tht* e<iuilibrium which is due to sueli passive propeitid 
is thus widely distinguished fmm that caused by the balance of the 
active tendencies of the system, where an external influenee, or » 
change in the initial state, infinitesimal in anunint, is suflicient to jt^ 
duce changi* either in the ])ositive or negative din*cti<m. Hence tW 
ease with which these po-ssive resistances are ri'C<»gni3Eed. Only i* 
the cas<- that thi* statt* of tin- syst«*ni lifs so near the limit at vhick 
the resihtanrrH cease to U* o|M*rati\i* to pn*vt.*nt cliange, as to creaie^ 
doubt whfther the rase falls within or without the limit, will a wOl^ 
tiwnmU' knowl«.'<l;;e of thes** resisianwH U* nfcessarj'. 

To establish the vali<lity «»f the crit«*ri(»n <»f equilibrium, we wfll 
consider lirst the «iUlKeienry. and iifltTwanlM tin- iH-cetvHity, of tbr co»» 
ditii>n II.H expresM**! in either of the two iN|uivalent forms. 

In the fintt place, if tin* system is in a state in which it** entropj ii 
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greater than in any other state of the same energy, it is evidently in 
equilibrium, as any change of state must involve either a decrease of 
entropy or an increase of energy, which are alike impossible for an iso- 
lated system. We may add that this is a case of stcMe equilibrium, as 
DO infinitely small cause (whether relating to a variation of the initial 
state or to the action of any external bodies) can produce a finite 
change of state, as this would involve a finite decrease of entropy or 
increase of energy. 

We will next suppose that the system has the greatest entropy 
consistent with its energy, and therefore the least energy consistent 
with its entropy, but that there are other states of the same energy 
and entropy as its actual state. In this case, it is impossible that 
any motion of masses should take place ; for if any of the energy 
of the system should come to consist of via viva (of sensible motions), 
a state of the system identical in other respects but without the 
motion would have less energy and not less entropy, which would be 
eontrary to the supposition. (But we cannot apply this reasoning to 
the motion within any mass of its different components in different 
directions, as in difiusion, when the momenta of the components 
hilanee one another.) Nor, in the case supposed, can any conduction 
of heat take place, for this involves an increase of entropy, as heat is 
only conducted from bodies of higher to those of lower temperature. 
It ifi equally impossible that any changes should be produced by the 
tnnafer of heat by radiation. The condition which we have sup- 
posed is therefore sufiicient for equilibrium, so far as the motion of 
maases uid the transfer of heat are concerned, but to show that the 
ttme is true in regard to the motions of difiusion and chemical or 
nwlecular changes, when these can occur without being accompanied 
or followed by the motions of masses or the transfer of heat, we must 
have recourse to considerations of a more general nature. The fol- 
lowing considerations seem to justify the belief that the condition is 
roffident for equilibrium in every respect. 

Let us suppose, in order to test the tenability of such a hypothesis, 
that a system may have the greatest entropy consistent with its 
energy without being in equilibrium. In such a case, changes in the 
>tate of the system must take place, but these will necessarily be such 
^ the energy and the entropy will remain unchanged and the 
system will continue to satisfy the same condition, as initially, of 
iiving the greatest entropy consistent with its energy. Let us con- 
sider the change which takes place in any time so short that the 
change may be regarded as imiform in nature throughout that time. 
This time must be so chosen that the change does not take place in it 
mfinitely slowly, which is always easy, as the change which we sup- 
pose to take place cannot be infinitely slow except at particular 
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moments. Now no change whatever in the state of the systen 
which does not alter the value of the energy, and which oommena 
with the same state in which the system was supposed at the con 
mencement of the short time considered, will cause an increase ( 
entropy. Hence, it will generally be possible by some slight variatio 
in the circumstances of the case to make all changes in the stal 
of the system like or nearly like that which is supposed actuaUy i 
occur, and not involving a change of energy, to involve a neceasar 
decrease of entropy, which would render any such change impoasibl 
This variation may be in the values of the variables which determii 
the state of the system, or in the values of the constants which detei 
mine the nature of the system, or in the form of the functions whic 
express its laws, — only there must be nothing in the system as mod 
fied which is thermodynamically impossible. For example, we migl 
suppose temperature or pressure to be varied, or the composition < 
the different bodies in the system, or, if no small variations whi< 
could be actually realized would produce the required result, i 
might suppose the properties themselves of the substances to undef; 
variation, subject to the general laws of matter. If, then, there 
any tendency toward change in the system as first supposed, it ie 
tendency which can be entirely checked by an infinitesimal variati 
in the circumstances of the case. As this supposition cannot 
allowed, we must believe that a system is always in equilibrit 
when it has the greatest entropy consistent with its energy, or, 
other words, when it has the least energy consistent with its entro{ 

The same considerations will evidently apply to any case in whi 
a system is in such a state that Ai? ^ for any possible infinitesin 
variation of the state for which Ae = 0, even if the entropy is r 
the greatest of which the system is capable with the same enerj 
(The term possible has here the meaning previously defined, and t 
character A is used, as before, to denote that the equations are to 
construed strictly, i.e., without neglect of the infinitesimals of t 
higher orders.) 

The only case in which the sufliciency of the condition of eqi 
librium which has been given remains to be proved is that in whi 
in our notation Jjy^O for all possible variations not affecting t 
energy, but for some of these variations A;;>0, that is, when t 
entropy has in some respects the characteristics of a minimum, 
this case the considerations adduced in the last paragraph will i 
apply without modification, as the change of state may be infinite 
slow at first, and it is only in the initial state that the conditi 
^^• = holds true. But the differential coefficients of all orders 
the quantities which determine the state of the system, taken wi 
respect of the time, must be functions of these same quantities. Nc 
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of these differential coeffidents can have any value other than 0, for 

tiie state of the system for which ^9. ^ 0. For otherwise, as it would 

pnerally be possible, as before, by some infinitely small modification 

of the case, to render impossible any change like or nearly like that 

whidi might be supposed to occur, this infinitely small modification 

o( the case would make a finite difference in the value of the differ- 

eDtuJ coefficients which had before the finite values, or in some of 

lower orders, which is contrary to that continuity which we have 

reason to expect. Such considerations seem to justify us in regarding 

sodi a state as we are discussing as one of theoretical equilibrium ; 

ilthoogh as the equilibrium is evidently unstable, it cannot be realized. 

We have still to prove lihat the condition enunciated is in every 

ease necessary for equilibrium. It is evidently so in all cases in which 

the active tendencies of the system are so balanced that changes of 

every kind, except those excluded in the statement of the condition of 

equilibrium, can take place reversibly, (i.e., both in the positive and 

the negative direction,) in states of the system differing infinitely little 

fnm the state in question. In this case, we may omit the sign of 

inequality and write as the condition of such a state of equilibrium 

(3i7). = 0, i.e., (<S€),=0. (10) 

But to prove that the condition previously enunciated is in every 

ease necessary, it must be shown that whenever an isolated system 

icnuuns without change, if there is any infinitesimal variation in its 

>Ute, not involving a finite change of position of any (even an infini- 

Wmal part) of its matter, which would diminish its energy by a 

qiamtity which is not infinitely small relatively to the variations of 

the quantities which determine the state of the system, without 

altering its entropy, — or, if the system has thermally isolated parts, 

^thoat altering the entropy of any such part, — this variation involves 

^Wges in the system which are prevented by its passive forces or 

logons resistances to change. Now, as the described variation in 

the state of the system diminishes its energy without altering its 

entropy, it must be regarded as theoretically possible to produce that 

variation by some process, perhaps a very indirect one, so as to gain 

a certain amount of work (above all expended on the system). Hence 

we may conclude that the active forces or tendencies of the HyHt<}in 

favor the variation in question, and that equilibrium cannot sulwist 

nnless the variation is prevented by passive forces. 

The preceding considerations will suffice, it is believed, to establish 
the vaUdity of the criterion of equilibrium which has been given. 
The criteria of stability may readily be deduced from that of equi- 
librium. We will now proceed to apply these principles to Hystems 
cxmsisting of heterogeneous substances and deduce the special laws 



62 EQUILIBRIUM OF HETEROQENfiOUS SUBSTANGBa 

which apply to diflferent clameH of phenomena. For thin p n rpoie «i 
shall u.se tlu^ second form of the criterion of equilibrium, both 
it adinitH more readily the introduction of the condition that 
shall be no thennal communication between the different parts of tb 
system, and because it is more convenient, as respects the font d 
the irenenil u(|uations relatinj)^ to equilibrium, to make the entnf] 
one of the independent variables which determine the state of tk 
syst<*m, than to make the energy one of these variablea. 



The Ck>nditioii8 of Equilibriam for Heterograeou Kmmi ii 
Contact when Uninflaenced by Oravity, Blectridtyi Distortia 
of the Solid Massei, or Capillary Tenriona. 

In onU*r to arrive as directly as possible at the most charactefiM 
and essential laws of chemical e4|uilibrium, we will tirst give oi 
attention to a case of the simplest kind. We will examine the eoo 
ditions of e(|uilibrium of a mass of matter of various kinds enckwi 
in a rigid and tixe<l envelop, which is impenneable to and anilia 
able by any of the substances enclosed, and perfectly non-conductiiii 
to heat. We will suppose that the case is not complicated by ih 
action of gravity, or by any electrical influences, and that in th 
solid portions of the moss the pressure is the same in every dirNtioi 
We will farther simplify the problem by supposing that the varii 
tions of the parts of the energy and entropy which depend upon tb 
surfaces separating heterogeneous masses are so small in comparisa 
with the variations of the parts of the energy and entropy whir 
depend upon the quantities of these masses, that the former may I 
neglecteil by the side of the latter ; in other words, we will ezdiid 
the considerations which l)elong to the theory of capillarity. 

It will be oliserved that the supposition of a rigid and noi 
comlucting envelop enclosing the mass under discussion involves a 
real loss of gi*nerality. for if any mass of matter is in e«|uilibriuiii.i 
would also Ix* so. if the wholt; or any part of it were enclosed in i 
envelop as sup{H)s«*<l: tht^n^fore the conditions of equilibrium for 
maw( thus end(»Hed are the general con<litions which must alwa; 
1m' satistifd in case of e<|uilibrium. A.m for the other sup{KMitio 
which hav«* U^vu made, all the circumstances and c« »nsideratia 
whirh im* luTi* fXelufknl will afterward b** ma^le the subject 
special dis^MiMsion. 

CnuiitiouM relatiwj to the Kqailihrium between the initially existi 
HomtttjfneouM PitrtM of the given J/riMi. 

Lt-t us first consider tin* «*nt'rgy of any liomogeneous part of I 
given mass, and its variatitm for any possible variation in the co 
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^tion and state of this part. (By homogeneovs is meant that the 
pari in question is uniform throughout, not only in chemical com- 
position, but also in physical state.) If we consider the amount and 
Idsd of matter in this homogeneous mass as fixed, its energy 6 is a 
function of its entrc^y jy, and its volume v, and the differentials of 
these quantities are subject to the relation 

de^tdtj—pdv, (11) 

t denoting the (absolute) temperature of the mass, and p its pressure. 
For tdfi is the heat received, and pdv the work done, by the mass 
dnring its change of state. But if we consider the matter in the 
mm as variable, and write m^, Wg, ...rrin for the quantities of the 
various substances iS>i, iS,, ... 8n of which the mass is composed, e will 
evidently be a function of rj, v, mj, mj, . . . m^, and we shall have for 
the complete value of the differential of e 

de = tdfi —p dv + /j.idmi + fi^dm^ . . . + findm^y (12) 

hH"-f^ denoting the differential coefficients of e taken with 
nspect to TMi, tn2, . . . wir^. 

The substances Si, 8^, ... 5„, of which we consider the m€U3s com- 
posed, must of course be such that the values of the differentials 
<K, drwj, ... cim,j shall be independent, and shall express every 
possible variation in the composition of the homogeneous mckss con- 
sidered, including those produced by the absorption of substances 
different from any initially present. It may therefore be necessary 
to have terms in the equation relating to component substances 
which do not initially occur in the homogeneous mass considered, 
provided, of course, that these substances, or their components, are 
to be found in some part of the whole given mass. ' 

If the conditions mentioned are satisfied, the choice of the sub- 
stances which we are to regard as the components of the mass con- 
sidered, may be determined entirely by convenience, and independently 
of any theory in regard to the internal constitution of the mass. The 
inunber of components will sometimes be greater, and sometimes 
fesB, than the number of chemical elements present. For example, 
in ocmsidering the equilibrium in a vessel containing water and free 
hydrogen and oxygen, we should be obliged to recognize three com- 
ponents in the gaseous part. But in considering the equilibrium of 
dilute sulphuric acid with the vapor which it yields, we should have 
only two compDnents to consider in the liquid mass, sulphuric acid 
(anhydrous, or of any particular degree of concentration) and (addi- 
tional) water. If, however, we are considering sulphuric acid in a 
state of maximum concentration in cormection with substaoices which 
might possibly afford water to the acid, it must be noticed that the 
xmdition of the independence of the differentials will require that we 
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consider the acid in the state of maximum concentration as one of 
the componenta The quantity of this component will then be cap- 
able of variation both in the positive and in the negative sense, wUk 
the ([uantity of the other component can increase but cannot deerem 
below the value 0. 

For brevity's sake, we may call a substance Sa an actual compomni 
of any homogeneous mass, to denote that the quantity m^ of that 
Hulxstance in the given mass may be either increased or diminished 
(although we may have so chosen the other component substances ! 
that 7na = 0); and we may call a substance Si, a possible component 
to denote that it may be combined with, but cannot be subtracted 
from the homogeneous mass in question. In this case, as we have 
Hi'en in the above example, we must so choose the component sub- 
»tanct»s that vif^^O. 

The units by which we measure the substances of which we regard, 
tho givon mass as composed may each be chosen independently. To 
fix our ideas for the purpose of a general discussion, we may suppoa^ 
all substances measured by weight or mass. Yet in special cases, i^ 
may be more convenient to adopt chemical equivalents as the uiiib^ 
of the component substances. 

It may be observed that it is not necessary for the validity o^ 
equation (12) that the variations of nature and state of the mass b^^ 
which the equation refers should be such as do not disturb its homo-' 
genoity, provided that in all parts of the mass the variations O^ 
nat\u*e and state are infinitely small. For, if this last condition \p^^ 
not violated, an equation like (12) is certainly valid for all the infiift" 
itesimal parts of the (initially) homogeneous mass; i.a, if we writ^ 
i>€, Dri, etc., for the energy, entropy, eta, of any infinitesimal part, 

dDe = t dDri - p dDu+fx^ dDm^ + ^ dDm, ... +fin dDm^ (18> 

whence we may derive equation (12) by integrating for the wh(te 
initially homogeneous mass. 

We will now suppose that the whole mass is divided into parts so 
that each part is homogeneous, and consider such variations in the 
energy of the system as are due to variations in the compositicm and 
state of thi» si^veral parts remaining (at least approximately) homoge- 
neous, and together occupying the whole space within the envelofi 
We will at tirat suppose the case to be such that the component sub- 
stances are the same for each of the parts, each of the substances 
Nj. ^V • • • -^^ being an actual component of each part. If we distinguish 
the lottoi*8 referring to the dilferent parts by accents, the variation in 
the energy ot* the system may be expressed by ie'+oe'+etc, and the 
gexieial conditioi\ of equilibrium requires that 

iV+<j€'+etc.^O (14) 



EQUILIBRIUM OP HETEROGENEOUS SUBSTANCES. 66 

{or all variations which do not conflict with the equations of condi- 
Hon. These equations must express that the entropy of the whole 

;. given mass does not vary, nor its volume, nor the total quantities of 
tay of the substances Si, iS„ ... S^. We will suppose that there are 

[ no other equations of condition. It will then be necessary for 

, ttjoilibrium that 

^ + etc go (15) 

for any values of the variations for which 

Sfi'+Sfi''+Sfi"' +etc. = 0, (16) 

&t/+Sv''+8v'''+etc. = 0, (17) 

5mi'+im,"+5mr+etc. = 0, ^ 
am,'+<Sm2"+5m,'"+etc. = 0, 



(18) 



For this it is evidently necessary and sufficient that 

^==r=r=etc (19) 

^ r' ^j- p'=/'=^j9'"=etc. (20) 

/*/=/*/'=/^r=etc. 



(21) 



Ai;=Ai,''=A'n'"=etc.J 

Equations (19) and (20) express the conditions of thermal and 
I'^^c'uuiical equilibrium, viz., that the temperature and the pressure 
D^osfc be constant throughout the whole mass. In equations (21) we 
J^ve the conditions characteristic of chemical equilibrium. If we 
^ a quantity /£«, as defined by such an equation as (12), the potential 
lor the substance Sg in the homogeneous mass considered, these con- 
ditioiw may be expressed as follows : — 

The potential for each component substance mvst be constant 
^inughout the whole mass. 

It will be remembered that we have supposed that there is no 
ratriction upon the freedom of motion or combination of the com- 
pooent substances, and that each is an actual component of all parts 
ot the given mass. 

The state of the whole mass will be completely determined (if we 
regard as immaterial the position and form of the various homoge- 
neous parts of which it is composed), when the values are determined 
of the quantities of which the variations occur in (15). The number 

O. I. B 
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of these quantities, which we may call the independaot 
eridently (n+2)v, v denoting the number of homogenMoe pel 
into which the whole maas is divided. All the qnaiititaea Wki 
occur in (\9\ (20), (SI), are functions of these variables, and naj I 
regarded as known functions, if the eneigy of each part is kaowa i 
a function of its entropy, volume, and the quantities of its en 
ponents. (See eq. (12).) Therefore, equations (19), (20X (SIX « 
be regarded as (i^— 1) (n + 2) independent equations b et w een ti 
independent variables. The volume of the whole mass and the feol 
quantities of the various substances being known aflbid m+l sdd 
tional equations. If we also know the total enetgy of the ^ 
mass, or its total entropy, we will have as many equations as ths 
are independent variablea 

But if any of the substances S^, Sp ... S« are only possible en 
ponents of some parts of the given mass, the variation 4m of tl 
quantity of such a substance in such a part cannot have a negpir 
value, so that the general condition of equilibrium (15) does ■ 
require that the potential for that substance in that part shonld I 
equal to the potential for the same substance in the parts of which 
is an actual component, but only that it shall not be lesa In d 
case instead of (21) we may write 

for all parts of which 5| is an actual component, and 

for all parts of which S^ is a possible (but not actual) component 

for all parts of which S^ is an actual component, and 

for all parts of which £f, is a possible (but not actual) component, 

etc., 

lf|, if J, etc., denoting constants of which the value is only detcffwiai 
by those equations. 

If we now suppose that the components (actual or possible) of ll 
various homogeneous parts of the given masR are not the sM 
the result will be of the same character as before, provided that all tt 
different components are irul^pendent (i.e., that no one can be wd 
out of the others), so that the total quantity of each eompomat 
fixed. The general condition of e<)uilibrium (15) and the equatioi 
of condition (16), (17), (18) will require no change, except that, if si 
of the substanccH S^, 5,, . . . S^^ ih not a component (actual or possible) 
any part, the term fi Sm for that substance and part will be waalii 
in the former, and the im in the latter. Thin will require no 



<1 
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tbe form of the particular conditioDB of equilibrium as expreesed by 
(19X (20X (22) ; but the number of single conditions contained in (22) 
iio{ course less than if all the component substances were components 
d all the parts. Whenever, therefore, each of the difierent homo- 
gneoas parts of the given mass may be regarded as composed of some 
or of all of the same set of substances, no one of which can be formed 
ont of the others, the condition which (with equality of temperature 
and pressure) is necessary and sufficient for equilibrium between the 
diilerent parts of the given mass may be expressed as follows : — 

The poterUial for each of the component avJbstamcea must have a 
iongtamt value in all parts of the given mass of which thai svhstcmoe 
it an actual component, and have a value not less than this vn all 
foHs of which it is a possible component 

The number of equ4itions afforded by these conditions, after elimi- 
natiaii of M^, M^ ... M^ will be less thim (n+2)(i/— 1) by the number 
of terms in (15) in which the variation of the form jm is either 
aoeeesarily nothing or incapable of a negative value. The number of 
variables to be determined is diminished by the same number, or, if 
we choose, we may write an equation of the form m = for each of 
these terms. But when the substance is a possible component of the 
part concerned, there will also be a condition (expressed by ^) to 
dK>w whether the supposition that the substance is not an actual 
oompoQent is consistent with equilibrium. 

We will now suppose that the substances 8^, 8^,., ,8^ are not all 
independent of each other, i.e., that some of them can be formed 
oot of others. We will first consider a very simple case. Let 8^ be 
Mipoaed of 8-^ and 8^ combined in the ratio of a to 6, 8^ and 8^ 
oecorring as actual components in some parts of the given mass, and 
^ in other parts, which do not contain 8^^ and 8^ as separately 
▼ariaUe components. The general condition of equilibrium will still 
Iwive the form of (15) with certain of the terms of the form fiSm 
omitted. It may be written more briefly 

l(tSri) - ^(pSv) + lifi^Sm^) + ^(/a^Sm^ ... + 2(/£^^J^0, (23) 
the sign Z denoting summation in regard to the different parts of 
the given mass. But instead of the three equations of condition, 

2ami = 0, 2am, = 0, 2amj=0, (24) 

we ahall have the two, 

2*?/ii+^^2^=0, 

2amg+— j2^=0. 

The other equations of condition, 

2i^=0, J:8v=0, 2<Jm4=0, etc., (26) 



(25) 
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will remain unchanged. Now as all values of the ▼ariatioos wl 
satisfy equations (24) will also satisfy equations (25), H is erk 
that all the particular conditions of equilibrium whieh we I 
already deduced, (19). (20), (22), are necessary in this esse i 
When these are satisfied, the general condition (tS) rsdnea 

For, although it may be that /ti/, for example, is greater than 
yet it can only be so when the following im^ is incapable of a n 
tive value. Hence, if (27) is satisfied, (23) must also be. Agaii 
(23) is satisfied, (27) must also be satisfied, so long as the vans 
of the quantity of every substance has the value in all the pert 
which it is not an actual component But as this limitation does 
afiect the range of the possible values of 'S.Sra^, Z jm, and £< 
it may be disregarded. Therefore the conditions (23) and (27) 
entirely equivalent, when (19), (20), (22) are satisfied. Now, 
means of the equations of condition (25), we may eliminate Z 
and Z^m, from (27), which becomes 

-rt AfiZ iw4- fcifjZ iw4+(a+fc)Af.S im.g 0, 
i.a, as the value of Z om, may be either positive or negative. 

aA/i+6if8 = (a + 6)3/„ 
which is the additional condition of equilibrium which is neeea 
in this case. 

The relations between the component substances may be 
simple than in this case, but in any case they will only aflhct 
equations of condition, and theHC may always be found withoot i 
culty, and will enable us to eliminate from the general conditio 
e4)uilibrium as many variations as there are iMjuations of coodii 
after which the coeflicientH of the remaining variations may hi 
equal to zen), except the coeflicients of variatidiis which are inesp 
of negative values, which coi'fiicients must l)e eijual to or git 
than zero. It will be easy to {wrform these f»porations in each 
ticular case, but it may be inten.*Mting to Hee the form of the resol 
e<)uations in general. 

We will suppcjse that the various homogeneous parts are coosid 
as having in all 7» comix ment^, aS|, S^.,.S^, and tliat theiv n 
restriction upon their fn^Kiom of motion and combination. But 
will so far limit the* gt*nerality of the problem as to suppose 
each of these amiponents ih an actual component of some par 
the given mam.* If some of thefle com{M)nents can be formed 



* When we come to seek the oontlitioiui of equiUbrinm rcUtiDg to lh« fotVAti 
iiMans unlike any prvviooalj eiisting, we ■h*ll lake ap df novo the wbob pn 
of the etiailibrioin of helerogeoeotu maaaee cocloer«l ia » noo-coiMittctiag wm 
mmd give it a nore geaecml irMtinent, which will be free fram this liiifeHiM. 
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of others, all such relations can be expressed by equations such as 
a ©«+)8 ©ft+etc. = ic ©»+X©,+etc. (30) 

where @„ ©j, ©4, etc denote the units of the substances S^ Sf,, Sj^, etc., 
(Uiat is, of certain of the substances S^, Sj, ...S^) and a, )8, k, 
etc. denote numbers. These are not, it will be observed, equations 
between abstract quantities, but the sign = denotes qualitative as 
well as quantitative equivalence. We will suppose that there are 
r independent equations of this character. The equations of con- 
dition relating to the component substances may easily be derived 
&om these equations, but it will not be necessary to consider them 
particularly. It is evident that they will be satisfied by any values 
of the variations which satisfy equations (18) ; hence, the particular 
eooditions of equilibrium (19), (20), (22) must be necessary in this 
ease, and, if these are satisfied, the general equation of equilibrium 
(15) or (23) will reduce to 

M^l,Sm^ + M^I,Sm^...+Mj:dm^^O. (31) 

This will appear from the same considerations which were used in 
regard to equations (23) and (27). Now it is evidently possible to 
give to 25m«, 2^7%, 2&nj, etc. values proportional to a, jS, — ic, 
^ in equation (30), and also the same values taken negatively, 
"wking 2 Sm = in each of the other terms ; therefore 

aiffl+i8if6+etc....-/cif»-Xif,-eta = 0, (32) 

«, aMa+fiMi,+ etc, = kMj,+\Mi+ etc. (33) 

It will be observed that this equation has the same form and coeffi- 
cients as equation (30), M taking the place of ©. It is evident that 
there must be a similar condition of equilibrium for every one of the 
1* equations of which (30) is an example, which may be obtained 
siniply by changing © in these equations into M. When these 
conditions are satisfied, (31) will be satisfied with any possible values 
of 2ftw^, 2^m2, ... 2<5m„. For no values of these quantities are 
possible, except such that the equation 

(2<Smi)©,+(2<Sm2)©2...+(2<JmJ©„=0, (34 

*fter the substitution of these values, can be derived from the r equa- 
tions like (30), by the ordinary processes of the reduction of linear 
equations. Therefore, on account of the correspondence between (31) 
•nd (34), and between the r equations like (33) and the r equations 
like (30), the conditions obtained by giving any possible values to 
the variations in (31) may also be derived from the r equations like 
(33); that is, the condition (31) is satisfied if the r equations like 
(33) are satisfied. Therefore the r equations like (33) are with 
(19), (20), and (22) the equivalent of the general condition (15) 
or(23> 
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For detenniniiig the state of a given nmm when in 
and having a given volume and given enetgy or entropy, the taai 
tion of equilibriam aflbrds an additional equation oorreapoodiiy i 
each of the r independent relations between the n e om ponent wd 
stanoea Bat the equations which express our knowledge of d 
matter in the given mass will be oorrespondinglj diminished, U 
n—r in number, like the equations of condition relating to It 
quantities of the component substances, which may be derived bn 
the former by differentiation. 



Conditions rdating to the possible Fotjnaiion of Masses Umiiimm 

Previously Existing. 

The variations which we have hitherto considered do not embrai 
every possible infinitesimal variation in the state of the given mi 
so that the particular conditions already formed, althongfa alwa^ 
necessary for equilibrium (when there are no other equations of en 
dition than such as we have supposed), are not always 
For, besides the infinitesimal variations in the state and eomi 
of different parts of the given mass, infinitesimal mssses may I 
formed entirely different in state and composition from any initial 
existing. Such parts of the whole mass in its varied slato i 
cannot be regarded as parts of the initially existing mass whM 
have been infinitesimally varied in state and composition, we w 
call new parts. These will necessarily be infinitely smalL As it 
more convenient to regard a vacuum as a limiting case of extfci 
rarefaction than to giw a special consideration to the possible fc 
mation of empty spaces within the given mass, the term ne%c pat 
will be used to include any empty spaces which may be foniM 
when such have not existed initially. We will use I>c, 1% I 
Dm^, Dm^,...Dm^ to denote the infinitoAimal energy, entropy, ai 
volume of any one of these new parts, and the infinitesimal quantiti 
of its componentH. The component substances S^, S^,..S^ mt 
now be taken to include not only the independently variable coi 
ponents (actual or possible) of all parts of the given mass as initial 
existing, but also the amiponents of all the new parts, the posnl 
formation of which we have to consider. The character i will I 
used as before to express the infinitesimal variations of the quantiti 
relating to those parts which sre only infinitesimally varied in sW 
and composition, and which for distinction we will call ifrii^nai piafi 
including under this term the empty H{)aces. if such exist initiall; 
within the envelop lM>unding the HyHt4*m. Ah we may divide tl 
given mass into as many |iartM sh we cIiikwi*. and as mit only tt 
initial boundaries, but also the nir>V(MiientM of tlutM* lioundaries dohi 
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107 variation in the state of the system lure arbitrary, we may so 
dfifioe the parts which we have called original, that we may consider 
them as initially homogeneous and remaining so, and as initially con- 
ilatatiDg the whole system. 
The most general value of the variation of the energy of the whole 

I i^item is evidently 

[ 2<j€+2i)6, (35) 

i 

I the first summation relating to all the original parts, and the second 
; to all the new parts. (Throughout the discussion of this problem, the 
[ letter 8 or D following Z will sufficiently indicate whether the sum- 
i matioQ relates to the original or to the new parts.) Therefore the 
general condition of equilibrium is 

XSe+XDe^O, (36) 

or, if we substitute the value of Se taken from equation (12), 
2i)f+^^iJ^)-2(p«v)+2(A£i5mi)+2(/£,iJrn^)...+2(/£„^J^0. (37) 

I If any of the substances S^, S^...8^ can be formed out of others, 

I we will suppose, as before (see page 69), that such relations are 

^ ^pressed by equations between the units of the different substances. 

i Lrt these be 

; *i®i+t2®«--- + &n®n=0 - r equations. (38) 

i etc. 

f The equations of condition will be (if there is no restriction upon the 
' fieedom of motion and composition of the components) 

2<Sjy + 2i)jy = 0, (39) 

'ZSv+1:Dv = 0, (40) 

•nd n-r equations of the form 

/ii(2 ^m^ + 2 Dwii) + Aj(2 5mj + 2 Dm,) . . .^ 
+A^(2Jm„+2/>mJ=0 
ii(25mi + 2i)mi) + ij(2im2+2jDm2)... ' 
+i„(2^m„+2i)mj=0. 
etc. 

Now, using Lagrange's " method of multipliers," t we will subtract 

*In regard to the relation between the coefficients in (41) and those in (38), the 

I0i<ier will easily convince himself that the coefficients of any one of equations (41) 

wnich as wonld satisfy all the equations (38) if substituted for 8^, 8^, ...8^; and 

tfctt this is the only condition which these coefficients must satisfy, except that the 

ff-rsets of coefficients shall be independent, i.e., shall be such as to form independent 

eqostions ; and that this relation between the coefficients of the two sets of equations is 

a nciprocal one. 

f On account of the sign^iu (.37), and because some of the variations are Incapable 
0f negative values, the successive steps in the reasoning will be developed at greater 
kngtb than would be otherwise necessary. 



(41)* 



72 EQUILIBRIUM OF HETEROGENEOUS SUBSTANCm 

Tiliti + lDti)- P(ZSv + lDv) from the first member of tk 
general condition of equilibrium (37), T mod P being eooiliili 
of which the value is as yet arbitrary. We might prooeed in tht 
same way with the remaining equations of condition, but we asj 
obtain the same result more simply in another way. We will fni 
observe that 

(25mi + 2Z)mi)®i+(2*m,+2Dw4)®,... 

+(2im.+2X>mJ®,=0. (41) 

which equation would hold identically for any possible values of tht 
quantities in the parentheses, if for r of the letters S^. @,, ••• ®ii 
substituted their values in terms of the others as derived from < 
(38). (Although @|, @,, ...@. do not represent abstract quantilM 
yet the operations necessary for the reduction of linear equatni 
are evidently applicable to equations (38).) Therefore, equation (41) 
will hold true if for @|, 3,, ...@^ we substitute n numben wUcb 
satisfy equations (38). Let lf|, if,, ... M^ be such numbers, i.e., kt 



etc. 



r equations, (41) 



then 



ifi(2 ^m^ + Z /)mi)+if^2 5m,+2 Z)m,) ... 

+ if,(2<Sm.+2Z)wiJ»0. (44» 

This expression, in which the values of n-^r of the constants lf|. 
M^...M^ are still arbitrary, we will also subtract from the firrt 
member of the general condition of equilibrium (37), which will 
then become 

2i)€+ 2(/rfjy)- 2(p<5r)+ K/ijcfmj) ...+ Z^/i^^mJ 
-rSiJj; +P:Liv ^M.lSm, ...-J/,2Jm, 
--TlLDfi^PZDv ^M.lDni, ...-i/,2Z)i«.S0. <« 

Tliat is, having assigntHl to T, P, Jf,, J/,, ...3f^ any values eoo- 
sistent with (43), we may assert that it is nect'asary and sufficient for 
equilibrium that (45) Hhall hold true for any variations in the tUI* 
of the Hyntem oonsiNtt^nt with the equations of Cfmdition (39). <40i. 
(41). But it will alwayH l)e poHHible. in ca^e t>f tHjuilibrium. toatfi{B 
such values to 7*, P, J/^, Jf^, ... J/^, without vif»lating tN|uations i4Si 
tliat (45) Hhall hold trut* for all variatiouH in the Htat«* of the s\*«t«B 
and in tlu* quantities of th«* various suliHtanet'S com|>OHing it. evcii 
though thos*? variati<»nH an* not consistont with the t*quations of eru- 
dition (3!»K (44)). (41). For. wh«n it is ma iMmihli* to do thi». H 
niUHt In* |MKSHilili* by applying (45) to variations in tht* syntrm noC 
necessarily restricted by the equationH of condition (3iM. (40), (41) lo 
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obtain conditions in regard to T, P, J/j, M^ ..M^, some of which 
will be inconsistent with others or with equations (43). These con- 
ditions we will represent by 

il>0, 5^0, etc., (46) 

i,5, etc being linear functions of T, P, M^, M^, ... M^. Then it will 
be possible to deduce from these conditions a single condition of the 
form 

ail+i85+etc.gO, (47) 

0, j8, etc being positive constants, which cannot hold true consistently 
liih equations (43). But it is evident from the form of (47) that, 
lile any of the conditions (46), it could have been obtained directly 
from (45) by applying this formula to a certain change in the system 
(perhaps not restricted by the equations of condition (39), (40), (41)). 
Now as (47) cannot hold true consistently with eqs. (43), it is evident, 
in the first place, that it cannot contain T or P, therefore in the 
diange in the system just mentioned (for which (45) reduces to (47)) 

25jy+22)^ = 0, and 25i;+22>i; = 0, 

80 that the equations of condition (39) and (40) are satisfied Again, 
for the same reason, the homogeneous function of the first degree of 
\ M„...if^ in (47) must be one of which the value is fixed by 
«q8. (43). But the value thus fixed can only be zero, as is evident 
irom the form of these equations. Therefore 

(25mi + 2i)mi)J/i+(2im2+22)7n2)ifj... 

+(2<Jm„+22>mJJf^=0 (48) 

for any values of -Jfj, J/g* ••• ^n which satisfy eqs. (43), and therefore 
(2 5ini+2i)mi)©i+(2 5m2+2i)mj)©j ... 

+(2<Sm^+2i)r>O©„=0 (49) 

for any numerical values of ©j, ©2, ...©n which satisfy eqs. (38). 
This equation (49) will therefore hold true, if for r of the letters 
®i,S,,... ©^ we substitute their values in terms of the others taken 
from eqs. (38), and therefore it will hold true when we use ©j, 
®^ '..©», as before, to denote the units of the various components. 
Thus understood, the equation expresses that the values of the 
quantities in the parentheses are such as are consistent with the 
equations of condition (41). The change in the system, therefore, 
which we are considering, is not one which violates any of the 
eqnations of condition, and as (45) does not hold true for this change, 
•nd for all values of T, P, ifj, M^ . . . M^ which are consistent with 
^ (43), the state of the system cannot be one of equilibrium. 
Therefore it is necessary, and it is evidently sufficient for equilibrium, 
Uiat it shall be possible to assign to T, P, ifp if 2, ... M^ such values. 
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coDsiBtent with eqs. (43), that the condition (45) shall hold true for 
any change in the system irrespective of the equations of copditioB 
(39), (40), (41). 

For this it is necessary and sufficient that 

t^T, p^P, (60) 

fiiirn^^M^Sm^, /i^Svi^^M^Sm^,... /*«^^«=^«*'*'» (^^) 

for each of the original parts as previously defined, and that 

De-TDfi+PDv-'M^Dm^-M^Dm^... ^M^Dm^^O. (0} 

for each of the new parts as previously defined. If to these ood- 
ditions we add equati<xis (4SX we may treat T, P, M^ Mp...M^ 
simply as unknown quantities to be eliminated. 

In regard to conditions (51), it will be observed that if a substaofle 
5p is an actual component of the part of the given mass distinguishad 
by a single accent, Jm/ may be either positive or negative, and in 
shall have fi(^M^\ but if S^ is only a possible component of that 
part, 8m{ will be incapable of a negative value, and we will ha?l 

The formula (50), (51), and (43) express the same particular eoBf 
ditions of equilibrium which we have before obtained by a leas genefil 
process. It remains to discuss (52). This formula must hold trna 
of any infinitesimal mass in the system in its varied state whkb 
is not approximately homogeneous with any of the surroundiDg 
masses, the expressions De, Djy, Dv, Drn^, Dm,, ...Dm^ denoting the 
energy, entropy, and volume of this infinitesimal mass, and the 
quantities of the substances S^, S^,... S^ which we regard as compoong 
it (not necessarily as independently variable components). If there 
is more than one way in which this mass may be considered tf 
composed of these substances, we may choose whichever is most 
convenient. Indeed it follows directly from the relations existing 
between Jfj, Jf,, ...and M^ that the result would be the same in 
any case. Now. if we assume that the values of De, Djy, Dv, Dm^t 
Dm^y . . . Dnx^ are proportional to the values of e, jy, v, m^, m,, ... w^ for 
any large homogeneous mass of similar composition, and of the same 
temperature and pressure, the condition is equivalent to this, that 

€-Tfi+Pv-M{m^-M^7n^... -Jf^wi^^O (63) 

for any large homogeneous body which can be formed out of the 
substances 8^, S^,... ^*^. 

But the validity of this last transformation cannot be admitted 
without considerable limitation. It is assumed that the relation 
between the energy, entropy, volume, and the quantities of the 
different components of a very small mass surrounded by substances 
of different composition and state is the same as if the mass in 
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estioQ f <mned a part of a large homogeneous body. We started, 
feed, with the assumpticMi that we might neglect the part of the 
ergy, etc, depending upon the surfaces separating heterogeneous 
UB6s» Now, in many cases, and for many purposes, as, in general, 
hen the masses are large, such an assumption is quite legitimate, 
it in the case of these masses which are formed within or among 
ibsiances of different nature or state, and which at their first 
innation must be infinitely small, the same assumption is evidently 
niuely inadmissiUe, as tl^ sur&oes must be regarded as infinitely 
uge in proportion to the masses. We shall see hereafter what 
iodificatioiis are necessary in our formulae in order to include the 
pvtB of the energy, etc, which are due to the surfaces, but this will 
be on the assumption, which is usual in the theory of capillarity, 
Hiit the radius of curvature of the surfaces is large in proportion to 
tke iidius of sensible molecular action, and also to the thickness of 
tti lamina of matter at the surface which is not (sensibly) homo- 
pneoQB in all respects with either of the masses which it separatea 
Bit dthough the formuke thus modified will apply with sensible 
teeoTMy to masses (occurring within masses of a different nature) 
Mch smaller than if ihe terms relating to the surfaces were omitted, 
jet their failure when applied to masses infinitely small in all their 
JiBMiisions is not less absolute. 

Considerations like ihe foregoing might render doubtful the validity 
mu of (62) as the necessary and sufficient condition of equilibrium 
in regard to the formation of masses not approximately homogeneous 
with those previously existing, when the conditions of equilibrium 
bitween ihe latter are satisfied, unless it is shown that in establishing 
this fcnmula there have been no quantities neglected relating to the 
mutual action of the new and the original parts, which can affect the 
neolt. It will be easy to give such a meaning to the expressions 
Ik, Dtj, DVf Dm^, -Dm,, ...Dm^ that this shall be evidently the case. 
It will be observed that the quantities represented by these expressions 
have not been perfectly defined. In the first place, we have no right 
to aeeome the existence of any surface of absolute discontinuity to 
^vide the new parts from the original, so that the position given 
to the dividing surface is to a certain extent arbitrary. Even if 
the enrface separating the masses were determined, the energy to 
he Attributed to the masses separated would be partly arbitrary, 
^ioce a part of the total energy depends upon the mutual action 
of the two mayes. We ought perhaps to consider the case the 
Mme in regard to the entropy, although the entropy of a system 
tever depends upon the mutual relations of parts at sensible dis- 
iDces from one another. Now the condition (52) will be valid if 
le quantities Dc, Dti, Bv, Dm^, Dm^,...Dm^ are so defined that 
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none of the assumptions which have been made, tacitly or otherwise 
relating to the formation of these new parts, shall be violated. Then 
assumptions are the foUowing: — that the relation between the varia- 
tions of the energy, entropy, volume, etc, of any of the original puti 
is not affected by the vicinity of the new parts ; and that the eneigj* 
entropy, volume, etc., of the system in its varied state are correctly 
represented by the sums of the energies, entropies, volumes, ete., df 
the various parts (original and new), so far at least as any of then 
quantities are determined or affected by the formation of the new 
parts. We will suppose De, Dri, Dv, Bm^, Dm^...Dm,^ to be id 
defined that these conditions shall not be violated. This may be 
done in various ways. We may suppose* that the position of the 
surfaces separating the new and the original parts has been fixed in 
any suitable way. This will determine the space and the matter 
belonging to the parts separated. If this does not determine the , 
division of the entropy, we may suppose this determined in ai^ • 
suitable arbitrary way. Thus we may suppose the total energy in ttd 
about any new part to be so distributed that equation (12) as appKel 
to the original parts shall not be violated by the formation oi the 
new parts. Or, it may seem more simple to suppose that the 
imaginary surface w^hich divides any new part from the original ie 
so placed as to include all the matter which is affected by the 
vicinity of the new formation, so that the part or parts which ive 
regard as original may be left homogeneous in the strictest senee^ 
including uniform densities of energy and entropy, up to the v«y 
bounding surface. The homogeneity of the new parts is of no con- 
sequence, as we have made no assumption in that respect. It ini>7 
be doubtful whether we can consider the new parts, as thus howndiit 
to be infinitely small even in their earliest stages of development Bui 
if they are not infinitely small, the only way in which this can aflfect 
the validity of our formulae will be that in virtue of the equations of 
condition, i.e., in virtue of the evident necessities of the case, finite 
variations of the energy, entropy, volume, etc, of the original parti 
will be caused, to which it might seem that equation (12) would not 
apply. But if the nature and state of the mass be not varied, eqoi^ 
tion (12) will hold true of finite differences. (This appears at onoe» 
if we integrate the equation under the above limitation.) Henoe, 
the equation will hold true for finite differences, provided that th© 
nature and state of the mass be infinitely little varied. For the dif- 
ferences may be considered as made up of two parts, of which th^ 
first are for a constant nature and state of the mass, and the second 
are infinitely smaU. We may therefore regard the new parts to ba 
bounded as supposed without prejudice to the validity of any of ou^ 
results. 
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The condition (52) nnderstood in either of these ways (or in 
others which will suggest themselves to the reader) will have a 
perfectly definite meaning, and will be valid as the necessary and 
nfficient condition of equilibrium in regard to the formation of new 
pirts, when the conditions of equilibrium in regard to the original 
puts, (50), (51), and (43), are satisfied. 

In regard to the condition (53), it may be shown that with (50), 
(51), and (43) it is always sufficient for equilibrium. To prove this, 
it is only necessary to show that when (50), (51), and (43) are satisfied, 
nd (52) is not, (53) will also not be satisfied. 

We wUI first observe that an expression of the form 

-€+Tfi-Pv+Mjmi+]ld^m^...+M^m^ (54) 

tootes the work obtainable by the formation (by a reversible pro- 
ceas) of a body of which c, jy, v, m^, m^, ... m„ are the energy, entropy, 
Tohune, and the quantities of the components, within a medium 
baving the pressure P, the temperature T, and the potentials ifj, 
Mp...M^, (The medium is supposed so large that its properties 
•re not sensibly altered in any part by the formation of the body.) 
For e 18 the energy of the body formed, and the remaining terms 
Tepresent (as may be seen by applying equation (12) to the medium) 
the decrease of the energy of the medium, if, after the formation of 
the body, the joint entropy of the medium and the body, their joint 
Tolames and joint quantities of matter, were the same as the entropy, 
ete., of the medium before the formation of the body. This con- 
flidention may convince us that for any given finite values of v and 
of r, P, Ml, etc., this expression cannot be infinite when e, jy, m^, etc., 
we determined by any real body, whether homogeneous or not 
(bat of the given volume), even when T, P, M^, etc., do not represent 
the values of the temperature, pressure, and potentials of any real 
substance. (If the substances S^, S^j ---S^ are all actual components 
of any homogeneous part of the system of which the equilibrium 
is discussed, that part will afford an example of a body having the 
temperature, pressure, and potentials of the medium supposed.) 

Now by integrating equation (12) on the supposition that the 
natore and state of the mass considered remain unchanged, we obtain 
the equation 

€=tfj -pv+/A{ini + /uL^m^ . . . + /jL^m^ (55) 

which will hold true of any homogeneous mass whatever. Therefore 
for any one of the original parts, by (50) and (51), 

6-r^+Pt;-3fimi-3f2m2...-Jf^m^ = 0. (56) 

If the condition (52) is not satisfied in regard to all possible new 
Pttte, let iV be a new part occurring in an original part 0, for which 
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the condition is nofc satisfied. It is evident th*t the valtie of the 

expression e^Tfi+Pv^M,m,^M^m,...-^M^m^ (ST) 

applied to a mass like including some very small maases lika iF» 
will be negative, and will decrease if the number of these masses lik» 
N is increased, until there remains within the whole mass no portaot 
of any sensible size without these masses like N, which, it will b 
remembered, have no sensible size. But it cannot decrease without 
limit, as the value of (54) cannot become infinite. Now we need not 
inquire whether the least value of (57) (for constant values of T,P, 
M^, M^,...M^) would be obtained by excluding entirely the nuM 
like 0, and filling the whole space considered with masses like J, 
or whether a certain mixture would give a smaller value, — ^it is 
certain that the least possible value of (57) per unit of volume, vA 
that a negative value, will be realized by a mass having a eertiii 
homogeneity. If the new part N for which the condition (62) is not 
satisfied occurs between two difierent original parts V and Of, tht 
argument need not be essentially varied. We may consider tht 
value of (57) for a body consisting of masses like 0" and V sepanted 
by a lamina N. This value may be decreased by increasing tht 
extent of this lamina, which may be done within a given volmM 
^7 gi^i^g ^^ ^ convoluted form; and it will be evident, as befen^ 
that the least possible value of (57) will be for a homogeneous nuM^ 
and that the value will be negative. And such a mass will be not 
merely an ideal combination, but a body capable of existing, for as th» 
expression (57) has for this mass in the state considered its leall 
possible value per unit of volume, the energy of the mass included in 
a unit of volume is the least possible for the same matter witii th» 
same entropy and volume, — hence, if confined in a non-condactisg 
vessel, it will be in a state of not unstable equilibrium. Theref(RB 
when (50), (51), and (43) are satisfied, if the condition (52) is not 
satisfied in regard to all possible new parts, there will be some homo- 
geneous body which can be formed out of the substances fifj, 8^.,. 8^ 
which will not satisfy condition (53). 

Therefore, if the initially existing masses satisfy the conditions (50), 
(51), and (43), and condition (53) is satisfied by every homogeneoos 
body which can be formed out of the given matter, there will be 
equilibrium. 

On the other hand, (53) is not a necessary condition of equilibrium. 
For we may easily conceive that the condition (52) shall hold true 
(for any very small formations within or between any of the given 
masses), while the condition (53) is not satisfied (for all large massei 
formed of the given matter), and experience shows that this is very 
often the case. Supersaturated solutions, superheated water, etc. 



EQUILIBRIUM OF HETEBOGENEOUS SUBSTANCES. 79 

e familiar examples. Such an equilibrimn wUl, however, be prcujti* 
My unstable. By this is meant that, although, strictly speaking, 
a infinitely small disturbance or change may not be sufficient to 
Maroy the equilibrium, yet a very small change in the initial state, 
fsihaps a circumstance which entirely escapes our powers of peroep- 
kion, will be sufficient to do so. The presence of a small portion of 
the substance for which the condition (63) does not hold true, is 
nffident to produce this result, when this substance forms a variable 
eomponent of the original homogeneous masses. In other cases, 
vben, if the new substances are formed at all, different kinds must 
be formed simultaneously, the initial presence of the different kinds, 
and that in immediate proximity, may be necessary. 

It will be observed, that from (56) and (63) we can at once obtain 
(80) and (51), viz., by applying (53) to bodies differing infinitely 
Ktle from the various homogeneous parts of the given mass. There- 
fne, ihe condition (56) (relating to the various homogeneous parts 
of the given mass) and (53) (relating to any bodies which can be 
fonned of the given matter) with (43) are always sufficient for equi- 
Ebrium, and ^always necessary for an equilibrium which shall be 
pnctically stable. And, if we choose, we may get rid of limitation 
in r^ard to equations (43). For, if we compare these equations 
with (38), it is easy to see that it is always immaterial, in applying 
ibe tests (56) and (53) to any body, how we consider it to be com- 
posed. Hence, in applying these tests, we may consider all bodies 
to be composed of the vUvmate components of the given mass. Then 
the terms in (56) and (53) which relate to other components than 
these will vanish, and we need not regard the equations (43). Such 
ot the constants M^y M^, . . . M^ as relate to the ultimate components, 
Biy be regarded, like T and P, as unknown quantities subject only 
to the conditions (56) and (53). 

These two conditions, which are sufficient for equilibrium and 
necessary for a practically stable equilibrium, may be united in one, 
▼ii (if we choose the ultimate components of the given mass for the 
eomponent substances to which m^, mj, ... m„ relate), that it shall be 
possible to give such values to the constants T, P, ifj, M^, ... A/^ in 
the expression (57) that the value of the expression for each of the 
homogeneous parts of the mass in question shall be as small as for 
my body whatever made of the same componenta 

Effect of Solidity of any Pwrt of the given Mass, 

If any of the homogeneous masses of which the equilibrium is in 
question are solid, it will evidently be proper to treat the proportion 
of their components as invariable in the application of the criterion 
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of equilibrium, even in the case of compaumda of variahU proportAom^ 
ie., even when bodies can exist which are compounded in proporiJoiif 
infinitesimally varied from those of the solids considered. (Thoso 
solids which are capable of absorbing fluids form of course an 
exception, so far as their fluid components are concerned.) It is trUB 
that a solid may be increased by the formation of new solid matter 
on the surface where it meets a fluid, which is not homogeneous witii 
the previously existing solid, but such a deposit will properly be 
treated as a distinct part of the system (viz., as one of the parb 
which we have called tisw). Tet it is worthy of notice that if a homo* 
geneous solid which is a compound of variable proportions is in 
contact and equilibrium with a fluid, and the actual components of 
the solid (considered as of variable composition) are also actual com- 
ponents of the fluid, and the condition (53) is satisfied in regard to 
all bodies which can be formed out of the actual components of tbe 
fluid (which will always be the case unless the fluid is practically 
unstable), all the conditions will hold true of the solid, which wonld 
be necessary for equilibrium if it were fluid. 

This follows directly from the principles stated on the preceding 
pages. For in this case the value of (67) will be zero as detenninod 
either for the solid or for the fluid considered with reference to their 
ultimate components, and will not be negative for any body whatenr 
which can be formed of these components ; and these conditions aze 
sufficient for equilibrium independently of the solidity of one of the 
massea Tet the point is perhaps of sufficient importance to demand 
a more detailed consideration. 

Let Say.-.Sg be the actual components of the solid, and £fj^...& 
its possible components (which occur as actual components in the 
fluid); then, considering the proportion of the components of the 
solid as variable, we shall have for this body by equation (12) 

de' = ^ W -p' dv' + Hadm^\ . . + /£/dm/ 

+ fi^dm^, . . + ik^dta^, (68) 

By this equation the potentials /£«', ... /x*' are perfectly defined. But 

the differentials dm^', . . . dm/, considered as independent, evidently 

express variations which are not possible in the sense required itt 

the criterion of equilibrium. We might, however, introduce them 

into the general condition of equilibrium, if we should express the 

dependence between them by the proper equations of conditi(^ 

But it will be more in accordance with our method hitherto, if we 

consider the solid to have only a single independently variable 

component S„ of which the nature is represented by the solid itself 

We may then write 

Se'^t'Sfi'-p'Sv'+fi 'SmJ. (59] 
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jnd to the relation of the potential fi^ to the potentials occnrring 

iti<m (58) it vrill be observed, that as we have by integration 

and (59) 

€'-fj|'-pV+Aia'm;-. .+/£>;, (60) 

€'=fj7'«pV+/t,'m;; (61) 

>re /tr'ma.' = /Za'W...+)M/m/. (62) 

\ if the fluid has besides 8a,..*Sg and Sj,,...8i the actual 
lents Si, ... S», we may write for the fluid 

+^,''Sm,\..+,i,''Sm,''+,irSmr...+/CSm:\ (68) 

by supposition 

m^'©,=m/®....+m/@^ (64) 

ms (43), (50), and (51) will give in this case on elimination of 
istants T, P, etc., 

^=r, jp'=p", (65) 

7/i,>;=m,>;'... +m,V. (66) 

ons (65) and (66) may be regarded as expressing the conditions 
ilibrium between the solid and the fluid. The last condition 
so, in virtue of (62), be expressed by the equation 

ma>a'...+m,>;=m«X"...+m;<'. (67) 

if condition (53) holds true of all bodies which can be formed 
.. Sg, iSj^, ... /Sjt, Sly... jS^, we may write for all such bodies 

... - /x/V/it - fA{'mi ... - /i^''m^ ^ 0. (68) 

)lying this formula to various bodies, it is to be observed that 
le values of the unaccented letters are to be determined by 
Terent bodies to which it is applied, the values of the accented 
being already determined by the given fluid) Now, by (60), 
id (67), the value of the first member of this condition is zero 
applied to the solid in its given state. As the condition must 
ue of a body diflering infinitesimally from the solid, we shall 

de'^rdfi'+p^dy'^/A^'dm:... -/i^'dm; 

-//,-dm;...-/i;'dm;^0, (69) 

equations (58) and (65), 

Hf^»:-^Hldm^\..+(,i,'^,i,'')dm,'^0. (70) 

3re, as these diflerentials are all independent, 

A..'=/*;',.../V=<', /*»'Syu;'....iti»'S^;'; (71) 

L F 
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which with (65) are evidently the same oonditions which wt 
have obtained if we had neglected the fact of the solidity of oat i 
the masses. 

We have supposed the solid to be homogeneous. Bat it is tvidal j 
that in any case the above conditions must hold for avaiy 
point where the solid meets the fluid. Hence, the temperalmt mi I 
pressure and the potentials for all the actual eomponenta of tht «ii| 
must have a constant value in the solid at the surface when it i 
the fluid. Now, these quantities are determined by the 
state of the solid, and exceed in number the independent 
of which its nature and state are capable. Hence, if we rejeel«| 
improbable the supposition that the nature or state of a body 
vary without affecting the value of any of these c)uantities, we i 
conclude that a solid which varies (continuously) in nature or il 
at its surface cannot be in equilibrium with a stable fluid whidi c 
tains, as independently variable components, the variable eatof 
of the solid. (There may be, however, in ecjuilibriuui with the mm 
stable fluid, a finite number of different solid bodies, composed of tki 
variable components of the fluid, and liaving their nature and iM 
completely determined by the fluid.)* 

Effect of AdditUmal Eqwatuma of Canditiuiu 

As the equations of condition, of which we have made use, an 
such as always apply to matter enclosed in a rigid, impermeahk, iii 
non-conducting envelop, the particular conditions of eqiiililiiw 
which we have found will always Ije suflScient for equilibrium. Bit 
the number of conditions necessary for e(]uilibrium, will be 
in a case otherwise the Mime, as the number of equations of 
is increased. Yet the problem of er|uilibrium which has been 
will sufliciently indicate the method to lie pursued in all cases sad tks 
general nature of the results. 

It will be observed that the position of the various 
parts of the given mass, which is otherwise immaterial, may 
mine the existence of certain equations of condition. Thus. vk« 
different parts of the system in which a certain substance is a 
component are entirely separated from one another by parts of 
this substance is not a component, the t|uantity of this sufantann «ii 
be invariable for each of the parts of the system which are tlMl 
separatetl, which will be easily expressed by equations of caaditina 
Other equations of condition amy arise from the passive foreee (« 
resistances to change) inherent in the given masses. In the piohka 

*Tbe liilul hat been oonudered m sabject only to uotropic •traaea. Hw iifctd 
uUier AlrvMca will be ouiuidorcd horaafur. 
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we are next to consider there are equations of condition due to 
e of a different nature. 

Effect of a Diaphrdgin (EquUibrium of Osmotic Forces). 

tie given mass, enclosed as before, is divided into two parts, each 
ich is homogeneous and fluid, by a diaphragm which is capable 
porting an excess of pressure on either side, and is permeable to 
)f the components and impermeable to others, we shall have the 
ons of condition 

Sfi'+Sfi''=0, (72) 

<Jt;'=0, <Jt/'=0, (73) 

nr the components which cannot pass the diaphragm 

am«'=0, 3m«"=0, ^^'=0, im5" = 0, etc., (74) 

)r those which can 

3m*'+5W = 0, <Sm/+im/'=0, etc. (75) 

these equations of condition, the general condition of equilibrium 
15)) will give the following particular conditions : — 

r = C (76) 

or the components which can pass the diaphragm, if actual 
tnents of both masses, 

Ai/=/i*", /z/ = /ir, etc., (77) 

fla^fJ-a'y f^b = f^b\ etC. 

in, if the diaphragm is permeable to the components in certain 
tions only, or in proportions not entirely determined yet subject 
tain conditions, these conditions may be expressed by equations 
idition, which will be linear equations between S7n{, Sm^', etc., 
these be known the deduction of the particular conditions of 
>rium will present no difficulties. We will however observe 
I the components S-^y S^ etc. (being actual components on each 
»n pass the diaphragm simultaneously in the proportions a^, a^y 
ithout other resistances than such as vanish with the velocity of 
irrent), values proportional to Oj, a^, etc. are possible for Sm^', 
5tc in the general condition of equilibrium, Sm^'\ Sm^'\ etc., 
f the same values taken negatively, so that we shall have for 
jrticular condition of equilibrium 

<h /^i + «2 l^i + eta = Oi /£/' + ttg /JL^' + etc. (78) 

will evidently be as many independent equations of this form 
re are independent combinations of the elements which can pass 
iphragm. 
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These conditions of equilibrium do nofc of ooune depend in uqr 
way upon the supposition that the volume of each fluid mass is ka/t 
constant, if the diaphragm is in any case supposed immovable, b 
fact, we may easily obtain the same conditions of equilibrium, if vt 
suppose the volumes variable. In this case, as the equilibrium mnik 
be preserved by forces acting upon the external surfaces of the fbak, 
the variation of the energy of the sources of these forces must appev 
in the general condition of equilibrium, which will be 

Se'+Se'^+FS^+F'Sv^^O. (W) 

P' and R' denoting the external forces per unit of area. (Compire \ 

(14).) From this condition we may evidently derive the same \ 

internal conditions of equilibrium as before, and in addition tte i 

external conditions 

/=P', y"=p-. (80) 

In the preceding paragraphs it is assumed that the permeability o( 
the diaphragm is perfect, and its impermeability absolute, Le., that it 
offers no resistance to the passage of the components of the fluids ii 
certain proportions, except such as vanishes with the velocity, and 
that in other proportion-s the components cannot pass at alL Hoir 
far these conditions are satisfied in any particular case is of couTBeto 
be determined by experiment. 

If the diaphragm is permeable to all the n components without 
restriction, the temperature and the potentials for all the compoiMDti 
must be the same on both sides. Now, as one may easily oonviflPB 
himself, a mass having n components is capable of only n+1 inds* 
pendent variations in nature and state. Hence, if the fluid on one 
side of the diaphragm remains without change, that on the other fiUb 
cannot (in general) vary in nature or state. Tet the pressure wiH 
not necessarily be the same on both sides. For, although the preason 
is a function of the temperature and the n potentials, it may k 
a many-valued function (or any one of several functions) of theflO 
variables. But when the pressures are different on the two sidA 
the fluid which has the less pressure will be practically unstaUe, iB 
the sense in which the term has been used on page 79. For 

€''-r^''+pV'-<'iV-/i,''m,''...-/£;X''=0, (81) 

as appears from equation (12) if integrated on the supposition that 
the nature and state of the mass remain unchanged. Therefore, i{ 
p< p" while ^' = r, At/=/£i'', etc., 

e"-.riy"+i)V'-///V-/ij'm5"... -/£/m/'< 0. (M) 

This relation indicates the instability of the fluid to which the sinf^ 
accents refer. (See page 79.) 
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Bat independently of any assumption in regard to the permeability 

I the diaphragm, the following relation will hold true in any case in 
vhich each of the two fluid masses may be regarded as uniform 
Baoaghout in nature and state. Let the character d be used with 
Qie variables which express the nature, state, and quantity of the 
loidB to denote the increments of the values of these quantities 
•etoally occurring in a time either finite or infinitesimal. Then, as 
tlie heat received by the two masses cannot exceed ifDrf+t'Dtf', and 
« the increase of tiieir energy is equal to the difference of the heat 
they receive and the work they do, 

l>e'+D€^'^rDjy'+rDjy"-p'Di;'-y"Di;", (83) 

ie,by(12), 

/ii'i>mi'+/ii''i)mi''+/ij'i)m,'+/i2''Dmj''+etc, ^ 0, (84) 

«'-/i,0DnH''+«'-/£/)i)m;'+etc^O. (85) 

It IB evident that the sign =: holds true only in the limiting case in 
which no motion takes place. 

Deflxiition and Properties of Fundamental Equations. 

The solution of the problems of equilibrium which we have been 
eooaidering has been made to depend upon the equations which 
express the relations between the energy, entropy, volume, and the 
qoantities of the various components, for homogeneous combinations 
d the substances which are found in the given mass. The nature of 
neh equations must be determined by experiment. As, however, it 

II only differences of energy and of entropy that can be measured, or 
indeed, that have a physical meaning, the values of these quantities 
«e 80 far arbitrary, that we may choose independently for each 
simple substance the state in which its energy and its entropy are 
both 28ero. The values of the energy and the entropy of any com- 
poQixi body in any particular state will then be fixed. Its energy 
will be the sum of the work and heat expended in bringing its 
oomponents from the states in which their energies and their entropies 
tte zero into combination and to the state in question; and its 

wtropy is the value of the integral /-^ for any reversible process 

hj which that change is effected {dQ denoting an element of the 
^ communicated to the matter thus treated, and t the temperature 
xf Uie matter receiving it). In the determination both of the energy 
nd of the entropy, it is understood that at the close of the process, 
D bodies which have been used, other than those to which the deter- 
linations relate, have been restored to their original state, with the 
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exception of the sources of the work and heat expended, which 
be used only as such sources. 

We know, however, a priori, that if the quantity of any 1 
geneous mass containing n independently variable components ^ 
and not its nature or state, the quantities e, ti, v, m^, m^...m 
all vary in the same proportion ; therefore it is sufficient if we 
from experiment the relation between all but any one of 
quantities for a given constant value of that one. Or, we 
consider that we have to learn from experiment the relation 
sisting between the n+2 ratios of the n+3 quantities e, 9, v, m 

...m«. To fix our ideas we may take for these ratios -» -» --^ 

etc, that is, the separate densities of the components, and the 1 

- and -» which may be called the densities of energy and snt 

But when there is but one component, it may be more convenie 

choose — . — » — as the three variables. In any case, it is only a 

tion of n+\ independent variables, of which the form is I 
determined by experiment. 

Now if £ is a known function of i;, t', 7i\y nii^.,.7a^ a 
equation (12) 

d€ = td^—pdv + /li ^^1 + A4^^ • • • + /^n^^n* 

^ Pf /^v f^v'l^n ^^ functions of the same variables, which 
be derived from the original function by differentiation, and 
therefore be considered as known functions. This will mcike 
independent known relations between the 2n+b variables, €, 
in^, m2,...m„, t, /), fi^, /jL^,...fi^, These are all that exist 
of these variables, 71+ 2 are evidently independent. Now 
these relations depend a very large class of the properties o 
compound considered, — we may say in general, all its the 
mechanical, and chemical properties, so far as active tendendt 
concerned, in cases in which the form of the mass does not re 
consideration. A single equation from which all these relatione 
be deduced we will call a fundamental eqv/xtion for the substai 
question. We shall hereafter consider a more general form o 
fundamental equation for solids, in which the pressure at any 
is not supposed to be the same in all directiona But for n 
subject only to isotropic stresses an equation between €, 17, t 
m^y^m^ is a fundamental equation. There are other equf 
which possess this same property.* 



«M. MMsieu {Gomptea Rendwt, T. Ixix, 1869, p. 858 and p. 1057) has shown 1 
the properties of a flaid ** which arc considered in thermodynamics" may be d 
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Let \lr^€^tfi, (87) 

then by differentiation and comparision with (86) we obtain 

dyft^^tldt'^pdv+fi^dmi+/i2d7n^...+fi^dm^. (88) 

If, then, \ft is known as a function of t, v, m^, m,, ...m^, we can 

find 9, p, f/L^, jA^.., fi^ in terms of the same variables. If we then 

aobstitate for yj/^ in our original equation its value taken from eq. (87), 

we shall have again n+3 independent relations between the same 

. Sn+5 variables as before. 

Let X=«+l>v, (89) 

then by (86), 

dx^tdfi+v dp+ n^dm^+ IA^dmi^...+ fi^dm^. (90) 

K, then, x be known as a function of ^, p, m^, m,, ... m^, we can find 
^^>h* fh^'" f^n ^ terms of the same variables. By eliminating x, 
we may obtain again n+3 independent relations between the same 
2n+5 variables as at first 

Let ^^e^tfi+pv, (91) 

then, by (86), 

d^='^ridt+vdp'\-ti^d7ri^+/i^dm^...+fi^dm^. (92) 

If, then, f is known as a function of t, p, m^, TUg, ...m^, we can 
^ 9> t;, ^Uj, /i^ ... fi^ in terms of the same variables. By eliminating 
{^we may obtain again 7i+3 independent relations between the same 
Sn+5 variables as at first. 

If we integrate (86), supposing the quantity of the compound 
nbstanoe considered to vary from zero to any finite value, its nature 
ttd state remaining unchanged, we obtain 

e=tri ^pv + fi^mi + fi^m^ . . . + fi^m^, (93) 

ttdby(87),(89),(91) 

V^= -jfw+/iimi+/i2^j...+/K„m„, (94) 

X= <J7+A«i'^+W^^2— +/*n^n» (96) 

f=^l^ + /*f'^«--+^n^n- (96) 

^ last three equations may also be obtained directly by integrating 
I, and (92). 



^'^ » iiDgle f onotion, which he calls a characteriatic function of the fluid considered. 
^tUpapen cited, he introduces two different functions of this kind, vis., a function 
^ the tsmperatore and volume, which he denotes by ^, the value of which in our 

**itioo would be —7—' or —r- » and a function of the temperature and pressure, 
•to he denotes by ^, the value of which in our notation would be ^ — — or ~ . 

'^ Wth eases he considers a constant quantity (one kilogram) of the fluid, which is 
"fttdsd as invariable in composition. 
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If we differentiate (93) in the most general manner, and eoi 
the result with (86X we obtain , ^. >^ 

'^vdp+ridt+m^d/jL^+m^dfi^...+m^d/A^^O, 
or cip»5de+^d/Ki+^(i/ij...+^-J«A«^. 

Hence, there is a relation between the n+2 quantities t, p, j 
-"/^ which, if known, will enable us to find in terms of 
quantities all the ratios of the n+2 quantities ti, v, m^, th^. 
With (93), this will make n+3 independent relations betweei 
same 2n+5 variables as at first 

Any equation, therefore, between the quantities 

or 

or 

or 

or e, p, )Ui, /ij,... /I,,, 

is a fundamental equation, and any such is entirely equivalent t< 
other.* For any homogeneous mass whatever, considered (in gei 
as variable in composition, in quantity, and in thermodynamic 
and having n independenUy variable components, to which the 
script numerals refer (but not excluding the case in which n=^'. 
the composition of the body is invariable), there is a relation bet 
the quantities enumerated in any one of the above sets, from whi 
known, with the aid only of general principles and relations, we 
deduce all the relations subsisting for such a mass betweer 

quantities e, ^, x» f> ^> ^y ^'4' ^2» ••• '"^n* ^» P> l^v f^v- t^nr ^^ ^ 
observed that, besides the equations which define \/r, ;(, and ^, th 
one finite equation, (93), which subsists between these quaii 
independently of the form of the fundamental equation. 

'V'The diatinotion between equations which are, and which are not, /undamer 
the tense in which the word is here used, may be illustrated by comparing an eq 
between e, % v, m^, m,, ...m^ 

with one between e, ^, r, m^ m^, ... m„. 

A., by (86). t=(|)^ 

the second equation may evidently be derived from the first. ^ But the first e<] 
cannot be derived from the second ; for an equation between 

is equivalent to one between (^j , e, t*, tn^, nij* ... m^ 

which is evidently not sufficient to determine the value of ri in terms of the 
variables. 
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Oilier sets of qnantitiw nigikt of eon» be ftUed wfcxli 
tk nine property. Tbe aeiB ilOOX (iOlK llA2i «e 
anoant of the impoctaitt prapeitieB of ifae mirmiiw ^, x. 4^ «Hi 
biCMise the eqaatioiis (88X iMK iSSi;. lOat tS6t a&cd convenkitt 

dflfiniticms of the potentifch, viz^ 



^ where the sabscripi kaeis doiole the qiwnritiw» vhich 
eoDstant in the diflferentiatkxi, m being written for brevity for aD the 
letters 114, 9yi^...m. except the one oeeoning in the denominator. 
It will be observed that the qoanlities in ^103) are all independent 
Hi Uie quantity of the mass fionriderpd, and are thoae vhich moBt, in 
general, have the same value in eontignooB maa p cp in eqmfibriom. 

On the quantities yft, x> ^• 

The quantity ^ has been defined Ux any homogeneous man by the 
eqnition 

^=€-fti. (105) 

We may extend this definition to any material system whatever 
^vlueh has a uniform temperature throa^Kmt. 

If we ocnnpare two states of the system of the same temperatnre, 
vehave 

yf/^yf/'^e'^€'^t{n'-ny (106) 

tf we suppose the system brought from the first to the second of 
tteee states without change of temperature and by a reversible 
procees in which W is the work done and Q the beat received by 
tfce system, then 

e'^^'^W-Q, (107) 

«nd t(fl'-^) = Q^ (108) 

fleoce V^'-V^"=»r; (109) 

ttd for an infinitely small reversible change in the state of the 
9Btem, in which the temperature remains constant, we may write 

-dV^=dTr. (110) 

Therefore, — 'i/r is the force function of the system for constant 
emperature, just as — e is the force function for constant entropy. 
liat is, if we consider ^ as a function of the temperature and the 
ariables which express the distribution of the matter iu space, for 
rery different value of the temperature — ^ is the different force 
mction required by the system if maintained at that special 
imperature. 
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From this we may conclude that when a q^rtem has a 
temperature throughout, the additional oonditioiu which 
and sufficient for equilibrium may be exprened by 

(<J^)i^O» (111 

When it is not possible to bring the system from one to the olhi 
of the states to which yf/ and >(/' relate by a reversible proeM 
without altering the temperature, it will be observed thai it ii « 
necessary for the validity of (107H109) that the temperatnrs of th 
system should remain constant during the reversiUe process to wliid 
W and Q relate, provided that the only source of heat or eoM on 
has the same temperature as the system in its initial or final Mifti 
Any external bodies may be used in the process in any way so 
affecting the condition of reversibility, if restored to their origiai 
condition at the close of the process ; nor does the limitatioo in refui 
to the use of heat apply to such heat as may be restored to tb 
source from which it has been taken. 

It may be interesting to show directly the equivalenee of tk 
conditions (III) and (2) when applied to a system of which tk 
temperature in the given state is uniform throughout 

If there are any variations in the state of sudi a system which k 
not satisfy (2), then for these variations 

^€<0 and iri^Q. 

If the temperature of the system in its varied state is not 
we may evidently increase its entropy without altering its 
by supposing heat to pass from the warmer to the cooler parta kd 
the state Iiaving the greatest entropy for the energy €+& wfl 
necessarily be a state of uniform temperature. For this Hili 
(regarded as a variation from the original state) 

Se<0 and Sii>Q, 
Hence, as we may diminish botii the energy and the entropjr ti; 



* This g«n«nJ oooditioo ol eqniUMimi might be ated insUttd ol (2) in wmdk 
of eqailibrinin m w« have ooooidered and othera which we thAll ooiMJiiir 
with evident Adraatage in reepeot to the brevity of the fonna]«» m the 
eipreMed by the rabecript t in (111) appliee to every part of the ay 
separately, and diminiahee by one the nomber of independent varlatiooa In the rttf 
of theee parte which we have to conaider. The more cnnbereooie eonne «dopiei i 
tbla paper haa been choeen, among other reaaona, for the eake of dedncuif atf lA 
particalar conditiona of eqoilibrinm from one general condition, and of harng lA 
((uantitiee mentioned in thia general condition each aa are moat genafmUy need m 
moet tifflply defined : and becaoac in the longer formnl* aa given, tbe reaiJif vi 
easily tee in each oaae the form which they wonM take if we ahonld aJo|H illlH 
the gvneral condition of e«|uilibrium, which wonld be in effect to take t^ xhrnm 
condition of oqniUbrinm for graateil, and to seek only the remaining ooadithwa Pi 
example, in the problem treated on pagea 63 ff , we would obtain from (UM by (t 
a condition precisely like <I5), except that the terms rdV, f 1^", etc, wonld ba \ 
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cooUng the qrstem, there most be a state of uniform temperature 
lor wbkh (regarded as a variation of the original state) 

Se<0 and Sfi=0. 

From this we may conclude that for sjnstems of initially uniform 
temperature condition (2) will not be altered if we limit the variations 
toiodi as do not disturb the uniformity of temperature. 

Oxifining our attention, then, to states of uniform temperature, we 
have by differentiation of (105) 

Se-^tSfi^Sylf+fiSL (112) 

Now there are evidently changes in the system (produced by heating 
or cooling) for which 

Se-^tSfi^O and therefore Sylr+fiSt^O, (113) 

ndther 8ti nor St having the value zero. This consideration is 
soffident to show that the condition (2) is equivalent to 

<j6-<<Jjy>0, (114) 

iod that the condition (111) is equivalent to 

S\lr+flStS:0, (116) 

ud by (112) the two last conditions are equivalent. 

In such cases as we have considered on pages 62-82, in which 
the form and position of the masses of which the system is composed 
tre immaterial, uniformity of temperature and pressure are always 
neoeeBary for equilibrium, and the remaining conditions, when these 
M« satisfied, may be conveniently expressed by means of the 
function f, which has been defined for a homogeneous mass on 
I»ge 87, and which we will here define for any mass of uniform 
temperature and pressure by the same equation 

^=€^tfj+pv. (116) 

For such a mass, the condition of (internal) equilibrium is 

iSO..P^O. (117) 

Th*t this condition is equivalent to (2) will easily appear from con- 
siderations like those used in respect to (111). 

Hence, it is necessary for the equilibrium of two contiguous masHcs 
^tical in composition that the values of ^ as determined for equal 
<|Q«ntities of the two masses should be equal. Or, when one of three 
contiguous masses can be formed out of the other two, it is necessary 
for equilibrium that the value of f for any quantity of the first mass 
^uld be equal to the sum of the values of f for such quantities of 
^e second and third masses as together contain the same matter. 
ITms, for the equilibrium of a solution composed of a parts of water 
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and b parts of a salt which is in contact with vapor of water and 
crystals of the salt, it is necessary that the value of ^ for the quantity 
a+b oi the solution should be equal to the sum of the values of ^ for 
the quantities a of the vapor and 6 of the salt Similar propositions 
will hold true in more complicated cases. The reader will easily 
deduce these conditions from the particular conditions of equilibrium 
given on page 74 

In like manner we may extend the definition of x to any mass or 
combination of masses in which the pressure is everywhere the same, 
using 6 for the energy and v for the volume of the whole and setting 
as before 

X=e+iw. (118) 

If we denote by Q the heat received by the combined masses frcnn 
external sources in any process in which the pressure is not varied, 
and distinguish the initial and final states of the system by accents 
ive have 

x-x=^"-^+p(v"-»')=Q- (119) 

This function may therefore be called the heat function for constant 
preeaure (just as the energy might be called the heat function for 
constant volume), the diminution of the function representing in all 
cases in which the pressure is not varied the heat given out by the 
system. In all cases of chemical action in which no heat is allowed 
to escape the value of x remains unchanged. 

Potentifds. 

In the definition of the potentials /x^, //j, etc., the energy of a 
homogeneous mass was considered as a function of its entropy, its 
volume, and the quantities of the various substances composing it^ 
Then the potential for one of these substances was defined as the 
differential coefficient of the energy taken with respect to the variable 
expressing the quantity of that substance. Now, as the manner in 
which we consider the given mass as composed of various substances 
is in some degree arbitrary, so that the energy may be considered as 
a function of various different sets of variables expressing quantities 
of component substances, it might seem that the above definition does 
not fix the value of the potential of any substance in the given mass, 
until we have fixed the manner in which the mass is to be considered 
as composed. For example, if we have a solution obtained by dis- 
solving in water a certain salt containing water of crj^tallisation, 
we may consider the liquid as composed of m^ weight-units of the 
hydrate and m^ of water, or as composed of m, of the anhydrous 
salt and m^, of water. It will be observed that the values of m^ and 
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m, are nofc the same, nor those of m^ and m^, and hence it might 
seem ihat the potential for water in the given liquid considered as 
composed of the hydrate and water, viz., 

ironld be different from the potential for water in the same liquid 
considered as composed of anhydrous salt and water, viz., 

The value of the two expressions is, however, the same, for, although 
m^ is not equal to m^ we may of course suppose drniw^ he equal to 
dm^ and then the numerators in the two fractions will also be equal, 
II they each denote the increase of energy of the liquid, when the 
quantity dm^ or d/m^ of water is added without altering the entropy 
and volume of the liquid. Precisely the same considerations will 
apply to any other case. 

In fact, we may give a definition of a potential which shall not pre- 
luppose any choice of a particular set of substances as the components 
of the homogeneous mass considered. 

Definition. — If to any homogeneous mass we suppose an infini- 
tesimal quantity of any substance to be added, the mass remaining 
homogeneous and its entropy and volimie remaining unchanged, the 
increase of the energy of the mass divided by the quantity of the 
lobstance added is the potential for that substance in the mass con- 
lidered. (For the purposes of this definition, any chemical element or 
combination of elements in given proportions may be considered a 
lobstance, whether capable or not of existing by itself as a homo- 
geneous body.) 

In the above definition we may evidently substitute for entropy, 
volnme, and energy, respectively, either temperature, volume, and 
the f auction ^ ; or entropy, pressure, and the function x 5 ^^ te*^" 
peratare, pressure, and the function ^. (Compare equation (104).) 

In the same homogeneous mass, therefore, we may distinguish the 
potentials for an indefinite number of substances, each of which has a 
perfectly determined value. 

Between the potentials for different substances in the same homo- 
reneous mass the same equations will subsist as between the units 
f these substancea That is, if the substances, 5^, S5, etc., S^ flf„ etc., 
re components of any given homogeneous mass, and are such that 

a®a+i8®ft+etc.=ic@ +X©,+etc., (120) 

^m» @»> ®txx, @j^ ©;, etc., denoting the units of the several substances, 
nd a, fi, etc., k, \, etc., denoting numbers, then if /u«, /if,, etc, /Aj^, /Ai, 
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etc., denote the potentials for these substances in the homogeneoas 
mass, 

afia + ^fib + etc. = ic/ijb + X/i, + etc. (121) 

To show this, we will suppose the mass considered to be very large. 
Then, the first member of (121) denotes the increase of the energy of 
the mass produced by the addition of the matter represented by the 
first member of (120), and the second member of (121) denotes the 
increase of energy of the same mass produced by the addition of 
the matter represented by the second member of (120), the entropy 
and volume of the mass remaining in each case unchanged. Therefore, 
as the two members of (120) represent the same matter in kind and 
quantity, the two members of (121) must be equal. 

But it must be understood that equation (120) is intended to 
denote equivalence of the substances represented in the maas con- 
sidered, and not merely chemical identity; in other words, it is 
supposed that there are no passive resistances to change in the mass 
considered which prevent the substances represented by one member 
of (120) from passing into those represented by the other. ¥<x 
example, in respect to a mixture of vapor of water and free hydrogen 
and oxygen (at ordinary temperatures), we may not write 

9©^,= l©,r+8®o, 

but water is to be treated as an independent substance, and no 
necessary relation will subsist between the potential for water and 
the potentials for hydrogen and oxygen. 

The reader will observe that the relations expressed by equati(Hi8 
(43) and (51) (which are essentially relations between the potentials 
for actual components in different parts of a mass in a state of 
equilibrium) are simply those which by (121) would necessarily 
subsist between the same potentials in any homogeneous mass con- 
taining as variable components all the substances to which tiie 
potentials relate. 

In the case of a body of invariable composition, the potential for 
the single component is equal to the value of ^ for one unit of the 
body, as appears from the equation 

^^fim, (122) 

to which (96) reduces in this case. Therefore, when n = l, the funda- 
mental equation between the quantities in the set (102) (see page 88) 
and that between the quantities in (103) may be derived either from 
the other by simple substitution. But, with this single exception, an 
equation between the quantities in one of the sets (99)-(103) cannot 
be derived from the equation between the quantities in another of 
these sets without differentiation. 
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AIbo in the case of a body of variable composition, when all the 
4]nantities of the components except one vanish, the potential for 
that one will be equal to the value of ^ for one unit of the body. 
We may make this occur for any given composition of the body by 
choosing as one of the components the matter constituting the body 
itself, so that the value of ^ for one unit of a body may always be 
conffldered as a potential. Hence the relations between the values 
of ^ for contiguous masses given on page 91 may be regarded as 
jnelations between potentials. 

The two following propositions afford definitions of a potential 
-which may sometimes be convenient. 

The potential for any substance in any homogeneous mass is equal 

to the amount of mechanical work required to bring a unit of the 

sabstanoe by a reversible process from the state in which its energy 

and entropy are both zero into combination with the homogeneous 

mass, whidi at the close of the process must have its original volume, 

and which is supposed so large as not to be sensibly altered in any 

part All other bodies used in the process must by its close be 

restored to their original state, except those used to supply the 

work, which must be used only as the source of the work. For, in 

a reversible process, when the entropies of other bodies are not 

altered, the entropy of the substance and mass taken together will 

not be altered. But the original entropy of the substance is zero ; 

therefore the entropy of the mass is not altered by the addition of 

the substance. Again, the work expended will be equal to the 

increment of the energy of the mass and substance taken together, 

and therefore equal, as the original energy of the substance is zero, 

to the increment of energy of the mass due to the addition of the 

substance, which by the definition on page 93 is equal to the potential 

in question. 

The potential for any substance in any homogeneous mass is equal 
to the work required to bring a unit of the substance by a reversible 
process from a state in which ^ = and the temperature is the same 
tt that of the given mass into combination with this mass, which at 
the close of the process must have the same volume and temperature 
^ at first, and which is supposed so large as not to be sensibly 
altered in any part A source of heat or cold of the temperature 
^i the given mass is allowed, with this exception other bodies are 
to be used only on the same conditions as before. This may be 
shown by applying equation (109) to the mass and substance taken 
together. 

The last proposition enables us to see very easily how the value 
of the potential is affected by the arbitrary constants involved in 
the definition of the energy and the entropy of each elementary 
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subrtance. For we may imagine the mihitaiiee brougfat iron the iMi 
in which ^«0 and the temperature is the aame as tliat of Uit|pw 
mans, first to any specified state of the same temperatoret and Ika 
into combination with the given mass. In the first part of III 
process the work expended is evidently represented by the vahi d 
yff for the unit of the substance in the state specified. Lrt thii It 
denoted by yf/, and let fi denote the potential in question, and 7tb 
work expended in bringing a unit of the substance from the qMiM j 
state into combination with the given mass as aforesaid ; then i 

/i-^'+lT. (IB) 

Now as the state of the substance for which caO and f «0 ii 
arbitrary, we may simultaneously increase the energies of the ail 
of the substance in all possible states by any constant C, ftod tb 
entropies of the substance in all possible states by any f^mstsnt £ 
The value of yfr, or €—^17, for any state would then be inersssed If 
C^iK, t denoting the temperature of the state. Applying thk U 
yfr' in (123) and obser\'ing that the last term in this equatioa ■ 
independent of the values of these constants, wc see that the [MitintM 
would be increased by the same quantity C-^tK, t being the In- 
perature of the mass in which the potential is to be determined. 

On (Joexistent Phases of Hattor. 

In considering the difi*erent homogeneous bodies which can hi 
fonned out of any set of component substances, it will be coovaoifll 
to have a term which shall refer solely to the composition and tkr 
modynamic state of any such body without regard to its quantitj 9 
fonn. We may call such bodies as differ in composition or iM 
different phuftea of the matter considered, regarding all bodies 
ditfer only in quantity and form as different examples of the 
phase. Phases which can exist together, the dividing surfaces fanf 
plane, in an equilibrium which does not depend upon passive nsMlr 
ancoH to change, we shall call atex intent 

If a homog(>noouH bcxly has n indei)endently variable eompoofOH 
the phasi* of the iNxly is evidently capable of n + \ indepemkil 
variationH. A syNU*iii of r coexistent phases, each of which has tkt 
same n in<h*i)entl«;iitly variable (components is capable of n+S— f 
variations of pliam*. For the temperature, the pressure, and iki 
]Kit4*ntialH for tho actual components have the same values in tW 
ditfen'iit phiUM^H. and tho variations of these i|uantiticA are by (97) 
sii1)ji>ct to as many ronditions as there are different phases. llMr^ 
fon\ the numUT of in<lq><Mi<lent variations in the values of Umm 
quantiti(*H, i.e., the nuinl)er of inciopendent variations of phase of the 
syst4*m, will be n + 2 — r. 
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Or, when the r bodies considered have not the same independently 
variable components, if we still denote by n the number of inde- 
pendeotly variable components of the r bodies taken as a whole, the 
nmnber of independent variations of phase of which the system is 
capable will still be 7i+2— r. In this case, it will be necessary to 
consider the potentials for more than n component substances. Let 
the number of these potentials be n+A-. We shall have by (97), as 
before, r relations between the variations of the temperature, of the 
pressure, and of these n+h potentials, and we shall also have by (43) 
and (51) h relations between these potentials, of the same form as the 
relationa which subsist between the units of the different component 
sabstances. 

Hence, if r='»i+2, no variation in the phases (remaining coex- 
istent) is possible. It does not seem probable that r can ever exceed 
n+i An example of n = l and r=3 is seen in the coexistent solid, 
Hquid, and gaseous forms of any substance of invariable composition. 
It seems not improbable that in the case of sulphur and some other 
simple substances there is more than one triad of coexistent phases ; 
but it is entirely improbable that there are four coexistent phases of 
any simple substance. An example of n = 2 and r=4 is seen in a 
solution of a salt in water in contact with vapor of water and two 
different kinds of crystals of the salt. 

Concerning n + \ Coexistent Phases, 

We will now seek the differential equation which expresses the 
relation between the variations of the temperature and the pressure in 
* system of 71 + 1 coexistent phases {n denoting, as before, the number 
of independently variable components in the system taken as a whole). 

In this case we have n+1 equations of the general form of (97) 
(one for each of the coexistent phases), in which we may distinguish 
the quantities jy, t;, m^, mg, etc., relating to the different phases by 
accents. But t and p will each have the same value throughout, and 
the same is true of /x^, fi^ etc., so far as efiwsh of these occurs in the 
different equations. If the total number of these potentials is n+h, 
there will be h independent relations between them, corresponding to 
^e h independent relations between the units of the component 
substances to which the potentials relate, by means of which we 
Dttay eliminate the variations of h of the potentials from the equations 
of the form of (97) in which they occur. 

Ut one of these equations be 

'i/d/p = ffdt + TTiadfia + m^ dfif, + etc., (124) 

^ by the proposed elimination let it become 

'i/dp^fi'dt+A^'dfjii+A^dfji^... +And^. (125) 

O.I. G 
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It will be obRcrved that /i«, for example, in (124) denotes the poCn 
in the mam considered for a subetance 5« which may or maj 
he identical with any of the substances S^, S^ etc. to whidi 
potentials in (125) relate. Now as the equations between 
potentials by ineanH of which the elimination is performed mre ao 
to those which subsist between the units of the correspoiiding i 
stances (compare equations (88), (43), and (51 )X if we denote tl 
units by ®«, ®6, etc., ©j, ©,, etc., we must also have 

But the first memlx^r of this equation denotes (in kind and qoaal 
thu matter in the body to which equations (124) and (125) nl 
As the same must be true of the second member, we may regaid i 
same body as composed of the quantity A^* of the subetanee 5|, i 
the (|uantity A^' of the substance S,, etc We will therefcm 
accordance with our general usage, write 774', m^\ etc, for A{, 
etc, in (125), which will then become 

vdp = fi'dt + m^'dfi^ -h ni^'dfi^ . . . +^nn'dfi^ {\ 

But we must remember that the components to which the m,'. 
etc, of this equation relate are not necessarily independently varii 
as are the components to which the similar expressions in (97) 
(124) relate. The rest of the n + l equations may be redoeed I 
similar form, viz., 

v"dp = jy"ttt + m/'d/ii + m^"dfi^ . . . + m^"d/i^ (I 

etc 

By elimination of dfi^, dfi^,.., d/i^ from these equations we ob 



dt 



In this e(|uation we may make r . t'", etc, equal to unity. T 
m/, Tiu, in{\ etc., will denote the separate densities of the compon 
in the ditTen^nt phafu\<«. and 9i\ i{\ etc. the densities of entropy. 
When 11 = 1, 

(m"i;'- mV )*//) = (m'V — »'*V')<"» \ 

or. if we make m ^\ and m** =^ 1, we have the usual formula 

in which Q denotes the heat alisorbe^l by a unit of the substaD 
liasMing from one stati* U^ the other without rhange of temperata 
pn-Shure. 
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ConcemtTig Gases in which the Nwrnber of Coexistent Phases is 
less than n+\. 

When n>\^ if the quantities of all the components 8^, S^,.,.8n 
are proportional in two coexistent phases, the two equations of the 
form of (127) and (128) relating to these phases will be sufficient 
for the elimination of the variations of all the potentials. In fact, 
the condition of the coexistence of the two phases together with the 
condition of the equality of the n — \ ratios of m^, m^\ ... rrin' with 
the w— 1 ratios of m^", m^", ... m„" is sufficient to determine p as el 
function of t if the fundamental equation is known for each of the 
[^ases. The differential equation in this case may oe expressed in 
tiie form of (130), m' and in'' denoting either the quantities of any 
. one of the components or the total quantities of matter in the bodies 
to which they relate. Equation (131) will also hold true in this case 
if the total quantity of matter in each of the bodies is unity. But 
this case differs from the preceding in that the matter which absorbs 
the heat Q in passing from one state to another, and to which the 
other letters in the formula relate, although the same in quantity, 
is not in general the same in kind at different temperatures and 
preesurea Tet the case will often occur that one of the phases is 
essentially invariable in composition, especially when it is a crystalline 
body, and in this case the matter to which the letters in (131) relate 
will not vary with the temperature and pressure. 

When n = 2, two coexistent phases are capable, when the tem- 
perature is constant, of a single variation in phase. But as (130) 
will hold true in this case when ifn^\m^::m^':7n^\ it follows that 
^or constant temperature the pressure is in general a maximum or 
& minimum when the composition of the two phases is identical. 
fc like manner, the temperature of the two coexistent phases is in 
general a maximum or a minimum, for constant pressure, when the 
^^mposition of the two phases is identical. Hence, the series of 
simultaneous values of t and p for which the composition of two 
<^xi8tent phases is identical separates those simultaneous values of 
^ and p for which no coexistent phases are possible from those for 
which there are two pair of coexistent phases. This may be applied 
^ a liquid having two independently variable components in con- 
flection with the vapor which it yields, or in connection with any 
solid which may be formed in it. 

When 71 = 3, we have for three coexistent phases three equations 
of the form of (127), from which we may obtain the following. 
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d^ (132) 
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Now the value of the last of these determinants will be zero, wh 
the composition of one of the three phases is such as can be produc 
by combining the other two. Hence, the pressure of three coexiste 
phases will in general be a maximum or minimum for constant tei 
perature, and the temperature a maximum or minimum for consta 
pressure, when the above condition in regard to the composition 
the coexistent phases is satisfied. The series of simultaneous vali 
of t and p for which the condition is satisfied separates those simi 
taneous values of t and p for which three coexistent phases £ 
not possible, from those for which there are two triads of coexiste 
phases. These propositions may be extended to higher values of 
and illustrated by the boiling temperatures and pressures of saturat 
solutions of '^^ — 2 different solids in solvents having two independent 
variable components. 

Internal Stability of Homogeneous Fluids as indicated by 
Fundamental Equations. 

We will now consider the stability of a fluid enclosed in a rig 
envelop which is non-conducting to heat and impermeable to all tl 
components of the fluid. The fluid is supposed initially homogeneoi 
in the sense in which we have before used the word, Le., imiform 
every respect throughout its whole extent. Let fifj, Sg, . . . Sn be tl 
ultimate components of the fluid ; we may then consider every boc 
which can be formed out of the fluid to be composed of S^, fifj, ...£ 
and that in only one way. Let 7Mi, m^, . . . mn denote the quantities 
these substances in any such body, and let e, ly, v, denote its energ 
entropy, and volume. The fundamental equation for compounds - 
Sj, Sg, . . . Sn, if completely determined, will give us all possible sets • 
simultaneous values of these variables for homogeneous bodies. 

Now, if it is possible to assign such values to the constants T, j 
Jlf 1, jJfg, . . . jJfn that the value of the expression 

e-^Tfj+Pv—My^n^^M^m^.. —Mnmn (13 

shall be zero for the given fluid, and shall be positive for every oth 
phase of the same components, i.e., for every homogeneous bodj 
not identical in nature and state with the given fluid (but compos 
entirely of S^, fifj, . . . Sn), the condition of the given fluid will 1 
stable. 

For, in any condition whatever of the given mass, whether or n 
homogeneous, or fluid, if the value of the expression (133) is n 



* A vacaum is throaghout this discassion to be regarded as a limiting case of 
extremely rariticd bo<ly. We may thus avoid the necessity of the specitic mention 
a vacuum in propositions of this kind. 
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negative for any homogeneous part of the mass, its value for the 
whole mass cannot be negative ; and if its value cannot be zero for 
any homogeneous part which is not identical in phase with the mass 
in its given condition, its value cannot be zero for the whole except 
when the whole is in the given condition. Therefore, in the case 
sapposed, the value of this expression for any other than the given 
condition of the mass is positive. (That this conclusion cannot be 
invalidated by the fact that it is not entirely correct to regard a 
composite mass as made up of homogeneous parts having the same 
properties in respect to energy, entropy, etc., as if they were parts 
of larger homogeneous masses, will easily appear from considerations 
similar to those adduced on pages 77-78.) If, then, the value of 
the expression (133) for the mass considered is less when it is in the 
given condition than when it is in any other, the energy of the mass 
in its given condition must be less than in any other condition in 
which it has the same entropy and volume. The given condition is 
therefore stable. (See page 57.) 

Again, if it is possible to assign such values to the constants in 
(133) that the value of the expression shall be zero for the given 
fluid mass, and shaU not be negative for any phase of the same 
components, the given condition will be evidently not unstable. (See 
p>ge 57.) It will be stable unless it is possible for the given matter 
in the given volume and with the given entropy to consist of homo- 
geneous parts for all of which the value of the expression (133) is 
Kio, but which are not all identical in phase with the mass in its 
given condition. (A mass consisting of such parts would be in 
^uilibrium, as we have already seen on pages 78, 79.) In this 
case, if we disregard the quantities connected with the surfaces 
which divide the homogeneous parts, we must regard the given 
condition as one of neutral equilibrium. But in regard to these 
homogeneous parts, which we may evidently consider to be all 
Cerent phases, the following conditions must be satisfied. (The 
^^cc^ts distinguish the letters referring to the different parts, and 
the unaccented letters refer to the whole mass.) 

^'+^"+etc. = i7, 
m/+mi"+etc.=mi, \ (134) 

^2' + ^2" + ®^- = ''^2' 

etc. 

^'ow the values of rj, v, m^, mg, etc., are determined by the whole 
fluid mass in its given state, and the values of %y\, etc., —ry —h-, 
^» -7-, -"?-, etc, etc, are determined by the phases of the various 
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parta But the phaHeH of these parts are evidently dctemiiMd ty 
the phase of the fluid as given. Tliey form, in fact, the whole Ki •/ 
coexiHtent phase's of which the latU^r ih one. Hence, we may Rgwd 
(134) as N-f-2 linear equations lx»tween v\ v\ etc (The valiM» of 
v\ v\ etc., are also suhject to the condition tliat none of them can be 
ncj^ative.) Now one solution of these e^juations mast give vn tk 
l^iven condition of the fluid ; and it is not to Ix; exjiected that tkj 
will l>e capable of any other Holution, unless the number of diffmal 
homogeneous parts, that is, the nunil)er of difTerent coexistent phaM 
is greater than 71 + 2. We have already seen (page 97) that it ii 
not pmbable that this is ever the case. 

We may, however, remark that in a certain sense an infinitely \uft 
fluid mass will be in neutral equilibrium in regard to the fomuUaui 
of the substances, if nucIi there are, other than the given fluid, for 
which the value of (133) is zero (when the constants are so deltf- 
inined that the value of the expression is zero for the given fluid 
and not negative for any sulwtance) ; for the tendency of flodi a 
formation to be reabsorbed will diminish indefinitely as the nM 
out of which it is formed increases. 

When the substances 5|, S^,...Sn are all independently variahh 
components of the given mass, it is evident from (86) that the coa* 
ditions that the value of (1%)) shall be zero for the maas as prm 
and shall not be negative for any phase of the same compoocfllf 
can only be fulfilled when the constants T, P, if|, M^ ... if » are cqia 
to the temperature, the pressure, and the several potentials in tb 
given mass. If we give these values to the constants, the expranioi 
(13.*)) will necessarily have the value zero for the given maas. and v 
shall only have to inquire whether its value is jxjsitive for all dOm 
phases. But when 5|, &',,...«$» arc not all independently variabi 
components of the given mass, the vahu-s which it will be neecanr^ 
to give to the constants in (l^iS) cannot l)e determined entirely fmi 
the pro|>erties of the given mass; but Tand P must be ea{Ual to il 
temp<*rature and pn^ssure, and it will U* easy to obtain as nua; 
e<]uations conm^»ting J/,, 3/j,...iV„ with thr |K)tentials in the giv«i 
mass as it contains inde|>endently variable conqtoncnts. 

Wht*n it is not possible to assign such values to the ctmstantA ii 
(13.S) that the value of the rxpression shall Ik? Zfn> for the given flniJ 
and either zen> or jMMitive for any pluisi* of the same compoDeflitf 
wi? have aln^ady wen (jwigi's 75- 7JM that if equilibrium siulaa* 
without {Missivi* n*sistunc('s t<» change, it must U* in virtue tif pw 
|M*rti<*s which an' jH-t-uliar t4) sinall niass4*s sumiundi*«i by iiiasM 
of ditr(*n*nt natun*. and which sn* nut indiratt**! by funtiaiuenU 
c*4 1 nations. In this case, the fluid will ni*ee.Hsarily lie unstable, if v 
I'Xtend this term to embraci* all cases in which an initial disturlianc 
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eonfined to a small part of an indefinitely large fluid mass will cause 
ID ultimate change of state not indefinitely small in degree throughout 
the whole masa In the discussion of stability as indicated by funda- 
mental equations it wiU be convenient to use the term in this sense.* 

In determining for any given positive values of T and P and any 
given values whatever of Jf^, M^ ... M^ whether the expression (133) 
iB capable of a negative value for any phase of the components 
5j,iS,,...iS^, and if not, whether it is capable of the value zero for 
my other phase than that of which the stability is in question, it 
iB only necessary to consider phases having the temperature T and 
preesare P. For we may assume that a mass of matter represented 
bjr any values of m^, m^,..7a^ is capable of at least one state of 
iK)i nnstable equilibrium (which may or may not be a homogeneous 
itate) at this temperature and pressure. It may easily be shown 
that for such a state the value of e—Ttj+Pv must be as small as 
for any other state of the same matter. The same will therefore be 
true of the value of (133). Therefore if this expression is capable of 
a negative value for any mass whatever, it will have a negative value 
for Uiat mass at the temperature T and pressure P. And if this mass 
is not homogeneous, the value of (133) must be negative for at least 
one of its homogeneous parts. So also, if the expression (133) is not 
«^ble of a negative value for any phase of the components, any 
phase for which it has the value zero must have the temperature T 
«d the pressure P. 



*If we wish to know the stability of the g^ven fluid when exposed to a constant tem- 

PVAtve, or to a constant pressure, or to both, we have only to suppose that there is 

ci^eloied in the same envelop with the given fluid another body (which cannot combine 

^Ui the fluid) of which the fundamental equation is e= 7^7, or e= - f*r, or €= Trj - Pr, 

M the csae may be ( T and P denoting the constant temperature and pressure, which 

^ oovne must be those of the given fluid), and to apply the criteria of page 57 to 

^ whole system. When it is possible to assign such values to the constants in 

(133) that the value of the expression shall be zero for the given fluid and positive 

'or every other phase of the same components, the value of (133) for the whole system 

^ be less when the system is in its given condition than when it is in any other. 

(ChAQges of form and position of the given fluid are of course regarded as immaterial. ) 

^'^ the fluid is stable. When it is not possible to assign such values to the con- 

'^ta that the value of (133) shall be zero for the, given fluid and zero or positive for 

^y other phase, the fluid is of course unstable. In the remaining case, when it is 

P^'hle to assign such values to the constants that the value of (133) shall be zero 

'^ the given fluid and zero or positive for every other phase, but not without the 

^oe zero for some other phase, the state of equilibrium of the fluid as stable or 

'^^tial will be determined by the possibility of satisfying, for any other than the 

P'^en condition of the fluid, equations like (134), in which, however, the first or the 

^Boood or both are to be stricken out, according as we are considering the stability 

o! the fluid for constant temperature, or for constant pressure, or for both. The 

oofflber of coexistent phases will sometimes exceed by one or two the number of the 

mnaining equations, and then the equilibrium of the fluid will be neutral in respect 

o one or two independent changes. 
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It may easily be shown that the same must be true in tlie limhiai 
cases in which 7=0 and P=0. For negative values of P. (lS3)ii 
always capable of negative values, as its value for a vacuum is Pw, 

For any Ixxiy of the temperature T and pressure P, the expwios 
(133) may by (91 ) be reduced to the form 

f - M^vi^ - M^m^ ... - M^m^. (ISS) 

We have aln?a<ly seen (page 77) that an expression like i ISk 
when r, P, Jfp M^,...M^ and v have any given finite xwlfm, 
cannot have an infinite negative value as applied to any real faodj. 
Hence, in determining whether (133) is capable of a negative vtin 
for any pliase of the components 8^, S^,... S^, and if not, whether it ii 
capable of the value zero for any other phase than that of whieb tb 
stability is in ({uestion, we have only to consider the least value of 
which it is capable for a constant value of v. Any body giving ikii 
value must satisfy the condition that for constant volume 

cU-Tdpi^M^dm^^M^dvi^,..-M^dm^^O. USD 

or, if we substitute the value of (2e taken from equation (86X mag 
subscript a...g for the quantities relating to the actual conipaimli 
of the body, and subscript /i ... ^ for those relating to the possible, 

td$i+fi^dm^...+fi,dmg+fi^dmi,.,.+fi^dni^ 

-T dii- M^dm^- M^dm^ ...- M^dm^^O. {VO) 

That is, the temperature of the body must be equal to 7*, and tk 
potentials of its components must satisfy the same conditions ■■ if k 
were in contact and in equilibrium with a body having poCcntiili 
Ml, Mf,...M^. Therefore the same relations must subsist betwws 
/!«... /ly, and Mx-"M^ as between the units of the correspoodiif 
substances, so that 

m./i....+7n^/Li,=?w,Jf, ...+?ij,Af,; ll38> 

and as we have by (93) 

the expression (1%)) will reduce (for the Ixxiy or bodies for whicbil 
has the least value per unit of volume) to 

(P-P)t\ o*o> 

the value of which will be pisitive. null, or negative, according ss tk' 
value of 

P-/> (l«» 

is p<iHitivr. null, or n«»g»livr. 

HiMitM', th«* conclitions in rt*;^iird to the Ktability of a fluid of whkk 
all th«* ultimate* com|Hini'iits an* indt*|x»n<lontly variable a«lniit a vnj 
simpUr rxpn*»Nion. If thi* pn*.s.iure ni the fluid is greater than tksi 
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of any other phase of the same components which has the same 
temperature and the same values of the potentials for its actual 
components, the fluid is stable without coexistent phases; if its 
pressure is not as great as that of some other such phase, it will 
be unstable ; if its pressure is as great as that of any other such 
phase, but not greater than that of every other, the fluid will 
certainly not be unstable, and in all probability it will be stable 
{whbn enclosed in a rigid envelop which is impermeable to heat 
and to all kinds of matter), but it will be one of a set of coexistent 
(biases of which the others are the phases which have the same 



The considerations of the last two pages, by which the tests relating 
to the stability of a fluid are simplified, apply to such bodies as 
actually exist. But if we should form arbitrarily any equation as a 
fondamental equation, and ask whether a fluid of which the pro- 
perties were given by that equation would be stable, the tests of 
stability last given would be insufficient, as some of our assumptions 
might not be fulfilled by the equation. The test, however, as first 
given (pages 100-102) would in all cases be sufficient. 

Stability in respect to Continuous Changes of Phase. 

h considering the changes which may take place in any mass, we 

^ve already had occasion to distinguish between infinitesimal changes 

in existing phases, and the formation of entirely new phases. A 

plase of a fluid may be stable in regard to the former kind of change, 

*B(1 unstable in regard to the latter. In this case it may be capable 

of continued existence in virtue of properties which prevent the com- 

^xjencement of discontinuous changes. But a phase which is unstable 

^ r^ard to continuous changes is evidently incapable of permanent 

^SBtenoe on a large scale except in consequence of passive resistances 

to change. We will now consider the conditions of stability in respect 

to continuous changes of phase, or, as it may also be called, stability 

in respect to adjacent phases. We may use the same general test as 

before, except that the expression (133) is to be applied only to phases 

^hich differ infinitely little from the phase of which the stability is 

^ question. In this case the component substances to be considered 

^ be limited to the independently variable components of the fluid, 

*nd the constants Jf^, M^, etc., must have the values of the potentials 

for these components in the given fluid. The constants in (133) are 

thus entirely determined and the value of the expression for the 

given phase is necessarily zero. If for any infinitely small variation 

of the phase the value of (133) can become negative, the fluid will 

^ unstable ; but if for every infinitely small variation of the phase 

the value of (133) becomes positive, the fluid will be stable. The only 
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remaining case, in which the phase can be varied wiUiont altering the 
valne of (133; can hardly be expected to occur. The phase concerned 
would in such a case have coexistent adjacent phasea It will be 
sufficient to discuss the condition of stability (in respect to continuous 
changes) without coexistent adjacent phases. 

This condition, which for brevity's sake we will caU the condition 
of stability, may be written in the form 

€''-^i?"+p''/'-Aii' V... -<m," > 0, (142) 

in which the quantities relating to the phase of which the stability is 
in question are distinguished by single accents, and those relating 
to the other phase by double accent& This condition is by (93) 
equivalent to 

-c'+f), -pV+;i,m/ ... +/!>/ > 0, (143) 

and to 

+rV-p'V'+/u/'mi" ... +/f.'X" > 0- (1**) 

The condition (143) may be expressed more briefly in the form 

A6>tA)7— pAr+ziiAmj... +/i^Am^ (145) 

if we use the character A to signify that the condition, althongb 
relating to infinitesimal differences, is not to be interpreted in accord- 
ance with the usual convention in respect to differential equations 
with neglect of infinitesimals of higher orders than the first, but is 
to be interpreted strictly, like an equation between finite differences. 
In fact, when a condition like (145) (interpreted strictly) is satisfied 
for infinitesimal differences, it must be possible to assign limits within 
which it shall hold true of finite differences. But it is to be remem- 
bered that the condition is not to be applied to any arbitrary values 
of Aj;, Av, Am^, ...Am^, but only to such as are determined by » 
change of phase. (If only the quantity of the body which determines 
the value of the variables should vary and not its phase, the value of 
the first member of (145) would evidently be zero,) We may free 
ourselves from this limitation by making v constant, which will cause 
the term —pAv to disappear. If we then divide by the constant t^f 
the condition will become 

A^ >tAt+^^A'^ ... +M„A^, (146) 

in which form it will not be necessary to regard v as constant Ab 
we may obtain from (86) 

dl=tdl+^,d^...+^^d'^, (147) 
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that the stability of any phase in regard to continuous changes 
? upon the same conditions in rega/rd to the second and higher 
U<d coefficients of the density of energy regarded as a function 
lenaity of entropy and the densities of the several components^ 
vould Tnake the density of energy a minimum, if the necessary 
yns in regard to the first differential coefficients were fulfilled, 
71=1, it may be more convenient to regard m as constant 
I than V, Regarding m a constant, it appears that the stability 
ase depends upon the same conditions in regard to the second 
fher differential coefficients of the energy of a unit of mass 
d as a function of its entropy and volume, which would make 
rgy a minimum, if the necessary conditions in regard to the 
ferential coefficients were fulfilled. 

formula (144) expresses the condition of stability for the phase 
jh t\ p\ etc., relate. But it is evidently the necessary and 
it condition of the stability of all phases of certain kinds of 
or bf all phases within given limits, that (144) shall hold true 
two infinitesimally differing phases within the same limits, or, 
case may be, in general. For the purpose, therefore, of such 
n determinations of stability, we may neglect the distinction 
D the two states compared, and write the condition in the form 

— j/A^+vAp— 7?iiA/Xi... — m^A/Xn>0, (148) 

Ap > Ja<+^A/Xi ... +^Ay«,. (149) 

ring (98), we see that it is necessary and sufficient for the 
y in regard to continuous changes of all the phases within any 
imits, that within those limits the same conditions should be 
i in respect to the second and higher differential coefficients 
pressure regarded as a function of the temperature and the 
potentials, which would make the pressure a minimum, if 
cessary conditions with respect to the first differential co- 
ts were fulfilled. 

Kjuations (87) and (94), the condition (142) may be brought to 
m 

- ^' - trC ^p'v' + /x>/ . . . + /x/m/ > 0- (150) 

e stability of all phases within any given limits it is necessary 
£cient that within the same limits this condition shall hold 
any two phases which differ infinitely little. This evidently 
s that when v=v'\ m/ = 7n/', ... m^' = m^'\ 

V-^'+(f-^)n">^\ (151) 
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and that when <' = f' 

- ^' -p V + Al/ V • • • + t^n^n > 0. (152) 

These conditions may be written in the form 

[Aylr+fiAtl,^<0, (153) 

[AV^+2? Av-zXiAm, ... -/x^AmJ,>0, (154) 

in which the subscript letters indicate the quantities which are to 
be regarded as constant, m standing for all the quantities 774.. .m^ 
If these conditions hold true within any given limits, (150) will also 
hold true of any two infinitesimally differing phases within the same 
limits. To prove this, we will consider a third phase, determined by 
the equations 

r = tf, (165) 

and v" = t/', mi'" = m,", . . . m„'" = m/. (166> 

Now by (153), V-'"- V-"+(r-r)j;''<0 ; ' (157) 

and by (154), V^'"+pV''-/x/mi'" ... -/x^X'" 

^yf,^ «^V +/x/< ... +/x>^'>0. (168) 

Hence, ^"+r j;"+2?V"-Aii'mi"' ... -/XnX" 

-^' -rV'-pV +/!,'< ... +/*>n'>0, (159) 

which by (155) and (156) is equivalent to (150). Therefore, the 
conditions (153) and (154) in respect to the phases within any given 
limits are necessary and sufficient for the stability of all the pha8» 
within those limits. It will be observed that in (153) we have the 
condition of thermal stability of a body considered as unchang^ 
able in composition and in volume, and in (154), the condition of 
mechanical and chemical stability of the body considered as main- 
tained at a constant temperature. CJomparing equation (88), we see 

that the condition (153) will be satisfied, if j^<0, i.e., ^ -;n<^^h^ 

(the specific heat for constant volume) is positive. When n = l, ie.> 
when the composition of the body is invariable, the condition (154) 
will evidently not be altered, if we regard m as constant, by which 
the condition will be reduced to 

This condition will evidently be satisfied if -t-^>0, i.e., if — ^ 

or —v-r- (the elasticity for constant temperature) is positive. Bat 

when 7i> 1, (154) may be abbreviated more symmetrically by making 
V constant. 
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Again, by (91) and (96), the condition (142) may be brought to 
ihefonn 

Therefore, for the stability of all phases within any given limits it is 
necessary and sufficient that within the same limits 

[A^+flAt^vAp]„,<0, (162) 

and [Af-/XiAmi ... -/XnAmJ,p>0, (163) 

as may easily be proved by the method used with (153) and (154). 
The first of these formulae expresses the thermal and mechanical 
conditions of stability for a body considered as unchangeable in 
composition, and the second the conditions of chemical stability for 
a body considered as maintained at a constant temperature and 
prearare. If ti = l, the second condition falls away, and as in this 
case f =m/x, condition (162) becomes identical with (148). 

The foregoing discussion will serve to illustrate the relation of the 
general condition of stability in regard to continuous changes to 
acme of the principal forms of fundamental equations. It is evident 
that each of the conditions (146), (149), (154), (162), (163) involves 
in general several particular conditions of stability. We will now 
give our attention to the latter. Let 

$ = € - r,; +p'v - fi^'rn^ ... - /x„'m^ (1 64) 

the accented letters referring to one phase and the unaccented to 
another. It is by (142) the necessary and sufficient condition of the 
stability of the first phase that, for constant values of the quantities 
relating to that phase and of v, the value of * shall be a minimum 
when the second phase is identical with the first. Differentiating 
(164), we have by (86) 
di={t--r)dfi^(p-p')dv+{fJi,--fi,')dm,.,. +(/x,-/z/)dm„. (165) 

Therefore, the above condition requires that if we regard v, m^, . . . m^ 
as having the constant values indicated by accenting these letters, 
^ shall be an increasing function of i;, when the variable phase differs 
sofficiently little from the fixed. But as the fixed phase may be any 
one within the limits of stability, t must be an increasing function 
of ^ (within these limits) for any constant values of v, m^, . . . m„. 
This condition may be written 

(^) >0. (166) 

^en this condition is satisfied, the value of *, for any given values 
off, mp ...m„, will be a minimum when t = t\ And therefore, in 
flying the general condition of stability relating to the value of 
ij we need only consider the phases for which t = t\ 
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We see again by (165) that the general condition reqnirei 
if we reganl t, v, ni,, ...m^ as having the constant valnea indi 
by accenting these letters, /i^ shall be an increasing fanctioD < 
when the variable phase differs sufficiently little from the fixed 
as the fixed phase may be any one within the limits of stabili 
must be an increasing function of m^ (within these limits) fa 
constant values of t, v, vi^, .,.w^. That is, 






When this condition is satisfied, as well as (166). ^ will hi 
minimum value, for any constant values of v, m^....m^, when 
and fii = fii; so that in applying the general condition of aU 
we necnl only consider the phases for which t^t' and fi^^fi^. 

In this way we may also obtain the following particular cond 
of stability : 

When the 7i + l conditions (166)-(169) are all satisfied, the 
of #, for any constant value of t^, will be a minimum when the 
perature and the potentiab of the variable phase are equal to 
of the fixed. The pressures will then also be equal and the | 
will be entirely identical. Hence, the general condition of sta 
will be completely satisfied, when the aU)ve particular C(>nditi«H 
satisfied. 

From the manner in which these particular conditions have 
deriveil, it is evident that we may interchange in them 9. m^, 
in any way, provided that we also intercliange in the same 
t, fi^,.,.fi^. In tluH way we may obtain different setM of 
conditions which are necessary and sufficient for stability, 
quantity v might be included in the first of th«'Mt* list^. and - 
the second, except in cases when, in some of the phaw*fi ciinsu« 
the entropy or the (quantity of tjnt* of the components ha^ the 
zero. Then the cundition tliat that quantity shall be constant ' 
create a restriction upon the variations of the pliase. and cam 
substitute4l for the condition that the volume siiall U* c(>n>tJ 
the statement of tht* gi^ncnil condition of stability relative t 
minimum value of 4>. 

To indicate more distinctly all these |>articular conditiims at 
we ol]Her\'e that thr condition (144). and th«*rt*fore also the con 
obtained by interclianging the single and double accents, must 
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true of any two infinitesimally differing phases within the limits of 
fltability. Combining these two conditions we have 

+ W-M«'-0 ..• (/Xn"-)UnO(W-m/)>0, (170) 
which may be written more briefly 

A^Ajy— Ap Av+A/XiAmj ... +A/x„Am^>0. (171) 

This must hold true of any two infinitesimally diflering phases within 
the limits of stability. If, then, we give the value zero to one of 
the differences in every term except one, but not so as to make the 
phases completely identical, the values of the two differences in the 
remaining term will have the same sign, except in the case of Ap 
and Av, which will have opposite signs. (If both states are stable 
tiiis will hold true even on the limits of stability.) Therefore, within 
the limits of stability, either of the two quantities occurring (after the 
sign A) in any term of (171) is an increasing function of the other, — 
except p and v, of which the opposite is true, — when we regard as 
constant one of the quantities occurring in each of the other terms, 
bat not such as to make the phases identical. 

K we write d for A in (166)-(169), we obtain conditions which 
are always sufficient for stability. If we also substitute = for >, we 
obtain conditions which are necessary for stability. Let us consider 
the form which these conditions will take when j;, v, rn^,...m^ are 
r^arded as independent variables. When dv — Oy we shall have 






dt , > 
d/m. 



drriy 
dm,. 



+:jErdm^ 



I«t ns write R^+i for the determinant of the order « + 1 



(172) 



d^€ 
dtf 

d?6 


d^e 
drn^dti " 
d^e 

d^e 


d^e 

dvi^dtj 

dh 


drfdm^ 
d^e 


dm^dnii 
d^e 



(173) 



dtj dm^ dm^dm^ ' ' ' dm^ 

of which the constituents are by (86) the same as the coefficients in 
equations (172), and iJ^, JBn-i, etc., for the minors obtained by erasing 
^ last column and row in the original determinant and in the 
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minors successively obtained, and R^ for the last remaining con- 
stituent. Then if dt, dfi^,.,.diJL^.^, and dv all have the value us% 
we have by (172) 

R,dfi, = R,^,dm^ (174) 

that is, (^^A =%±-\ (175) 

In like manner we obtain 

Vdm^.iA, ^, ^„...^.j, m^ R^^i y (178) 

etc. J 

Therefore, the conditions obtained by writing d for A in (166)-(169) 
ari^ ei|uivaleut to this, that the determinant given above with the n 
nniumn obtained from it as above mentioned and the last remainiog 

iHjnstituout -,-^ shall all be positive. Any phase for which this cod- 

ilitioii is satisfieil will be stable, and no phase will be stable for 
which any of these quantities has a negative value. But the cod* 
iUtioiia (lGt>>-(169) will remain valid, if we interchange in any way 
jy, ifi^. ...11)^ (with corresponding interchange of t, /t^, .../x^). Henee 
Uie onlor in which we erase successive columns with the correspondiDg 
n>w8 in the doterminant is immaterial Therefore none of the minOTB 
of tlie determinant (173) which are formed by erasing corresponding 
rows and columns, and none of the constituents of the principal 
diagonal, can be negative for a stable phase. 

We will now consider the conditions wliich characterize the ImitB 
of uttabilitfi (i.e., the limits which divide stable from unstable phases) 
with respect to continuous changes,* Here, e\ndently, one of the 
conditions (166)-(169) must cease to hold true. Therefore, one of 
the differential coefficients formed by changing A into d in the first 
members of these conditions must have the value zero. (That it is 
the numerator and not the denominator in the differential coefficient 
which vanishes at the limit appears from the consideration that the 
denominator is in each ease the differential of a quantity which U 
uiHHv^sarily capable of progressive variation, so long at least as th€ 
pha^^ is oa^vable of variation at all under the conditions expressed 
by the subscript letters.^ The same will hold true of the set oJ 
differential iwfficient^s obtained from these by interchanging in anjf 
way if, m^ ... m^, and simultaneously interchanging t )U|, ... /u^ in the 
skuue way. But we may obtain a more detiniie result than this. 

^'Iht^ hutiu \^ «Uh4ht>' >ikiih nwi^ivi Uv dmvntinaoiu chA&g» are formed by phiMi 
>Ahich Aiv iXMMMWkut >irilh olh^r |»hA«M. Scmu* cf ihe pcv^pertie* of sach pliaaeB liat< 
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18 give to 9 or <, to nij or /i^, ...to m„_j or fi^-v uid to v, 
stant values indicated by these letters when accented. Then 

•) 

d*=(/'»-/««')dm,. (177) 

mately, the differential coefficient being interpreted in accord- 
th the above assignment of constant values to certain variables, 
value being determined for the phase to which the accented 
refer. Therefore, 

'^^={^)'('^n'm:)dm^ (179) 

*=i(|£^)'(m„-"^T. (180) 

antities neglected in the last equation are evidently of the 
rder as {m^—m^y. Now this value of * will of course be 
t (the differential coefficient having a different meaning) 
og as we have made 17 or ^ constant, and according as we have 
\ or /X| constant, etc. ; but since, within the limits of stability, 
le of $, for any constant values of m^ and v, will be the least 
, p, /Xj, .../x„-i have the values indicated by accenting these 
the value of the differential coefficient will be at least as small 
Ne give these variables these constant values, as when we 
tny other of the suppositions mentioned above in regard to 
entities remaining constant. And in all these relations we 
terchange in any way rj, m^, . . . rrin if we interchange in the 
ay f , /Zp . . . /x^. It follows that, within the limits of stability, 
e choose for any one of the differential coefficients 

ntities following the sign d in the numerators of the others 
r with V as those which are to remain constant in differen- 

the value of the differential coefficient as thus determined 

at least as small as when one or more of the constants in 
tiation are taken from the denominators, one being still taken 
ch fraction, and v as before being constant. 

we have seen that none of these differential coefficients, as 
ned in any of these ways, can have a negative value within 
t of stability, and that some of them must have the value zero 

limit. Therefore in virtue of the relations just established, 
east of these differential coefficients determined by considering 
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constant the quantities occurring in the numerators of the oth»i 
together with v, will have the value zero. But if one such has the 
value zero, all such will in general have the same value. For if 

for example, has the value zero, we may change the density of Uu 
component S^ without altering (if we disregard infinitesimals ol 
higher orders than the first) the temperature or the potentials, anc 
therefore, by (98), without altering the pressure. That is, we maj 
change the phase without altering any of the quantities t, Py fiiy-h 
(In other words, the phases adjacent to the limits of stability exhifaii 
approximately the relations characteristic of neutral equilil»iam.| 
Now this change of phase, which changes the density of one ol 
the components, will in general change the density of the othen 
and the density of entropy. Therefore, all the other differentia 
coefficients formed after the analogy of (182), ie., formed from flu 
fractions in (181) by taking as constants for each the quantities ii 
the numerators of the others together with v, will in general have 
the value zero at the limit of stability. And the relation whid 
characterizes the limit of stability may be expressed, in general, hf 
setting any one of these differential coefficients equal to zero. Sncb 
an equation, when the fundamental equation is known, may be 
reduced to the form of an equation between the independent variaUefl 
of the fundamental equation. 

Again, as the determinant (173) is equal to the product of the 
differential coefficients obtained by writing d for A in the first 
members of (166>-(169), the equation of the limit of stability maybe 
expressed by setting this determinant equal to zero. The form d 
the differential equation as thus expressed will not be altered by the 
interchange of the expressions j;, m^,...mn, but it will be altered 
by the substitution of t; for any one of these expressions, which will 
be allowable whenever the quantity for which it is substituted hac 
not the value zero in any of the phases to which the formula is to 
be applied. 

The condition formed by setting the expression (182) equal tc 
zero is evidently equivalent to this, that 



that is, that 






(•.=.1 
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or by (98), if we regard t, /jL^,,.,/jLn as the independent variables, 

In like manner we may obtain 

Any one of these equations, (185), (186), may be regarded, in general, 
as ihe equation of the limit of stability. We may be certain that 
at every phase at that limit one at least of these equations will 
hdd true. 

Cteometrical Illastrations. 

Su,rface8 in which the Composition of the Body represented is 

Constant 

In the second paper of this volume (pp. 33-54) a method is 
described of representing the thermodynamic properties of substances 
of mvariable composition by means of surfaces. The volume, entropy, 
and energy of a constant quantity of a substance are represented 
by rectangular co-ordinatea This method corresponds to the first 
Und of fundamental equation described on pages 85-89. Any 
oUier kind of fundamental equation for a substance of invariable 
composition will suggest an analogous geometrical method. Thus, 
if we make m constant, the variables in any one of the sets (99)-(103) 
are reduced to three, which may be represented by rectangular 
«H)r(iinatea This will, however, afford but four different methods, 
for, as has already (page 94) been observed, the two last sets are 
wsentially equivalent when 7i = l. 

The first of the above mentioned methods has certain advantages, 
specially for the purposes of theoretical discussion, but it may 
often be more advantageous to select a method in which the proper- 
ties represented by two of the co-ordinates shall be such as best serve 
to identify and describe the different states of the substance. This 
condition is satisfied by temperature and pressure as well, perhaps, 
« by any other properties. We may represent these by two of 
the co-ordinates and the potential by the third. (See page 88.) 
It will not be overlooked that there is the closest analogy between 
these three quantities in respect to their parts in the general 
^cory of equilibrium. (A similar analogy exists between volume, 
^^py, and energy.) If we give m the constant value unity, 
^ third co-ordinate will also represent f, which then becomes equal 
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Comparing the two methods, we observe that in one 



v=x, ri=y, 6=0, 


(181) 


dz . dz . dz dz 

and in the other 

t = x, p = y, iii = ^=z, 


(188) 
(189) 


dz dz dz dz 


(190) 



Now J- and -r- are evidently determined by the inclination of the 

tangent plane, and z-'^X'-~r-y is the segment which it cuts off 

on the axis of Z, The two methods, therefore, have this recipiOGil 
relation, that the quantities represented in one by the position of 
a point in a surface are represented in the other by the poaitko 
of a tangent plane. 

The surfaces defined by equations (187) and (189) may be d* 
tinguished as the v-rj-e surface, and the t-p-^ surface, of the substaoee 
to which they relate. 

In the t-p'^ surface a line in which one part of the surface call 
another represents a series of pairs of coexistent states. A pcant 
through which pass three different parts of the surface represents h 
triad of coexistent states. Through such a point will evidently i»» 
the three lines formed by the intersection of these sheets taken two 
by two. The perpendicular projection of these lines upon the p^ 
plane will give the curves which have recently been discussed by 
Professor J. Thomson.* These curves divide the space about tto 
projection of the triple point into six parts which may be dis- 
tinguished as follows: Let ^^^\ ^^\ ^^^ denote the three ordinates 
determined for the same values of p and t by the three sheets passing 
through the triple point, tfien in one of the six spa-ces 

f(r)<f<L)<^5)^ (191) 

in the next space, separated from the former by the line for which • 

^ir)^^S)^^L)^ (192) 

in the third space, separated from the last by the line for which 

^5)^^(n<^L)^ (198) 

in the fourth ^^^ < ^^> < ^^'^, (194) 

in the fifth f<^) < ^""^ < f<»^. (195) 

in the sixth ^"<^> < ^^'-^ < ^^^^. (196) 

*See the Reports of the BritUh Aasociatum for 1871 and 1872; and PkUoaophkd 
Magazinf^ vol. xlvii. (1874), p. 447. 
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The sheet which gives the least values of ^ is in each case that which 
represents the stable states of the substance. From this it is evident 
that in passing around the projection of the triple point we pass 
through lines representing alternately coexistent stable and coexistent 
unstable state& But the states represented by the intermediate 
^ues of ^ may be called stable relati/vdy to the states represented 
by the highest. The differences ^^^^^^\ etc. represent the amount 
of work obtained in bringing the substance by a reversible process 
from one to the other of the states to which these quantities relate, 
in a medium having the temperature and pressure common to the 
two states. To illustrate such a process, we may suppose a plane 
perpendicular to the axis of temperature to pass through the points 
representing the two states. This will in general cut the double line 
lomed by the two sheets to which the symbols (L) and (7) refer. 
The intersections of the plane with the two sheets will connect the 
double point thus determined with the points representing the initial 
aod final states of the process, and thus form a reversible pcUh for the 
body between those states. 

The geometrical relations which indicate the stability of any state 
niay be easily obtained by applying the principles stated on pp. 100 tL 
to the case in which there is but a single component. The expression 
\ as a test of stability will reduce to 



€^r^+p'v^/jL'm, (197) 

the accented letters referring to the state of which the stability is in 
question, and the unaccented letters to any other state. If we consider 
the quantity of matter in each state to be unity, this expression may 
be reduced by equations (91) and (96) to the form 

^-^+{t-nfl-(p-p>> (198) 

which evidently denotes the distance of the point (t\ p\ ^) below the 
tangent plane for the point {t, p, ^), measured parallel to the axis of ^. 
Hence if the tangent plane for every other state passes above the 
pomt representing any given state, the latter will be stable. If any 
of the tangent planes pass below the point representing the given 
state, that state will be unstable. Yet it is not always necessary to 
consider these tangent planes. For, as has been observed on page 103, 
we may assume that (in the case of any real substance) there will 
be at least one not unstable state for any given temperature and 
pressure, except when the latter is negative. Therefore the state 
represented by a point in the surface on the positive side of the 
)Jane p = will be unstable only when there is a point in the surfa<» 
or which t and p have the same values and f a less value. It follows 
rom what has been stated, that where the surface is doubly convex 
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upwards (in the direction in which f is measured) the states repre- 
sented will be stable in respect to adjacent states. This also appears 
directly from (162). But where the surface is concave upwards in 
either of its principal curvatures the states represented will be un- 
stable in respect to adjacent states. 

When the number of component substances is greater than unity, 
it is not possible to represent the fundamental equation by a single 
surface. We have therefore to consider how it may be represented 
by an infinite number of surfaces. A natural extension of either of 
the methods already described will give us a series of surfaces in 
which every one is the v-rj-e surface, or every one the t-p-^ surface for 
a body of constant composition, the proportion of the components 
varying as we paas from one surface to another. But for a simul- 
taneous view of the properties which are exhibited by compounds of 
two or three components without change of temperature or pressure, 
we may more advantageously make one or both of the quantities 
t OT p constant in each surface. 



Sv/rfaces and Curves in which the Com/position of the Body repre 
aented is Variable and its Tempera^ture and Pressure af 
Constant 

When there are three components, the position of a point in tifc 
X-Y plane may indicate the composition of a body most simpl; 
perhaps, as follows. The body is supposed to be composed of tl 
quantities m^, m^, m^ of the substances S^, S,, S^, the value < 
mi+mg+mg being unity. Let Pj, Pj, Pg be any three points in tl 
plane, which are not in the same straight line. If we suppose maam 
equal to m^, m^, mg to be placed at these three points, the center i 
gravity of these masses will determine a point which will indicai 
the value of these quantities. If the triangle is equiangular and hi 
the height unity, the distances of the point from the three sides wi 
be equal numerically to m^, m^ m^ Now if for every possible phai 
of the components, of a given temperature and pressure, we lay o 
from the point in the X-Y plane which represents the compositic 
of the phase a distance measured parallel to the axis of Z and repn 
senting the value of f (when w^+m^+m^^l), the points thi 
determined will form a surface, which may be designated us tl 
mi-m^-Trig-f surface of the substances considered, or simply as the 
m-^ surface, for the given temperature and pressure. In like manne 
when there are but two component substances, we may obtain 
curve, which we will suppose in the X-Z plane. The coordinate 
may then represent temperature or pressure. But we will Um 
ourselves to the consideration of the properties of the m-^ sor&i 
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forn=3, or the m-f curve for n = 2, regarded as a surface, or curve, 
which varies with the temperature and pressure. 
As by (96) and (92) 

and (for constant temperature and pressure) 

if we imagine a tangent plane for the point to which these letters 
relate, and denote by ^ the ordinate for any point in the plane, and 
by mj', m^\ m,', the distances of the foot of this ordinate from the 
three sides of the triangle PiPgPs) we may easily obtain 

^'--fi^m{+n^m^+fi^m^, (199) 

which we may regard as the equation of the tangent plane. Therefore 
the ordinates for this plane at P^, V^ and P, are equal respectively 
to the potentials fi^, /i^ /I3. And in general, the ordinate for any point 
in the tangent plane is equal to the potential (in the phase represented 
hy the point of contact) for a substance of which the composition is 
indicated by the position of the ordinate. (See page 93.) Among 
the bodies which may be formed of S^, S^, and 8^ there may be some 
which are incapable of variation in composition, or which are capable 
only of a single kind of variation. These will be represented by 
single points and curves in vertical planes. Of the tangent plane to 
<Kie of these curves only a single line will be fixed, which will deter- 
niine a series of potentials of which only two will be independent. 
The phase represented by a separate point will determine only a 
single potential, viz., the potential for the substance of the body itself, 
which will be equal to f . 

The points representing a set of coexistent phases have in general 
a common tangent plane. But when one of these points is situated 
on the edge where a sheet of the surface terminates, it is sufficient if 
the plane is tangent to the edge and passes below the surface. Or, 
when the point is at the end of a separate line belonging to the 
sorface, or at an angle in the edge of a sheet, it is sufficient if the 
plane pass through the point and below the line or sheet. If no part 
of the surface lies below the tangent plane, the points where it meets 
^e plane will represent a stable (or at least not unstable) set of 
Existent phasea 

The surface which we have considered represents the relation 
^ween f and m^, m^ m, for homogeneous bodies when t and p 
have any constant values and w^+mj+mjsl. It will often be 
^fnl to consider the surface which represents the relation between 
the same variables for bodies which consist of parts in different but 
coexistent phases. We may suppose that these are stable, at least in 
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regard to adjacent phases, as otherwise the case would be devoid of 
mteresi The point which represents the state of the oompoaito 
body will evidently be at the center of gravity of masses equal to 
the parts of the body placed at the points representing the phases 
of these parta Hence from the surface representing the propertiei 
of homogeneous bodies, which may be called the primitive surface, we 
may easily construct the surface representing the properties of bodia 
which are in equilibrium but not homogeneoua This may be called 
the secondary or derived surface. It will consist, in general, of varioos 
portions or sheets. The sheets which represent a combination of two 
phases may be formed by rolling a double tangent plane upon the 
primitive surface ; the part of the envelop of its successive positioiie 
which lies between the curves traced by the points of contact will 
belong to the derived surface. When the primitive surface has a 
triple tangent plane or one of higher order, the triangle in the tangent 
plane formed by joining the points of contact, or the smallest polygon 
without re-entrant angles which includes all the points of contact^ will 
belong to the derived surface, and will represent masses consisting in 
general of three or more phasea 

Of the whole thermodynamic surface as thus constructed for any 
temperature and any positive pressure, that part is especially im- 
portant which gives the least value of ^ for any given values of 
m^, m^ m^ The state of a mass represented by a point in this part 
of the surface is one in which no dissipation of energy would be 
possible if the mass were enclosed in a rigid envelop impermeable 
both to matter and to heat; and the state of any mass composed 
of /Sj, 8^, 8^ in any proportions, in which the dissipation of energy 
has been completed, so far as internal processes are concerned {it^ 
under the limitations imposed by such an envelop as above supposed), 
would be represented by a point in the part which we are considering 
of the m-f surface for the temperature and pressure of the mass. We 
may therefore briefly distinguish this part of the surface as the su/rfcM 
of dissipated energy. It is evident that it forms a continuous sheei» 
the projection of which upon the X-F plane coincides with the triangle 
PjPjPj, (except when the pressure for which the m-f surface is 
constructed is negative, in which case there is no surface of dissipated 
energy), that it nowhere has any convexity upward, and that the 
states which it represents are in no case imstable. 

The general properties of the m-f lines for two component 
substances are so similar as not to require separate consideration. 
We now proceed to illustrate the use of both the surfaces and the 
lines by the discussion of several particular cases. 

Three coexistent phases of two component substances may be 
represented by the points A, B, and C, in figure I, in which f is 



EQUILIBRIUM OF HETEROGENEOUS SUBSTANCES. 



121 



neasored toward the top of the page from P^P^, m^ toward the left 
Erom PsQs* a^d m, toward the right from P^Q^. It is supposed 
that PiPj=l. Portions of the curves to which these points belong 
tre seen in the figure, and will be denoted by the symbols (A), (B), 
[C)l We may, for convenience, speak of these as separate curves, 
without implying anything in regard to their possible continuity in 
parts of the diagram remote from their common tangent AC. The 
line of cUsaipcUed energy includes the straight line AC and portions 
of the primitive curves (A) and (C). Let us first consider how the 
diagram will be altered, if the temperature is varied while the 
pressure remains constant. If the temperature receives the incre- 
ment dt, an ordinate of which the position is fixed will receive 



the increment 



U/,., 



dt, or—i]dt. (The reader will easily convince 



Q. 




Q» 



b 
Fig. 1. 



Pf 



himself that this is true of the ordinates for the secondary line AC, 
as well as of the ordinates for the 
primitive curves.) Now if we denote 
by i( the entropy of the phase repre- 
sented by the point B considered as 
belonging to the curve (B), and by i]" 
the entropy of the composite state of 
the same matter represented by the 
point B considered as belonging to 
the tangent to the curves (A) and (C), 
Ki-'i') will denote the heat yielded by a unit of matter in passing 
bom the first to the second of these states. If this quantity is 
positive, an elevation of temperature will evidently cause a part of 
the curve (B) to protrude below the tangent to (A) and (C), which 
will no longer form a part of the line of dissipated energy. This 
line will then include portions of the three curves (A), (B), and (C), 
tod of the tangents to (A) and (B) and to (B) and (C). On the 
other hand, a lowering of the temperature will cause the curve (B) 
to lie entirely above the tangent to (A) and (C), so that all the 
phases of the sort represented by (B) will be unstable. If Ujf^-ff) 
is negative, these effects will be produced by the opposite changes 
of temperature. 

The effect of a change of pressure while the temperature remains 
constant may be found in a manner entirely analogous. The varia- 
tion of any ordinate will be (;7^) dp or vdp. Therefore, if the 

^(*P^t, m 

volume of the homogeneous phase represented by the point B is 
greater than the volume of the same matter divided between the 
phases represented by A and C, an increase of pressure will give a 
diagram indicating that all phases of the sort represented by curve 
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(B) are unstable, and a decrease of pressure will give a diagram 
indicating two stable pairs of coexistent phases, in each of whid 
one of the phases is of the sort represented by the curve (B). What 
the relation of the volumes is the reverse of that supposed, thew 
results will be produced by the opposite changes of pressure. 

When we have four coexistent phases of three component sub 
stances, there are two cases which must be distinguished. In tb 
first, one of the points of contact of the primitive surface with tb 
quadruple tangent plane lies within the triangle formed by joininj 
the other three; in the second, the four points may be joined a 
as to form a quadrilateral without re-entrant angle& Figure ! 
represents the projection upon the X-T plane (in which m^.m^m 
are measured) of a part of the surface of dissipated energy, whei 
one of the points of contact D falls within the triangle formed bj 
the other three A, B, C. This surface includes the triangle ABC 
in the quadruple tangent plane, portions of the three sheets of th 
primitive surface which touch the triangle at its vertices, EAF, GBH 
ICK, and portions of the three developable surfaces formed by 4 
tangent plane rolling upon each pair of these sheeta These develop 
able surfaces are represented in the figure by ruled surfaces, the line 
indicating the direction of their rectilinear elementa A point withb 
the triangle ABC represents a mass of which the matter is dividec 
in general, between three or four different phases, in a manner no 
entirely determined by the position of a point. (The quantities o 
matter in these phases are such that if placed at the correepondini 
points. A, B, C, D, their center of gravity would be at the poia 
representing the total mass.) Such a mass, if exposed to constan 
temperature and pressure, would be in neutral equilibrium. J 
point in the developable surfaces represents a mass of which thi 
matter is divided between two coexisting phases, which are repre- 
sented by the extremities of the line in the figure passing throogl 
that point. A point in the primitive surface represents of course i 
homogeneous masa 

To determine the effect of a change of temperature without chang< 
of pressure upon the general features of the surface of dissipates 
energy, we must know whether heat is absorbed or yielded by \ 
mass in passing from the phase represented by the point D in t& 
primitive awrface to the composite state consisting of the phases i 
B, and C which is represented by the same point If the first is th 
case, an increase of temperature will cause the sheet (D) (Le., th 
sheet of the primitive surface to which the point D belongs) t 
separate from the plane tangent to the three other sheets, so as to b 
situated entirely above it, and a decrease of temperature, will caufi 
a part of the sheet (D) to protrude through the plane tangent t 
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Uie other sheets. These effects will be produced by the opposite 
ehanges of temperature, when heat is yielded by a mass passing 
bom the homogeneous to the composite state above mentioned. 

In like manner, to determine the effect of a variation of pressure 
witiiout change of temperature, we must know whether the volume 
for the homogeneous phase represented by D is greater or less than 
the volume of the same matter divided between the phases A, B, and 
C. If the homogeneous phase has the greater volume, an increase of 
prefisnre will cause the sheet (D) to separate from the plane tangent to 
the other sheets, and a diminution of pressure will cause a part of the 
aheet (D) to protrude below that tangent plane. And these effects 
will be produced by the opposite changes of pressure, if the homo- 
geneous phase has the less volume. All this appears from precisely 





Fig. 2. Fig. 3. 

the same considerations which were used in the analogous case for 
two component substances. 

Now when the sheet (D) rises above the plane tangent to the other 
sheets, the general features of the surface of dissipated energy are 
»ot altered, except by the disappearance of the point D. But when 
the sheet (D) protrudes below the plane tangent to the other sheets, 
Uie surface of dissipated energy will take the form indicated in figure 3. 
It will include portions of the four sheets of the primitive surface, 
portions of the six developable surfaces formed by a double tangent 
pUne rolling upon these sheets taken two by two, and portions of 
three triple tangent planes for these sheets taken by threes, the sheet 
(D) being always one of the three. 

fiat when the points of contact with the quadruple tangent plane 
which represent the four coexistent phases can be joined so as to 
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form a quadrilateral ABCD (fig. 4) without re-entrant an{^ tb 
Rurface of dissipat^^l t^ncrgy will include thih plane quadrilalcnL 
portionH of the four .slieetH of the primitive Hurface which ai 
to ii, and portions of the four developable Hurfac«*H formed by 
tanji^ent plancB rollin;; upon the four pairH of thene HheeU vbid 
comwpHid to the four Hides of the quadrilateral. To det^nnine tki 
^'Ueral vifvvi of a variation of temperature u{N>n the Hurfaee of d» 
silMiKni eii**r^y. let u» consider the comptjHite Htates represented bj tki 
point I at the intentection of the diat^onalfl of th«* quadrilateral 
thene Htates (which all relate to the same kind and quantity of 
there is one which is composed of the phanes A and C. and 
which is compoHcil of the phases B and I). Now if the eutrcfijrf 
the first of those states is greater than that of the second (Le. if 
heat is given out by a body in passing from the tinA to the 





Wfi. nt-ft. 



state at constant temperature and pressure), which we may i 
without loss of generality, an elevation of temperature while lilt 
pressure remains constant will cause the triple tangent plaiM* lo 
(B). (I)), and (A), and to (B), (1>). and (C>. to rise above tfe 
triple Ungent planes to (A). (C). and (B), and Ut (A). (Ci. aid 
(I)), in the vicinity of the point I. Tlie surface of diMptlii 
energy will therL^fore take the form indicatini in figure 5. in 
there are two plane triangles and five developable surfaces 
pr)rtions of the four primitive sheets. A diminution of tempefttw 
will give a diffi*reiit but entirely analogous form to the surfaot flf 
diHHi|Hit4Hl en«*rgy. The (juadrilateral ABCI> will in this case bwik 
into two triangli's along the diameter HI). Tlie efTects prodoeed bf 
variation of tht* pn*.ssun» while the temperature remains constant viD 
of cours«» U* siiuiliir to thtwe d«\scriliod. By considering tlie ditlmact 
of volume iiist4*a4l of the difTereiiCi* of eiitn>py of the two sUli* 
n*pn-s«'nt4*<l by the point I in the quiulnipl<' tangent plane, we mftf 
diHtinguish U*tw«^*n th«* erFfcts of incn^ast* and diminution of p n i wmm 
It should lie obHerve<l that the points of r«mtact of Uie quadrupk 
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tangent plane with the primitive surface may be at isolated points or 
eorves belonging to the latter. So also, in the case of two component 
substances, the points of contact of the triple tangent line may be at 
isolated points belonging to the primitive curve. Such cases need 
not be separately treated, as the necessary modifications in the pre- 
ceding statements, when applied to such cases, are quite evident. 
And in the remaining discussion of this geometrical method, it will 
generally be left to the re€Mler to make the necessary limitations or 
modifications in analogous cases. 

The necessary condition in regard to simultaneous variations of 
temperature and pressure, in order that four coexistent phases of 
tliree components, or three coexistent phases of two components, shall 
remain possible, has already been deduced by purely analytical pro- 
ceaaea (See equation (129).) 

We will next consider the case of two coexistent phases of identi- 
cal composition, and first, when the number of components is two. 
The coexistent phases, if each is variable in composition, will be 
iqjresented by the point of contact of two curves. One of the curves 
will in general lie above the other except at the point of contact ; 
therefore, when the temperature and pressure remain constant, one 
phase cannot be varied in composition without becoming unstable, 
▼hfle the other phase will be stable if the proportion of either 
component is increased. By varying the temperature or pressure, we 
Dwy cause the upper curve to protrude below the other, or to rise 
(relatively) entirely above it. (By comparing the volumes or the 
entropies of the two coexistent phases, we may easily determine 
which result would be produced by an increase of temperature or 
of pressure.) Hence, the temperatures and pressures for which two 
coexistent phases have the same composition form the limit to the 
temperatures and pressures for which such coexistent phases are 
possible. It will be observed that as we pass 
this limit of temperature and pressure, the pair 
of coexistent phases does not simply become 
^JDstable, like pairs and triads of coexistent 
phases which we have considered before, but 
*tere ceases to be any such pair of coexistent 
phases. The same result has already been p. 

obtained analytically on page 99. But on 
^ side of the limit on which the coexistent phases are possible, 
tJ^cre will be two pairs of coexistent phases for the same values 
of t and p, as seen in figure 6. If the curve AA' represents vapor, 
*nd the curve BB' liquid, a liquid (represented by) B may exist 
ui contact with a vapor A, and (at the same temperature and 
pressure) a liquid B' in contact with a vapor A'. If we compare 
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these phases in respect to their composition, we see that in one cat 
the vapor is richer than the liquid in a certain component, and in it 
other case poorer. Therefore, if these liquids are made to boil, tl 
effect on their composition will be opposite. If the boiling is coi 
tinned under constant pressure, the temperature will rise as the liquii 
approach each other in composition, and the curve 6B' will ri 
relatively to the curve AA', until the curves are tangent to each othe 
when the two liquids become identical in nature, as also the vapo: 
which they yield. In composition, and in the value of ^ per unit < 
mass, the vapor will then agree with the liquid. But if the can 
BE' (which has the greater curvature) represents vapor, and AJ 
represents liquid, the effect of boiling will make the liquids A ao 
A' differ more in composition. In this case, the relations indicate 
in the figure will hold for a temperature higher than that for whic 
(with the same pressure) the curves are tangent to one another. 

When two coexistent phases of three component substances hav 
the same composition, they are represented by the point of contact c 
two sheets of the primitive surface. If these sheets do not intersw 
at the point of contact, the ca>se is very similar to that which we hav 
just considered. The upper sheet except at the point of contac 
represents unstable phases. If the temperature or pressure are & 
varied that a part of the upper sheet protrudes through the lowe 
the points of contact of a double tangent plane rolling upon tt 
two sheets will describe a closed curve on ea^ch, and the surfan 
of dissipated energy will include a portion of each sheet of tl 
primitive surface united by a ring-shaped developable surface. 

If the sheet having the greater curvatures represents liquid, ai 
the other sheet vapor, the boiling temperature for any given pressa 
will be a maximum, and the pressure of saturated vapor for ai 
given temperature will be a minimum, when the coexistent liqu 
and vapor have the same composition. 

But if the two sheets, constructed for the temperature and pressu 
of the coexistent phases which have the same composition, intei8< 

at the point of contact, the whole primiti 

surface as seen from below will in gene: 

present four re-entrant furrows, radiati 

from the point of contact, for each of wh: 

a developable surface may be formed b^ 

rolling double tangent plane. The differs 

parts of the surface of dissipated energy 

the vicinity of the point of contact i 

'^•^" represented in figure 7. ATB, ETF 

parts of one sheet of the primitive surface, and CTD, GTH are pa 

of the other. These are united by the developable surfaces K 
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DTE, FTG, HTA. Now we may make either sheet of the primitive 
sorface sink relatively to the other by the proper variation of 
temperature or pressure. If the sheet to which ATB, ETF belong is 
tiiat which sinks relatively, these parts of the surface of dissipated 
energy will be merged in one, as well as the developable surfaces BTC, 
DTE, and also FTG, HTA. (The lines CTD, BTE, ATF, HTG wUl 
separate from one another at T, each forming a continuous curve.) 
But if the sheet of the primitive surface which sinks relatively is 
Ikt to which CTD and GTH belong, then these parts will be merged 
in one in the surface of dissipated energy, as will be the developable 
rarfaces BTC, ATH, and also DTE, FTG. 

It is evident that this is not a case of maximum or minimum tem- 
perature for coexistent phases under constant pressure, or of maximum 
(X minimum pressure for coexistent phases at constant temperature. 

Another case of interest is when the composition of one of three 
coexistent phases is such as can be produced by combining the other 
two. In this case, the primitive surface must touch the same plane 
m three points in the same straight line. Let us distinguish the parts 
of the primitive surface to which these points belong as the sheets (A), 
(B), and (C), (C) denoting that which is intermediate in position. 
The sheet (C) is evidently tangent to the developable surface formed 
^n (A) and (B). It may or it may not intersect it at the point of 
contact If it does not, it must lie above the developable surface 
(unless it represents states which are imstable in regard to continuous 
changes), and the surface of dissipated energy will include parts of 
flie primitive sheets (A) and (B), the developable surface joining 
them, and the single point of the sheet (C) in which it meets this 
developable surface. Now, if the temperature or pressure is varied 
80 as to make the sheet (C) rise 
above the developable surface 
formed on the sheets (A) and (B), 
the surface of dissipated energy 
will be altered in its general 
features only by the removal of 

the single point of the sheet (C). 

But if the temperature or pressure a' b' 

is altered so as to make a part ^^' ^• 

of the sheet (C) protrude through the developable surface formed 
oa (A) and (B), the surface of dissipated energy will have the form 
indicated in figure 8. It will include two plane triangles ABC and 
A'B'C, a part of each of the sheets (A) and (B), represented in the 
figure by the spaces on the left of the line aAA'a' and on the right of 
the line bBBT)', a small part CC of the sheet (C), and developable 
rorfaces formed upon these sheets taken by pairs ACC'A', BCC^', 
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aABb, blA'BV, the last two being different portions of the asm 
developable surface. 

But if, when the primitive surface is constructed for such a ten 
perature and pressure that it has three points of contact with the sao 
plane in the same straight line, the sheet (C) (which has the midd 
position) at its point of contact with the triple tangent plane intersee 
the developable surface formed upon the other sheets (A) and (B), tl 
surface of dissipated energy will not include this developable surfac 
but will consist of portions of the three primitive sheets with tv 
developable surfaces formed on (A) and (C) and on (B) and (C). The 
developable surfaces meet one another at the point of contact of (( 
with the triple tangent plane, dividing the portion of this sheet whi< 
belongs to the surface of dissipated energy into two part& If no 
the temperature or pressure are varied so as to make the sheet (( 
sink relatively to the developable surface formed on (A) and (B),tl 
only alteration in the general features of the surface of dissipate 

energy will be that the developab 
surfaces formed on (A) and (C) an 
on (B) and (C) will separate fro) 
one another, and the two parts < 
the sheet (C) will be merged i 
one. But a contrary variation < 
temperature or pressure will give 
surface of dissipated energy soc 
as is represented in figure (9), coi 
taining two plane triangles AB( 
A'B'C belonging to triple tangent planes, a portion of the sheet (J 
on the left of the line aAA a', a portion of the sheet (B) on the right ( 
the line bBBT)', two separate portions cCy and c'C'y' of the sheet (C 
two separate portions aACc and a'A'CV of the developable surfac 
formed on (A) and (C), two separate portions bBCy and b'B'C'^ 
of the developable surface formed on (B) and (C), and the portio 
A'ABB' of the developable surface formed on (A) and (B). 

From these geometrical relations it appears that (in general) tl 
temperature of three coexistent phases is a maximum or minimiu 
for constant pressure, and the pressure of three coexistent phases 
maximum or minimum for constant temperature, when the con 
position of the three coexistent phases is such that one can 1 
formed by combining the other two. This result has been obtain^ 
analytically on page 99. 

The preceding examples are amply sufficient to illustrate the use 
the m-f surfaces and curves. The physical properties indicated by t 
nature of the surface of dissipated energy have been only occasiona 
mentioned, as they are often far more distinctly indicated by \ 
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diagrams than they could be in words. It will be observed that a 
knowledge of the lines which divide the various different portions of 
the surface of dissipated energy and of the direction of the rectilinear 
elements of the developable surfaces, as projected upon the X-Y plane, 
without a knowledge of the form of the m-^ surface in space, is 
sufficient for the determination (in respect to the quantity and com- 
position of the resulting masses) of the combinations and separations 
of the substances, and of the changes in their states of aggregation, 
which take place when the substances are exposed to the temperature 
and pressure to which the projected lines relate, except so far as such 
transformations are prevented by piuasive resistances to change. 

Critical Phases. 

It has been ascertained by experiment that the variations of two 
coexistent states of the same substance are in some cases limited in 
one direction by a terminal state at which the distinction of the 
coexistent states vanishes.* This state has been called the critical 
slaie. Analogous properties may doubtless be exhibited by com- 
pounds of variable composition without change of temperature or 
pressure. For if, at any given temperature and pressure, two liquids 
are capable of forming a stable mixture in any ratio m^ : m^ less than 
0, and in any greater than 6, a and b being the values of that ratio 
for two coexistent phases, while either can form a stable mixture with 
a third liquid in all proportions, and any small quantities of the first 
and second can unite at once with a great quantity of the third to 
form a stable mixture, it may easily be seen that two coexistent 
nrixtures of the three liquids may be varied in composition, the 
temperature and pressure remaining the same, from initial phases 
^ each of which the quantity of the third liquid is nothing, to a 
terminal phase in which the distinction of the two phases vanishes. 

In general, we may define a critical pJiaae as one at which the 
distinction between coexistent phases vanishes. We may suppose 
the coexistent phases to be stable in respect to continuous changes, 
for although relations in some respects analogous might be imagined 
to hold true in regard to phases which are unstable in respect to 
<^tinuous changes, the discussion of such cases would be devoid 
of interest. But if the coexistent phases and the critical phase are 
'fltttable only in respect to the possible formation of phases entirely 
different from the critical and adjacent phases, the liability to such 

changes will in no respect affect the relations between the critical and 

^jacent phases, and need not be considered in a theoretical discussion 

* Bee Dr. Andrews "On the continuity of the gaseous and liquid states of matter." 
^ IVaw., vol. 150, p. 676. 

0.1. I 
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of these relations, although it may prevent an experimental realis 
of the phases considered. For the sake of brevity, in the folic 
discussion, phases in the vicinity of the critical phase will genera 
called stable, if they are unstable only in respect to the formati 
phases entirely different from any in the vicinity of the critical ] 

Let us first consider the number of independent variations of ^ 
a critical phase (while remaining such) is capable. If we d 
by n the number of independently variable components, a pi 
coexistent phases will be capable of n independent variations, ^ 
may be expressed by the variations of n of the quantities ty 
/ij, .../i^. If we limit these variations by giving to n^l o 
quantities the constant values which they have for a certain ci 
phase, we obtain a linear* series of pairs of coexistent phases 
minated by the critical phase. If we now vary infinitesimall; 
values of these ti — 1 quantities, we shall have for the new « 
values considered constant a new linear series of pairs of ooex 
phases. Now for every pair of phases in the first series, there mi 
pairs of phases in the second series differing infinitely little froi 
pair in the first, and vice versa, therefore the second series of coex: 
phases must be terminated by a critical phase which differs, but c 
infinitely little, from the first. We see, therefore, that if we 
arbitrarily the values of any n — 1 of the quantities, t, p, /j,^, fi^, . 
as determined by a critical phase, we obtain one and only one ci 
phase for each set of varied values; i.e., a critical phase is ca 
of 91 — 1 independent variations. 

The quantities ty p, /ij, /jL^,,.,iui^ have the same values in 
coexistent phases, but the ratios of the quantities j;, v, rri^, m^, . 
are in general different in the two phases. Or, if for conveniens 
compare equal volumes of the two phases (which involves no 1( 
generality), the quantities ri, "tn^, T/ig, . . . trin will in general hav( 
ferent values in two coexistent phases. Applying this to coexi 
phases indefinitely near to a critical phase, we see that ii 
immediate vicinity of a critical phase, if the values of n ol 
quantities t, p, /Xj, /ij, . . • /^n are regarded as constant (as well i 
the variations of either of the others will be infinitely small com; 
with the variations of the quantities rj, m^, m^, . . . rrin. This cond 
which we may write in the form 

(?— ) =0' 

characterizes, as we have seen on page 114, the limits which c 
stable from unstable phases in respect to continuous changea 
In fact, if we give to the quantities t, fi^, /jl^, > » ^ jUn-i constant \ 

*Thi8 term is used to characterize a Beries having a single degree of ezteni 
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mined by a pair of coexistent phases, and to — ^ a series of 

» increasing from the less to the greater of the values which it 
in these coexistent phases, we determine a linear series of phases 
lecting the coexistent phases, in some part of which fi^ — since it 
the same value in the two coexistent phases, but not a uniform 
e throughout the series (for if it had, which is theoretically im- 
«ble, all these phases would be coexistent) — must be a decreasing 

tion of — , or of TOn, if v also is supposed constant. Therefore, 

V 

series must contain phases which are unstable in respect to con- 
DOS changes. (See page 111.) And as such a pair of coexistent 
les may be taken indefinitely near to any critical phase, the 
able phases (with respect to continuous changes) must approach 
finitely near to this phase. 

ritical phases have similar properties with reference to stability 
letermined with regard to discontinuous changes. For as every 
le phase which has a coexistent phase lies upon the limit which 
rates stable from unstable phases, the same must be true of any 
le critical phase. (The same may be said of critical phases which 
unstable in regard to discontinuous changes, if we leave out of 
ont the liability to the particular kind of discontinuous change 
espect to which the critical phase is unstable.) 
le linear series of phases determined by giving to 7i of the 
itities t, p, fi^, fjL^,,., fXn the constant values which they have in 
pair of coexistent phases consists of unstable phases in the part 
^een the coexistent phases, but in the part beyond these phases in 
?r direction it consists of stable phases. Hence, if a critical phase 
iried in such a manner that n of the quantities ty p, jm^y jui.2* - " M^ 
lin constant, it will remain stable in respect both to continuous 
to discontinuous changes. Therefore yUn is an increasing function 
In when ^ V, yUj, yUg, ... /x„-i have constant values determined by 
critical phase. But as equation (200) holds true at the critical 
e, the following conditions must also hold true at that phase : — 

(^3) ^0. (202) 

3 sign of equality holds in the last condition, additional conditions, 
ming the differential coefficients of higher orders, must be satisfied, 
uations (200) and (201) may in general be called the equations 
itical phases. It is evident that there are only two independent 
ions of this character, as a critical phase is capable of n — 1 inde- 
int variations. 
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We are not, however, absolutely certain that equation (200) will 
always be satisfied by a critical phase. For it is possible that the 
denominator in the fraction may vanish as well as the numerator for 
an infinitesimal change of phase in which the quantities indicated 
are constant. In such a case, we may suppose the subscript n to 
refer to some different component substance, or use another differ- 
ential coefiicient of the same general form (such as are described on 
page 114 as characterizing the limits of stability in respect to con- 
tinuous changes), making the corresponding changes in (201) and 
(202). We may be certain that some of the formul» thus formed 
will not fail. But for a perfectly rigorous method there is an 
advantage in the use of j;, t;, tti^, mg, ... mn as independent variaUea. 
The condition that the phase may be varied without altering any d 
the quantities t, fi^, fi^,... juin will then be expressed by the equaticm 

iin+i = 0, (208) 

in which i2^_,.^ denotes the same determinant as on page 111. To 
obtain the second equation characteristic of critical phases, we observe 
that as a phase which is critical cannot become unstable when varied 
so that n of the quantities t, p, fi^, fi^,.,. /in remain constant, the 
differential of i2„+i for constant volume, viz.. 



^^»d,+^±ldm, -^-^+' 



a/nin 



(204) 



dtj drri^ 

cannot become negative when n of the equations (172) are satisfied. 
Neither can it have a positive value, for then its value might become 
negative by a change of sign of dri, dm^, etc. Therefore the expression 
(204) has the value zero, if n of the equations (172) are satisfied 
This may be expressed by an equation 

S=0, (206) 

in which S denotes a determinant in which the constituents are the 
same as in -B^+j, except in a single horizontal line, in which tie 
differential coefficients in (204) are to be substituted. In whatever 
line this substitution is made, the equation (205), as well as (203^ 
will hold true of every critical phase without exception. 

If we choose t, p, Tn^, m,, ...Tn,» as independent variables, and 
write U for the determinant 






^L 



dH 



<^f 



dvUn-idvi^ 



rfm,* ■■■ dmn-idm^ 






(206) 
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and 7 for the determinant formed from this by substituting for the 
f eoDstituents in any horizontal line the expressions 

dU dU_ _dV_ 
dnij' dm^' '" dTn^-i 

the equations of critical phases will be 

[7=0, F=0. (208) 

It results immediately from the definition of a critical phase, that 
ao infinitesimal change in the condition of a mass in such a phase 
may cause the mass, if it remains in a state of dissipated energy (i.e., 
in a state in which the dissipation of energy by internal processes is 
complete), to cease to be homogeneous. In this respect a critical phase 
resembles any phase which has a coexistent phase, but differs from 
«Kh phases in that the two parts into which the mass divides when 
it ceases to be homogeneous differ infinitely little from each other and 
from the original phase, and that neither of these parts is in general 
infinitely smalL If we consider a change in the mass to be determined 
by the values of dri, dv, dm^, dmh^,,.,dmin, it is evident that the 
change in question will cause the mass to cease to be homogeneous 
whenever the expression 

[ has a negative value. For if the mass should remain homogeneous, 
|. it would become unstable, as -Rn+i would become negative. Hence, in 
general, any change thus determined, or its reverse (determined by 
I giving to dri, dv, dm^y dm^, ... dirin the same values taken negatively)^ 
wiU cause the mass to cease to be homogeneous. The condition which 
DMist be satisfied with reference to dij, dv, dm^, dvi^, ... d'triny in order 
that neither the change indicated, nor the reverse, shall destroy the 
homogeneity of the mass, is expressed by equating the above expres- 
sion to zero. 

But if we consider the change in the state of the mass (supposed to 

remain in a state of dissipated energy) to be determined by arbitrary 

values of n + 1 of the differentials dt, dp, dfi^, dfi2>-"djuLn, the case 

will be entirely different. For, if the mass ceases to be homogeneous, 

it will consist of two coexistent phases, and as applied to these, only n 

d the quantities U p, /Xj, jui^y,,./jLn will be independent. Therefore, 

for arbitrary variations of n+1 of these quantities, the mass must in 

general remain homogeneous. 

But if, instead of supposing the mass to remain in a state of dissi- 
yated energy, we suppose that it remains homogeneous, it may easily 
16 shown that to certain values of n+1 of the above differentials 
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there will corrcHpond three different phaiies, of which one is 
with reHpcct both to continuoUR and to dinoontinuouii changes i 
iH Htable with reHpect to the former and nn8table with reupcct tn tb 
latter, and the third \h unMtable with renpect to both. 

In f(eneral, however, if n of the quantities p,t,fi^, /4 ^ or t 

arbitrary functions of these <|uantiti(*H, have the name conntanl vaha 
as at a critical phaHc, the linear Herien of phanon than det4*nnincd «9 
Im> Ktable, in the vicinity of the critical phase. But if less than • 4 
these (|uantitie8 or functions of the same tof^ther with certain of tb 
quantities j;, r. vi^, 7/1,, ... 7?!^, or arbitrary functions of the Uttm 
quantities, have the same values as at a critical phase. w> as ti 
determine a linear series of phases, the differential of R^^i in ^odit 
series of phases will not in general vanish at the critical phase. « UmI 
in gi*neral a part of the series will be unstable. 

We may illustrate these relations by considering separat4*ly the cmm 
in which 71 == 1 and n = 2. If a mass of invariable conipcisiiiao it iaa 
critical state, we may keep its volume constant, and destmy its 1 
geneity by changing its entropy (i.e., by adding or subtracting 1 
probably the latter), or we may ket^p its entropy constant ami dtrtiuf 
its homogeneity by changing its volume ; but if we keep its 
constant we cannot destroy its homogeneity by any thermal 
nor if we keep its temperature constant can we destroy its 
geneity by any mechanical action. 

When a mass having two independently variable compooentii ii i 
a critical phase, and either its volume or its pressure is 
constant, its homogeneity may be destn>yed by a change of 
or temperature. Or. if either its entropy or its temperature is ■si" 
tained constant, its homogeneity may be destroyetl b}* a chanp ^ 
volume or pressure. In both these cases it is supposed thai th 
quantities of the com]M>nents remain unchanged. Rut if we soppo^ 
)M)th the temperature and the pn*ssure U> lie maintained constant tk 
mass will remain homogeneous, however the proporticm of the €00 
puncnts l)e changinl. Or. if a mass consists of two coexistent phas^ 
(me of which iH a critical phase having two independently variabir 
Cfim|N)iients. and either the tem]M*rature or the pressure of the iBMiil 
maiiitainefl constant, it will not Ih* fiosNible by mechanical or thinMl 
meanN. or by changing the quantities of the compcments. to cauir ik 
eritieul pham> t4i change into a {Miir of cot*xistent phases, m) as to fcn 
tiiriH* c(M*xist4*nt phases in the whole mass. The statements of lli 
paragniph and of the preceding have reference only to infinitivnt 
rhanp'M.* 

* A l»ricf A)«trmct f which cmine to th« Aothor'a notie* after the aborv «•• is tvf**^ 
nimolr hy M. IhicUui. ** Sur U ■^ntioo dm lii|ai<lM oieUng^ etc.* viU W %mmA 
Cimpi€M Remdm, vol. UiiL (IS75). p. 810. 
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On the Values of the Potentials when the Quantity of one of 
f the Components is very smalL 

If we apply equation (97) to a homogeneous ma^s having two 
independently variable components /S^ and S^, and make t, p, and m^ 
constant, we obtain 

«h(^) +m/^) =0. (210) 
Therefore, for mj=0, either 

(sS-) =0, (211) 

or (^) =00. (212) 

Now, whatever may be the composition of the mass considered, we 
may always so choose the substance 8^ that the mass shall consist 
solely of that substance, and in respect to any other variable com- 
ponent S^y we shall have 7n^=0, But equation (212) cannot hold true 
in general as thus applied. For it may easily be shown (as has been 
done with regard to the potential on pages 92, 93) that the value of 
a differential coeflScient like that in (212) for any given mass, when 
the substance S^ (to which m^ and //^ relate) is determined, is inde- 
pendent of the particular substance which we may regard as the other 
component of the mass ; so that, if equation (212) holds true when the 
substance denoted by S^ has been so chosen that m2 = 0, it must hold 
tme without such a restriction, which cannot generally be the case. 

In fact, it is easy to prove directly that equation (211) will hold 
true of any phase which is stable in regard to continuous changes and 
in which mg = 0, if m^ ia capable of negative as well as positive values. 
For by (171), in any phase having that kind of stability, jjl^ is an 
iiMsreasing function of m^ when ty p, and mj are regarded as constant. 
Hence, /Xj will have its greatest value when the mass consists wholly 
of iSj, Le., when m^ = 0. Therefore, if m^ is capable of negative as well 
w positive values, equation (211) must hold true for m^==0, (This 
appears also from the geometrical representation of potentials in the 
m-f curve. See page 119.) 

But if irig is capable only of positive values, we can only conclude 
from the preceding considerations that the value of the differential 
coefficient in (211) cannot be positive. Nor, if we consider the 
pl^ysical significance of this case, viz., that an increase of m^ denotes 
^ addition to the mass in question of a substance not before 
contained in it, does any reason appear for supposing that this 
coefficient has generally the value zero. To fix our 
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ideas, let us suppose that <S\ denotes water, and 5^ a sal 
anhydrous or any particular hydrate). The addition of l>i 
water, previously in a state capable of equilibrium wi 
or with ice, will destroy the possibility of such equililniu 
same temperature and pressure. The liquid will dissolve tl 
condense the vapor, which is l>n>ught in contact with 
such circumstances, which shows ttiat /ti, (the potential 1 
in the liquid mass) is diminishe<l by the addition of the •< 
the Uunperature and pressure are maintained constant N 
seems to l)e no a jprurri reason for supposing that the rat 
diminution of the potential for water to the quantity of 
which is added vanishes with this (|uantity. We shou 
exp(x;t that, for small (|uantities of the salt, an effect of 
would be proportional to its cause, i.e., that the differential i 
in (21 1 ) would have a finite negative value for an infinitesima 
911^ That this is the case with rt-spect to numen>us water}' 
of salts is distinctly indicated by the i*xperiments of Wiillnei 
tension of the vapor yielded by such solutions, and of Kiidorl 
temperature at which ice is formed in them ; and unless 
experimental evidence that cases are numerous in which the 
is true, it seems not unreasonable to assume, as a (f^nrral 
when vif has the value zeny and is incapable of negative \ 
differential coefficient in (211) will have a finiU* negative i 
that equation (212) will therefore hold true. But this casi 
carefully distinguished from that in which m, is capable oi 
values, which also may be illustratt*<l by a solution of a salt 
For this purpose let S^ denote a hydrate of the salt whit 
crystallized, and let ^*2 denot4' water, and let as consider a li 
sisting entirely of S^ and <»f such t«*mpenitun» and pressun* t 
e<iuilibrium with crystals of Sy In such a liquid, an inn 
diminuticm of the (piantity of water would alike cauM' cr}> 
to dissolve, which nwpiires that the differential ctietficienl 
shall vanish at the {Mirticular phase of the li(|uid for which i 
liet us rt*tuni to the cam* in which iiu is inca|»able of 
values, and examine, without other restriction in regard ic 

stances denotes! !>y S^ and S^, the Delation lietween fi^ and 

amstant temp(*ratun* and pn*SHure and for such small val 

that the differential coi*fficient in c^l 1 ) may U* n*ganI<Hi ss I 
same c*«)nstant vahn* a^ when nt^ = 0, the values of /. /». tan 
unchangi*d. If we denot4* this value of the differi>ntial cvm' 

• Pogg Anm., vol. ctU. (1H5N). p. A*i9 . v«»l. cr. (IH5H). p. HS ; vol rt. (!•« 
fPoifg. Amm,, voL csiv. (IMSI), p. S3. 
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"A 

— , the value of A will be positive, and will be independent of m^. 

^ m 

Then for small values of — ^ we have by (210), approximately, 

H we write the integral of this equation in the form 

/x,=^log^. (215) 

£ like il will have a positive value depending only upon the tem- 
perature and pressure. As this equation is to be applied only to cases 
in which the value of m^ is very small compared with m^^ we may 

regard —^ as constant, when temperature and pressure are constant, 

and write . , Crrio ,«, ^v 

/*2=^log^, (216) 

C denoting a positive quantity, dependent only upon the temperature 
»nd pressure. 

We have so far considered the composition of the body as varjdng 
only in regard to the proportion of two components. But the argu- 
ment will be in no respect invalidated, if we suppose the composition 
of the body to be capable of other variations. In this case, the 
quantities A and C will be functions not only of the temperature and 
pressure but also of the quantities which express the composition of 
the substance of which together with S^ the body is composed. If 
^e quantities of any of the components besides S^ are very small 
(relatively to the quantities of others), it seems reasonable to assume 
ttiat the value of jjl^, and therefore the values of A and (7, will be 
nearly the same as if these components were absent. 

Hence, if the independently variable components of any body are 
^•>".8g, and Sj^, .,. S^, the quantities of the latter being very small 
•8 compared with the quantities of the former, and are incapable of 
negative values, we may express approximately the values of the 
potentials for Sf^,... S* by equations (subject of course to the uncer- 
tainties of the assumptions which have been made) of the form 

/i»=4,log%^, (217) 



/i,=il»log^. (218) 

^ ^hich Aj^, Cfc, ...iljk, Cft denote functions of the temperature, the 
P^'easure, and the ratios of the quantities w^, ... m^,. 
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We shall see hereafter, when we come to consider the properties 
gases, that these equations may be verified experimentally in a y( 
large class of cases, so that we have considerable reason for believi 
that they express a general law in regard to the limiting values 
potentials.* 

On Certain Points relating to the Molecular Oonstitntion 

of Bodies. 

It not unfrequently occurs that the number of proximate a 
ponents which it is necessary to recognize as independently varia 
in a body exceeds the number of components which would 
suflScient to express its ultimate composition. Such is the case, 
example, as has been remarked on page 63, in regard to a mixt 
at ordinary temperatures of vapor of water and free hydrogen i 
oxygen. This case is explained by the existence of three soda 
molecules in the gaseous mass, viz., molecules of hydrogen, 
oxygen, and of hydrogen and oxygen combined. In other ca 
which are essentially the same in principle, we suppose a gre« 
number of different sorts of molecules, which differ in compositi 
and the relations between these may be more complicated. Ot 
cases are explained by molecules which differ in the quantity 
matter which they contain, but not in the kind of matter, nor 
the proportion of the different kinds. In still other cases, tli 
appear to be different sorts of molecules, which differ neither in 
kind nor in the quantity of matter which they contain, but o 
in the manner in which they are constituted. What is essentifti 
the cases referred to is that a certain number of some sort or sorb 
molecules shall be equivalent to a certain number of some other i 
or sorts in respect to the kinds and quantities of matter which tl 
collectively contain, and yet the former shall never be transformed i 
the latter within the body considered, nor the latter into the fori 
however the proportion of the numbers of the different sorts 
molecules may be varied, or the composition of the body in ot 
respects, or its thermodynamic state as represented by temperat 
and pressure or any other two suitable variables, provided, it n 
be, that these variations do not exceed certain limits. Thus, in 



* The reader will not fail to remark that, if we could assume the universality of 
law, the statement of the conditions necessary for equilibrium between ditfc 
masses in contact would be much simplified. For, as the potential for a snbst 
which is only a possible component (see page 64) would always have the value - 
the case could not occur that the potential for any substance would have a gn 
value in a mass in which that substance is only a possible component, than in anc 
mass in which it is an actual component; and the conditions (22) and (51) migb 
expressed with the sign of equality without exception for the case of pos 
components. 
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example given above, (he temperature must not be raised beyond 
a certain limit, or molecules of hydrogen and of oxygen may be 
transformed into molecules of water. 

The differences in bodies resulting from such differences in the 
eoDstitution of their molecules are capable of continuous variation, 
ID bodies containing the same matter and in the same thermodynamic 
state as determined, for example, by pressure and temperature, as the 
numbers of the molecules of the different sorts are varied. These 
differences are thus distinguished from those which depend upon the 
manner in which the molecules are combined to form sensible masses. 
The latter do not cause an increase in the number of variables in the 
fondamental equation ; but they may be the cause of different values 
of which the function is sometimes capable for one set of values of 
the independent variables, as, for example, when we have several 
different values of f for the same values of f, p, m^, m^, ... 'w^m one 
perhaps being for a gaseous body, one for a liquid, one for an amor- 
phous solid, and others for different kinds of crystals, and all being 
in?ariable for constant values of the above mentioned independent 
Tariablea 

But it must be observed that when the differences in the constitu- 
tion of the molecules are entirely determined by the quantities of 
the different kinds of matter in a body with the two variables which 
express its thermodynamic state, these differences will not involve 
any increase in the number of variables in the fundamental equation. 
For example, if we should raise the temperature of the mixture of 
vapor of water and free hydrogen and oxygen, which we have just 
considered, to a point at which the numbers of the different sorts of 
naolecules are entirely determined by the temperature and pressure 
»nd the total quantities of hydrogen and of oxygen which are present, 
the fundamental equation of such a mass would involve but four 
independent variables, which might be the four quantities just 
Daentioned. The fact of a certain part of the matter present existing 
^ the form of vapor of water would, of course, be one of the facts 
^hich determine the nature of the relation between f and the 
independent variables, which is expressed by the fundamental 
equation. 

But in the case first considered, in which the quantities of the 
different sorts of molecules are not determined by the temperature 
and pressure and the quantities of the different kinds of matter in the 
Ixxly as determined by its ultimate analysis, the components of which 
he quantities or the potentials appear in the fundamental equation 
lOst be those which are determined by the proximate analysis of the 
cxly, so that the variations in their quantities, with two variations 
»lating to the thermodynamic state of the body, shall include all 
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the variations of which the body is capable.* Such cases present 
no especial difficulty; there is indeed nothing in the physical and 
chemical properties of such bodies, so far as a certain range of 
experiments is concerned, which is different from what might be, 
if the proximate components were incapable of farther reduction or 
transformation. Yet among the various phases of the kinds of matter 
concerned, represented by the different sets of values of the variables 
which satisfy the fundament€tl equation, there is a certain class whidi 
merits especial attention. These are the phases for which the entropy 
has a maximum value for the same matter, as determined by the 
ultimate analysis of the body, with the same energy and volume 
To fix our ideas let us call the proximate components iS^, ... jSn, and 
the ultimate components S., .../S^; and let mp...7n^ denote the 
quantities of the former, and m^, ...m^^, the quantities of the latter. 
It is evident that m^, ...tiIj^ are homogeneous functions of the first 
degree of 7n^,.,,mn; and that the relations between the substances 
8^,.,.Sn might be expressed by homogeneous equations of the first 
degree between the units of these substances, equal in number to 
the difference of the numbers of the proximate and of the ultimate 
components. The phases in question are those for which 9 is a 
maximum for constant values of €, v, m«, ... mj^ ; or, as they may also 
be described, those for which e is a minimum for constant values 
of jy, t;, m«, ... 7M^; or for which f is a minimum for constant values 
of ^, ^, 7n«, ... m^. The phases which satisfy this condition may be 
readily determined when the fundamental equation (which will 
contain the quantities m^,...7nn or /Xj, .../Xn,) is known. Indeed it 
is easy to see that we may express the conditions which determine 
these phases by substituting //p . . . jUn for the letters denoting the 
units of the corresponding substances in the equations which express 
the equivalence in ultimate analysis between these units. 

These phases may be called, with reference to the kind of change 
which we are considering, phases of dissipated energy. That w 
have used a similar term before, with reference to a different kin 
of changes, yet in a sense entirely analogous, need not creat 
confusion. 

It is characteristic of these phases that we cannot alter the valu< 
of 7/ii, . . . THn in any real mass in such a phase, while the volume i 
the mass as well as its matter remain unchanged, without diminishio 
the energy or increasing the entropy of some other system. Henc 
if the mass is large, its equilibrium can be but slightly disturbs 

*The t«nnB proximate or ultimate are not necessarily to be understood in 1 
absolute sense. All that is said here and in the following paragraphs wiU apf 
to many cases in which components may conveniently be regarded as proximate 
ultimate, which are such only in a relative sense. 
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by the action of any small body, or by a single electric spark, or 
hj any cause which is not in some way proportioned to the effect 
to be produced. But when the proportion of the proximate com- 
ponents of a mass taken in connection with its temperature and 
pressure is not such as to constitute a phase of dissipated energy, 
it may be possible to cause great changes in the mass by the contact 
of a very small body. Indeed it is possible that the changes produced 
liy such contact may only be limited by the attainment of a phase 
of dissipated energy. Such a result will probably be produced in 
i fluid mass by contact with another fluid which contains molecules 
of all the kinds which occur in the first fluid (or at least all those 
which contain the same kinds of matter which also occur in other 
wrts of molecules), but which differs from the first fluid in that the 
(jnantities of the various kinds of molecules are entirely determined 
by the ultimate composition of the fluid and its temperature and 
preesure. Or, to speak without reference to the molecular state of the 
ftnd, the result considered would doubtless be brought about by 
contact with another fluid, which absorbs all the proximate com- 
ponents of the first, 5^, ...Sn (or all those between which there 
exist relations of equivalence in respect to their ultimate analysis), 
independently, and without passive resistances, but for which the 
phase is completely determined by its temperature and pressure 
and its ultimate composition (in respect at least to the particular 
sobstances just mentioned). By the absorption of the substances 
Si,.„Sn independently and without passive resistances, it is meant 
that when the absorbing body is in equilibrium with another contain- 
ing these substances, it shall be possible by infinitesimal changes 
in these bodies to produce the exchange of all these substances in 
either direction and independently. An exception to the preceding 
statement may of course be made for cases in which the result in 
question is prevented by the occurrence of some other kinds of change; 
in other words, it is assumed that the two bodies can remain in 
contact preserving the properties which have been mentioned. 

The term catalysis has been applied to such action as we are 
^nsidering. When a body has the property of reducing another, 
^thout limitation with respect to the proportion of the two bodies, 
^ a phase of dissipated energy, in regard to a certain kind of 
Molecular change, it may be called a perfect catalytic agent with 
Respect to the second body and the kind of molecular change 
considered. 

It seems not improbable that in some cases in which molecular 
hanges take place slowly in homogeneous bodies^ a mass of which 
ie temperature and pressure are maintained constant will be finally 
nought to a state of equilibrium which is entirely determined by 
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its temperature and pressure and the quantities of its ultimate 
components, while the various transitory states through which the 
mass passes (which are evidently not completely defined by the 
quantities just mentioned) may be completely defined by the quontitiee 
of certain proximate components with the temperature and preasura 
and the matter of the mass may be brought by processes approxi- 
mately reversible from permanent states to these various transitoij 
states. In such cases, we may form a fundamental equation witl 
reference to all possible phases, whether transitory or permanent 
and we may also form a fimdamental equation of different impoil 
and containing a smaller number of independent variables, whicb 
has reference solely to the final phases of equilibrium. The lattei 
are the phases of dissipated energy (with reference to moleculai 
changes), and when the more general form of the fundamental 
equation is known, it will be easy to derive from it the fundamental 
equation for these permanent phases alone. 

Now, as these relations, theoretically considered, are independent 
of the rapidity of the molecular changes, the question naturally arisee, 
whether in cases in which we are not able to distinguish each 
transitory phases, they may not still have a theoretical significance. 
If so, the consideration of the subject from this point of view, may 
assist us, in such cases, in discovering the form of the fundamental 
equation with reference to the ultimate components, which is the 
only equation required to express all the properties of the bodiee 
which are capable of experimental demonstration. Thus, when the 
phase of a body is completely determined by the quantities of » 
independently variable components, with the temperature and pres- 
sure, and we have reason to suppose that the body is composed of 
a greater number n' of proximate components, which are therefore 
not independently variable (while the temperature and pressure 
remain constant), it seems quite possible that the fundamental 
equation of the body may be of the same form as the equation for 
the phases of dissipated energy of analogous compounds of n' proxi- 
mate and n ultimate components, in which the proximate components 
are capable of independent variation (without variation of temperature 
or pressure). And if such is found to be the case, the fact will be 
of interest as affording an indication concerning the proximate con- 
stitution of the body. 

Such considerations seem to be especially applicable to the vet; 
common case in which at certain temperatures and pressures, r^arde 
as constant, the quantities of certain proximate components of 
mass are capable of independent variations, and all the phases pr^ 
duced by these variations are permanent in their nature, while i 
other temperatures and pressures, likewise regarded as constant, tl: 
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pftntities of these proximate components are not capable of inde- 
pendent variation, and the phase may be completely defined by the 
quantities of the ultimate components with the temperature and 
pressore. There may be, at certain intermediate temperatures and 
froasures, a condition with respect to the independence of the 
proxinmte components intermediate in character, in which the 
qoAntities of the proximate components are independently variable 
when we consider all phases, the essentially transitory as well as the 
permanent, but in which these quantities are not independently 
wriaUe when we consider the permanent phases alone. Now we 
liftye no reason to believe that the passing of a body in a state of 
Asipated energy from one to another of the three conditions men- 
ikmed has any necessary connection with any discontinuous change 
of state. Passing the limit which separates one of these states from 
another will not therefore involve any discontinuous change in the 
values of any of the quantities enumerated in (99)-(103) on page 88, 
if mj, 774, ...mn, /Xi, /X2>.../Xn are understood as always relating to 
the ultimate components of the body. Therefore, if we regard masses 
in the different conditions mentioned above as having different 
fondamental equations (which we may suppose to be of any one 
of the five kinds described on page 88), these equations will agree 
«t the limits dividing these conditions not only in the values of 
all the variables which appear in the equations, but also in all the 
^erential coefficients of the first order involving these variables. 
We may illustrate these relations by supposing the values of t, p, 
and ^ for a mass in which the quantities of the ultimate components 
are constant to be represented by rectilinear coordinates. Where the 
proximate composition of such a mass is not determined by t and p, 
the value of f will not be determined by these variables, and the 
pobts representing connected values of ty p, and f will form a solid. 
This solid will be bounded in the direction opposite to that in which 
f is measiured, by a surface which represents the phases of dissipated 
^ergy. In a part of the figure, all the phases thus represented may 
be permanent, in another part only the phases in the bounding surface, 
^d in a third part there may be no such solid figure (for any phases 
^f which the existence is experimentally demonstrable), but only a 
Jorface. This surface together with the bounding surfaces representing 
jhases of dissipated energy in the parts of the figure mentioned above 
brms a continuous sheet, without discontinuity in regard to the 
[irection of its normal at the limits dividing the different parts of 
lie figure which have been mentioned. (There may, indeed, be 
ifferent sheets representing liquid and gaseous states, etc., but if we 
aiit our consideration to states of one of these sorts, the case will 
t as has been stated.) 
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We shall hereafter, in the discussion of the fundamental eqtutioDB 
of gases, have an example of the derivation of the fundamental 
equation for phases of dissipated energy (with respect to the mde- 1 
cular changes on which the proximate composition of the body 
depends) from the more general form of the fundamental equation 

The Oonditions of Equilibrium for HeterogeneouB Masses undflr 
the Influence of Gravity. 

Let us now seek the conditions of equilibrium for a mass of varioos 
kinds of matter subject to the influence of gravity. It will be con- 
venient to suppose the mass enclosed in an immovable envelop which 
is impermeable to matter and to heat, and in other respects, excq)t 
in regard to gravity, to make the same suppositions as on page 64 
The energy of the mass will now consist of two parts, one of which 
depends upon its intrinsic nature and state, and the other upon its 
position in space. Let Dm denote an element of the mass, D€ the 
intrinsic energy of this element, h its height above a fixed horizontal 
plane, and g the force of gravity ; then the total energy of the ma« 
(when without sensible motions) will be expressed by the formula 

/De^fghDm, (219) 

in which the integrations include all the elements of the mass; and 
the general condition of equilibrium will be 

SfDe+SfghDm^O, (280) 

the variations being subject to certain equations of condition. These 
must express that the entropy of the whole mass is constant, that 
the surface boimding the whole mass is fixed, and that the total 
quantity of each of the component substances is constant. We shall 
suppose that there are no other equations of condition, and tiiat 
the independently variable components are the same throughout the 
whole mass ; and we shall at first limit ourselves to the consideration 
of the conditions of equilibrium with respect to the changes which 
may be expressed by infinitesimal variations of the quantities which 
define the initial state of the mass, without regarding the possibility 
of the formation at any place of infinitesimal masses entirely difierent 
from any initially existing in the same vicinity. 

Let Djy, Dv, Dm^,.,.Dmn denote the entropy of the element Dm 
its volume, and the quantities which it contains of the various com 
ponenta Then 

Dm^Dm^ ... +I>mr,, (221 

and SDm=^SDm^... +SDmn. (225 

Also, by equation (12), 

SD€'=»tSDfj-pSDv'^/jLiSI>m^ ... +/jLnSDinn. (22 
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1686 equations the general condition of eqoilibrium may be 
A to the form 

ft SDfi-fp iDv+M Sl>rrH ... +/fJLn SDrOn 

+fgShDm+fgh 8Dm^ ... +fgh SDrrin^O. (224) 

it will be observed that the different equations of condition 
different parts of this condition, so that we must have, 
itely, 

ftSDfi^O, if fSDri^O; (225) 

-^ SDv+fg ShDm ^ 0, (226) 

bounding surface is unvaried ; 

ffi^SDn^+fgh Slhn^^O, if fSDm^-^O;] 

[ (227) 

f/inSDmn+fghSDmn^O, if fSDnin^O. } 

rm (225) we may derive the condition of thermal equilibrium, 

e= const. (228) 

idition (226) is evidently the ordinary mechanical condition of 
brium, and may be transformed by any of the usual methods, 
lay, for example, apply the formula to such motions as might 
place longitudinally within an infinitely narrow tube, terminated 
th ends by the external surface of the mass, but otherwise 
leterminate form. If we denote by m the mass, and by v the 
18, included in the part of the tube between one end and a 
rerse section of variable position, the condition will take the form 

^/p Sdv+/g Sh dm g 0, (229) 

lich the integrations include the whole contents of the tube, 
no motion is possible at the ends of the tube, 

fp Sdv +/8v dp =fd(p Sv) = 0. (230) 

, if we denote by y the density of the fluid, 

fg Sh dm =/g -^&vydv =fgy Sv dh. (231) 

386 equations condition (229) may be reduced to the form 

fSv{d/p+gydh)^0. (232) 

'ore, since Sv is arbitrary in value, 

dp=-gydh, (233) 

will hold true at any point in the tube, the differentials being 
with respect to the direction of the tube at that point. There- 
) the form of the tube is indeterminate, this equation must hold 
nthout restriction, throughout the whole mass. It evidently 
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requires that the pressure shall be a function of the height alone, 
and that the density shall be equal to the first derivative of tiiis 
function, divided by — gr. 

Conditions (227) contain all that is characteristic of ehemieil 
equilibrium. To satisfy these conditions it is necessary and soffident 
that 

/in+gk=coiksL) 

The expressions fji^,...fin denote quantities which we have called 
the potentials for the several components, and which are entirdy 
determined at any point in a mass by the nature and state of the 
mass about that point. We may avoid all confusion between these 
quantities and the potential of the force of gravity, if we HiBt-i^gnidi 
the former, when necessary, as intrinsic potentials. The relatioDfi 
indicated by equations (234) may then be expressed as follows :— 

When a fluid maaa is in equUihrium under the influence of gravUy^ 
and has the same independently variable components tJiroughouit A$ 
intrinsic potentials for the several components are constant in cmy 
gvoen levd, and dvminish uniformly as the height increases^ ihe difer- 
ence of the values of the intrinsic potential for any component at tm 
different levels being equal to the work dons by the force of granitl 
when a unit of matter falls from the higher to Ute lower level. 

The conditions expressed by equations (228), (233), (234) •» 
necessary and sufficient for equilibrium, except with respect to the 
possible formation of masses which are not approximately identical in 
phase with any previously existing about the points where they may 
be formed. The possibility of such formations at any point is evidently 
independent of the action of gravity, and is determined entirely by 
the phase or phases of the matter about that point. The conditions of 
equilibrimn in this respect have been discussed on pages 74-79. 

But equations (228), (233), and (234) are not entirely independent 
For with respect to any mass in which there are no surfaces of dis- 
continuity (i.e., surfaces where adjacent elements of mass have finite 
differences of phase), one of these equations will be a consequence d 
the others. Thus by (228) and (234), we may obtain from (97), 
which will hold true of any continuous variations of phase, the 
equation 

vdp=-'g(m^... +mn)dh; (235) 

or dp = —gy dh ; (236) 

which will therefore hold true in any mass in which equations (228] 
and (234) are satisfied, and in which there are no surfaces of diii 
continuity. But the condition of equilibrium expressed by equatio<> 
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has no exception with respect to surfaces of discontinuity; 
therefore in any mass in which such surfaces occur, it will be 
necessary for equilibrium, in addition to the relations expressed by 
Mjnations (228) and (234), that there shall be no discontinuous change 
)f pressure at these surfaces. 

This superfluity in the particular conditions of equilibrium which 
H have found, as applied to a mass which is everywhere continuous 
D phase, is due to the fact that we have made the elements of volume 
variable in position and size, while the matter initially contained 
Q these elements is not supposed to be confined to them. Now, as 
he different components may move in different directions when the 
tate of the system varies, it is evidently impossible to define the 
ilements of volume so as always to include the same matter; we 
mi, therefore, suppose the matter contained in the elements of 
volume to vary ; and therefore it would be allowable to make these 
ilements fixed in space. If the given mass has no surfaces of discon- 
inuity, this would be much the simplest plan. But if there are any 
nifaces of discontinuity, it will be possible for the state of the given 
nass to vary, not only by infinitesimal changes of phase in the fixed 
dements of volume, but also by movements of the surfaces of discon- 
snuity. It would therefore be necessary to add to our general 
XRidition of equilibrimn terms relating to discontinuous changes in 
ihe elements of volume about these surfaces, — a necessity which is 
ivoided if we consider these elements movable, as we can then 
suppose that each element remains always on the same side of the 
mriaee of discontinuity. 

Method of treating the preceding problem, in which the elements of 
volwme are regarded as fixed. 

It may be interesting to see in detail how the particular conditions 
of equilibrium may be obtained if we regard the elements of volume 
^ fixed in position and size, and consider the possibility of finite as 
Well as infinitesimal changes of phase in each element of volume. If 
We use the character A to denote the differences determined by such 
Suite differences of phase, we may express the variation of the intrinsic 
^ergy of the whole mass in the form 

fSDe+fADe, (237) 

^ which the first integral extends over all the elements which are 
infinitesimally varied, and the second over all those which experience 
» finite variation. We Tnay regard both integrals as extending 
throughout the whole mass, but their values will be zero except for 
^ parts mentioned. 
B we do not wish to limit ourselves to the consideration of masses 
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80 Hmall that the force of fpravity can be rogardecl an cnoiUiit 
direction and in intensity, wc may UAe Y to ik*note the poCentii 
the force of gravity, and exprcsn the variation of the part of 
energy which iH due to gravity in the form 

Wc shall then have, for the general condition of equilibriam. 

fSD€ +J1 1)€ -/Y Ih^x -y'Y ADm S ; «: 

and the ecjuationM of condition will be 






We may obtain a condition of equilibrium independent of t 
equations of condition, by subtracting theses e<|uations, multiplied 
by an indeterminate constant, from condition (239). If w«* de 
these indeterminate constants by T, J/,, ... i/^, we shall obuio i 
arranging the terms 

+yADe-YAZ)iii-fA2>^-if,AZ>»4... - AU6l>iii:^^0. { 

The variations, both infinitesimal and finite, in this oonditaoii 
independent of the equations of condition (240) and (241). and 
only subject to the condition that the varied values of Dc. 
Ih/i^,.,.I>mn for each element are determined by a ctTtain ch 
of phase. But as we do not suppone the same element to eipefi 
both a tinite and an intinit4*simHl change of phaf«e, we must ha%-tf 
iI>e-YoI>m-.rjJ[>j»-J/,oZ>wi,...-*V,o/>iiu = 0, i 
and AZ)€-YADm-7'AZ>j|-iW,A/>m,...-lf,Ai>iiu=:0. i 

By equation (12), and in virtue of the ueceHNary* n*latioti (22Si 
first of these conditio »ns reduct^s to 

«-r)5Z)j|+(/^,-Y-iV,)oZ>m, ... 

-f(Ai,-Y-Jlfjd/>»iu^«; I 

tor which it is necessary and sufficient that 

;i,.Y = lf,.|^ 

* Th* gimviUlloB pol#otiAl b here msppowd to Iw defiocil in thm qmiaI wmy. 
it wwn d«llB«d to M to tUfrtam when a tiody falU, we iboalj harv tiM ugm «- 1 
of < ia thwe oqnAlloiii ; i.e., for M<'h compfUMnit. th« mun of tho grmnli 
t pot— tUli woski hm ooMtADt thrtm^fhout the whoU i 
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Condition (244) may be reduced to the (ana 

AD€-rA2>9-(Y+Jfi)AZ)iiH...-(Y+lf,)AZ)m^S0; (248) 
iiKlb7(246)and(247)to 

AD€-tAD^-'/iiADmi...-fi^^Dm^^O. (249) 

If values determined subsequently to the change of phase are dis- 
tingaished by accents, this condition may be written 

D^-'tIhi'-'fA^Dm^\..-fi^I>m^' 

-'D€+tDii+fiiDmi...+fjL^Dm^^O, (250) 

irhich may be reduced by (93) to 

D€'-t£hi'^fiiDm^\..-/i^I>m^'+pDv^O. (251) 

Now if the element of volume Dv is adjacent to a surface of discon- 
anaity, let us suppose De', Dff, Dm^\ ... Ihn^' to be determined (for 
she same element of volume) by the phase existing on the other side 
)! the surface of discontinuity. As f, /l^, . . . /i^ have the same values on 
both sides of this surface, the condition may be reduced by (93) to 

^p'Dv+pDv^O. (252) 

Ih&t is, the pressure must not be greater on one side of a surface of 
discontinuity than on the other. 

Applied more generally, (251) expresses the condition of equilibrium 
with respect to the possibility of discontinuous changes of phases at 
•ny point As Ih/ = Dv, the condition may also be written 

D^^tDn'+pDv'-iL^Drn^ ...-IJL^Dm^^O, (253) 

which must hold true when ty p, /ii^,...fi^ have values determined 
by any point in the mass, and De', Dfi\ Dv\ Dm/, . . . Ihn^ have values 
determined by any possible phase of the substances of which the mass 
is composed. The application of the condition is, however, subject 
to the limitations considered on pages 74-79. It may easily be shown 
(seepage 104) that for constant values of ^, /i^,.../!^, and of Dv\ 
the first member of (253) will have the least possible value when De\ 
I^',D7n^\,.. I^n *^^ determined by a phase for which the tempera- 
tare has the value t, and the potentials the values fi^,..,fi^. It will 
be sufficient, therefore, to consider the condition as applied to such 
phases, in which case it may be reduced by (93) to 

p-p'^Q. (254) 

IWt is, the pressure at any point must be as great as that of any 
'hase of the same components, for which the temperature and the 
otentiaLs have the same values as at that point We may also express 
lis condition by saying that the pressure must be as great as is 
Dflistent with equations (246), (247). This condition with the 
nations mentioned will always be sufficient for equilibrium ; when 
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the condition is not Ratisfied, if eqailibriam subiiifltB, it will be al 1 
practically unstable. 

Hence, the phase at any point of a fluid mass, which in in Ki 
equilibrium under the influence of fpravity (whether this force is « 
to external bodies or to the mass itself), and which has th ro qghowt 
same independently variable components, is completely deiermiiMd 
the phase at any other point and the difference of the values of t 
f^vitational potential for the two points. 

Fondumtal Equations of Ideal Oaiei and Oaa-IDxtaim 

For a constant quantity of a perfect or ideal gt^, the product of t 
volume and pressure is proportional to the temperature, and i 
variations of energy are proportional to the variations of tempcrati 
For a unit of such a gas we may write 

de^cdt, 
a and c denoting constants. By integration, we obtain the equa) 

in which E also denotes a constant If by these equaUons we d 
nate t and p from (11) we obtain 

c ' V c 

or c_^=rfi,-a-j^. 

The integral of this equation may he written in the form 

clog sjf^a Ufgv^H, 

where H denotes a fourth constant Wo may regard E aa denoting 
energy of a unit of the gas for / = ; //its entropy for f a 1 and r 
a its pressure in the latter state, or its volume for fal and f 
c its specific heat at constant volume. We may extend the applio 
of the equation to any quantity of the gas, n^ithout altering the r\ 

CSV* 

of the constants, if we substitute - , --, - for c, f, i;. resPtfcti 

Wl Til Wl "^ 

This will give 

clog » ■ — if +alog--. I 

^ cm m '^ V 

This is a fundamental «{ nation (nto pages H5-H9) for an ideal p 
invariable composition. It will l)e observed that if we do iw( I 
to eoosider the properties of the matter which forma the g^ 
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appearing in any other form or combination, but solely as constituting 
the gas in question (in a state of purity), we may without loss of 
generality give to E and H the value zero, or any other arbitrary 
valnes. But when the scope of our investigations is not thus limited 
we may have determined the states of the substance of the gas for 
which €=0 and 17 = with reference to some other form in which the 
substance appears, or, if the substance is compound, the states of its 
components for which € = and J7=0 may be already determined ; so 
that the constants E and H cannot in general be treated as arbitrary. 
We obtain from (255) by differentiation 

— V-^=-^^--d^+(--|-+^^--^«)<im, (256) 
e—Em m ' V \e--Em m mV ^ ^ 

whence, in virtue of the general relation expressed by (86), 

t=^-rJ^, (257) 

cm ' ^ ^ 

p = a—^^, (258) 

fi=E'\ ^(cm+am-'fj). (259) 

We may obtain the fundamental equation between 1^, t, v, and m 
from equations (87), (255), and (257). Eliminating e we have 

\lr=Em+cmt^tfi, 

and clos:^=— — J7+alog — : 

and eliminating rj, we have the fundamental equation 

i^=^m+m^(c-ir-clog^+alog^). (260) 

Differentiating this equation, we obtain 

dV^= -mfiZ+c log ^+a log —jd<—^^dv 

+ (E+t(c+a^H''Clogt+alog'^yjdm; (261) 
whence, by the general equation (88), 

fj = m(H+ c log ^ + a log — ), (262) 

P=^, (263) 

/i=E+t(c+a-H-c\ogt+a\og'^y (264) 
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Prom (260X by (87) and (91X we obtain 

and eliminating v by means of (263), we obtain the fondamoitil 
equation 

f=£V»i+m<(c+a-ir-(c+a)loge+alog2). (265) 

From this, by differentiation and comparison with (92), we may 
obtain the equations 

i|=m(ir+(c+a)log<-alog5), (266) 

t;=^, (267) 

fi^B+t(e+a-'H^(c+a)logt+alog^. (268) 

The last is also a fundamental equation. It may be written in the 
form 

or, if we denote by e the base of the Naperian system of logarithms, 
p^ae • * « e •* . (270) 

The fundamental equation between x» 9> P> ^^^ '^ ™Ay <^ ^ 
easily obtained ; it is 

(e+a)logXr^=l.iJ+alog?, (271) 

which can be solved with respect to x* 

Any one of the fundamental equations (255), (260), (265), (270), 
and (271), which are entirely equivalent to one another, may be 
r^arded as defining an ideal gas. It ¥rill be observed that most of 
these equations might be abbreviated by the use of different con- 
stants. In (270), for example, a single constant might be used for 

€Le * , and another for . The equations have been given ii 

the above form, in order that the relations between the constanti 
occurring in the different equations might be most clearly exhibited 
The sum c+ci is the specific heat for constant pressure, as appears i 
we differentiate (266) rt^^arding p and m as constant* 

* We mi^ ciMily obUin the equation betveea the temperatiire and pceanire of 
•Ataimted Tmpor. if we know the AuMUmeotal e^oataoni ol the mbstanoe both in U 
gMeoQ*. Mid in the liquid or eolii) elAte. If we mppoee that the density and the spedi 
hent al oon»t*nl preimire of the liquid may be ngarded m oonrtnnt qonntitieB (for nu 
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He preceding fundamental equations all apply to gases ofconstarvl 
composition, for which the matter is entirely determined by a single 
Tiriable (m). We may obtain corresponding fundamental equations 
For a mixture of gases, in which the proportion of the components 
iail be variahley from the following considerations. 

Hdfliate preMores m the liquid ezperieoceB while in contact with the ▼•pory, and 
bote this ^Moific heat by k, and the volmne of a unit of the liquid by F, we ahall 
■fe for a onit of the liquid 

tdn^kdl, 

tooe if=i;log<+fr', 

rbflTB H' denotes a constant. Also, from this eqoation and (97), 

dfi=-{klogt-\'H')dl-\'Vdp, 
toee fi=H-'ktlogt'-H't-\-Vp-\-E\ (a) 

rboe E' denotes another constant. This is a fundamental equation for the substance 
1 the liquid state. If (268) represents the fundamental equation for the same substance 
I tiw gaseous state, the two equations will both hold true oi coexistent liquid and gas. 
Biihiating /i we obtain 

, p ff'S'+k-c-a k-e-a. , E-E' Vp 

log- = \ogt — + — -f- 

^a a a ^ ai at 

f we oe^act the last term, which is evidently equal to the density of the vapor divided 
ythe density of the liquid, we may write 

logp=J-51og«- J, 

li B, and O denoting constants. If we make similar suppositions in regard to the 
iktoooe in the solid state, the equation between the pressure and temperature of 
MQitent solid and gaseous phases will of course have the same form. 
A nmilar equation will also apply to the phases of an ideal gas which are coexistent 
ith two di£Ferent kinds of solids, one of which can be formed by the combination of the 
M with the other, each being of invariable composition and 61 constant specific heat 
id density. In this case we may write for one solid 

lj^=1ift-1ift\Qgt'H't+V'p + E\ 
ad for the other it^^Vt - Vi log t-H''t-\-\r'p + E\ 

ad for the gas n^^E-^-iic-k-a- H-{c-\^a)\ogt+a\og^\ 

Now if a unit of the gas unites with the quantity X of the first solid to form the 
ttnttty 1 +X of the second it will be necessary for equilibrium (see pages 67, 68) that 

/i,+XMi = (1 + X)ai,. 

Ustitoting the values of Mi> A4» A<t> given above, we obtain after arranging the terms 
ndiriding by oi 

log|=^-i?log«-^+Z>f, 

^ . -ff+X£r'-(l+X)^*-c-o-Xl:' + (l+X)ir 
^- a ' 

„ (l+X)ifc"-Xir'-c-o 
^= a ' 

^_ jg-i-x^-(i+x)^^ ^ (i+x)r^-xF 

^e may conclude from this that an equation of the same form may be applied to 
ieal gaa in equilibrium with a liquid of which it forms an independently variable 
when the specific heat and density of the liquid are entirely determined 
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It 18 a rule which admitA of a very general and id many csm 
exact experimental verification, that if several liquid or mlii 
ntancoH which yield different Kftses or vapom are fdmalljuirofi 
e<|uilibriani with a mixture of these gaficfl (canes of chemical 
between the gases being excluded), the pressurv in the gaa-in 
is equal to the sum of the pressures of the gaseii ^-ielded at Um 
temperature by the various liquid or solid sulistances taken srpai 
Now the potential in any of the liquids or solids for the sofa 
which it yields in the form of gas has very m^rly the samr 
when the liquid or solid is in equilibrium with the ga»-mixt 
when it is in equilibrium with itA own gas alone. The diflerc 
the pressure in the two cases will cause a certain ditTervnce i 
values of the potential, but that this ditTen^nce will lie small. w< 
infer from the e(|uation 

which may be derived from equation (92). In most caHes. thei 
bo a certain absorption by each liquid of the gasea ^"ieldcd I 

bj iU ooinpoaitioo, ezoept that the lett«rt A, B, C, and D moal In thb mm ki 
•food to denote qnantitiM which Tary with the oompoeatioa of tiM ttqvid. 
eoorider the oim more io detaU, we have for the Uqnid by (a) 

where k, JST, V, E denote qoantitiee which depend only apoii the iiiinn>iMlwi 
Uqnid. Hence, we may write 

fskl-kllogl-Hl+Tp+I, 
where 1^ ■, T, and I denote fonctions of m,, m,, etc. (the qnaatitaei of ihi 
eomponenU of the liquid). Henoe, by (92), 

cfk ^ cfk . ^ dH. <IT dl 
'^ dM, dai, * cim, dm' dm, 
If the omnponent to which this potential rclatee ie that which aleo fniwi iht , 
ehaU have by (269) 

, p H-f-a r + o, , ih-S 

loff'^s + loir/ + " 

^a a a ^* ol 

BUoUnating mi t w obtain the equation 

log^=i4-fllogl-y4/>^. 

in which i4, A, C, and D denote qnantitiee which depend only apo« Ike eaa| 
of the liquid, via. : 

a\ dm, / a dm, 

With respect to eome of thr c<i|a*tioiM which have here been dedoced, thi 
may cimpare iVofeeeur KirchhofT ** U«l»er die S|iannanK ^^ I^aoipfee vo« Mia 
wm Weaeer nnd HchwefeUaore," Poj>j. Amn., vol. civ. (IHAn). p. «I2: aod Dv. 1 
•'Oa aaumled Vapon,'* Pm. Mag., toL uxL (1806), p. 199. 
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thers, bat as it is well known that the above rule does not apply 
eases in which such absorption takes place to any great extent, we 
nay oondnde that the effect of this circumstance in the cases with 
rhich we have to do is of secondary importance. If we neglect the 
light differences in the valnes of the potentials due to these circum- 
tanoes, the role may be expressed as follows : — 

Ihe presswre in a Tnixture of different gases is equal to the swm of 
te prt98wres of the different gases as existing each by itself at the 
wune temperaiure amd with ihe same value of its potential. 

To form a precise idea of the practical significance of the law as 
lios stated with reference to the equilibrium of two liquids with a 
nixtore of the gases which they emit, when neither liquid absorbs the 
ps emitted by the other, we may imagine a long tube dosed at each 
end and bent in the form of a W to contain in each of the descending 
kx^ one of the liquids, and above these liquids the gases which they 
omit, viz., the separate gases at the ends of the tube, and the mixed 
paes in the middle. We may suppose the whole to be in equilibrium, 
ihe difference of the pressures of the gases being balanced by the 
proper heights of the liquid colunms. Now it is evident from the 
principles established on pages 144-150 that the potential for either 
gas will have the same value in the mixed and in the separate gas 
(U ihe same level, and therefore according to the rule in the form 
which we have given, the pressure in the gas-mixture is equal to the 
nm of the pressures in the separate gases, all these pressures being 
nmswred at the same level. Now the experiments by which the rule 
has been established relate rather to the gases in the vicinity of the 
wrfaces of the liquids. Yet, although the differences of level in these 
surfaces may be considerable, the corresponding differences of pres- 
sure m the columns of gas will certainly be very small in all cases 
which can be regarded as falling under the laws of ideal gases, for 
which very great pressures are not admitted. 

K we apply the above law to a mixture of ideal gases and distin- 
guish by subscript numerals the quantities relating to the different 
paes, and denote by S^ the sum of all similar terms obtained by 
changing the subscript numerals, we shall have by (270) 

p = 2,W ^ t^ e^' ). ^^^^^ 

It will be legitimate to assume this equation provisionally as the 
^damental equation defining an ideal gas-mixture, and afterwards 
^justify the suitableness of such a definition by the properties which 
oay be deduced from it. In particular, it will be necessary to show 
hat an ideal gas-mixture as thus defined, when the proportion of its 
)mponents remains constant, has all the properties which have 
ready been assumed for an ideal gas of invariable composition ; it 
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will alflo be dcfurable to consider more rigorously and more in di 
the e(|uilibrium of 8uch a ga8-mixturo with nolidfi and liquidi, i 
respect to the above rule. 

By differentiation and oouipariHon with (9H) we ohiain 

V 
V 

etc. 

Equations (275) indicate that the relation Iwtwcon the tc^mpenti 
the density of any component, and the potential for that Cfimpjnm 
not affected by the presence of the other eoui{)onents. Tlnfy i 
also be written 

A£j = J?j + e(c,+et^-//,-c,log/+a,log'-^^j). I ^j 

etc. j 

Eliminating fi^, fi^, etc from (273) and (374) by means of <275ii 
(276), we obuin 

* V 

^ = 2, (wh^i + ^1^1 log < + whrt 1 log -*' \ {i 

\ iHj/ 

Ec|uation (277) expn*ss(^ the familiar principle that the prpwiurr i 
gas-mixture is e<|ual to the sum of the pressures which the ounpos 
gases would possess if existing separately with the sanio voIqbc 
the same tempi*rature. Equation (27H) expresses a similar priao 
in regani to the entropy f»f the gas-mixture. 

From (276) and (277) wr may easily obtain the fun«lamental p| 
tion between ^, ^ r, ?/«,, m,, utc. For by sulistituting in «94> 
values of p, fi^, fi^, etc. taken from these iM|uati(in.H, we obcain 

Vr = 2|(A>j + iv(r,-7/j-c,log<+aJog?^)y ii 

If we regard the prop<»rtion of the various components as €aa< 
this e«|Uation may be simpliKetl by writing 

m for Zi'fip 

cm for 2,(«'|W»,1, 

*im for 2,(«i,rM|), 

Em for 2,(A\i/i,>, 

and i/m— aml«igwi for 2i(//|m,— <f,m|log«i|k. 
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Ihe values of c, a, E, and H will then be constant and m will denote 

ibe total quantity of gas. As the equation wiU thus be reduced to 

(he form of (260), it is evident that an ideal gas-mixture, as defined 

ly (273) or (279X when the proportion of its components remains 

mehanged, will have all the properties which we have assumed for 

ID ideal gas of invariable composition. The relations between the 

qiedfic heats of the gas mixture at constant volume and at constant 

pressure and the specific heats of its components are expressed by 

the equations ^t^. 

^ c=2,??^, (280) 

m 

•nd c+a=2iHhL(i±^. (281) 

m 

We have already seen that the values of t, v, m^, /i^ in a gas- 

nuxtore are such as are possible for the component O^ (to which m^ 

and f4 relate) existing separately. If we denote by p^, ji^, i/r^, e^, Xi> (i 

the connected values of the several quantities which the letters 

indicate determined for the gas O^ as thus existing s^Murately, and 

extend this notation to the other comp(ments, we shall have by (273), 

(274), and (279) 

i> = 2j)i, ^=2i^, ^=21^1; (282) 

whence by (87), (89), and (91) 

^=2i^i> X=2:,Xi. ^=2^1- (283) 

The quantities p, 9, ^, e, x» S relating to the gas-mixture may 
therefore be regarded as oonsLsting of parts which may be attributed 
to the several comp(ments in such a manner that between the parts 
of these quantities which are assigned to any component, the quantity 
of that component, the potential for that component, the temperature^ 
^ the volume, the same relations shall subsist as if that component 
cxiflted separately. It is in this sense that we should understand the 
law of Dalton, that every gas is as a vacuum to every other gas. 

It is to be remarked that these relations are consistent and possible 
for a mixture of gases which are not ideal gases, and indeed without 
^y limitation in regard to the thermodynamic properties of the 
individual gasea They are all consequences of the law that the 
pressure in a mixture of different gases is equal to the sum of 
the pressures of the different gases as existing each by itself at the 
same temperature and with the same value of its potential. For let 
'i» ^i» ^i» ^i» Xi» fi » P«» ^^ j ^^ ^ defined as relating to the different 
;ases existing each by itself with the same volume, temperature, and 
otential as in the gas-mixture ; if 

ben m =(^1); 
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and iherefcHre, by (98X the quantity of any component gas 6^ in the 
gas-mixture, and in the separate gas to which p^^ 9^, etcL relate, is the 
same and may be denoted by the same symbol mj. Also 



'=«(t)... -'^(t)=^'.= 



whence 






whence also, by (93)-(96), 

«=2ie„ V=2i^i. X=2o<i. f=2,f,. 

AU the same relations will also hold troe whenever the value of ^ 
for the gas-mixture is equal to the sum of the values of this fanctdoii 
for the several component gases existing each by itself in the samft 
quantity as in the gas-mixture and with the temperature and volume 
of the gas-mixture. For if ft, jfi, e^, yfr^, Xi' fi5 Pt* ®*^> ^ •" 
defined as relating to the components existing thus by themselves, we 
shaU have 



Therefore, by (88X the potential fi^ has the same value in the gas- 
mixture and in the gas G^ existing separately as supposed. Mono^et, 

'-(t)...=-^(tX.=^'.. 

whence €=^^^1. X=2iXi. f=2ifi- 

Whenever different bodies are ccxnbined without communication of 
work or heat between them and external bodies, the energy of the 
lH)dy formed by the combination is necessarily equal to the sum of 
the energies of the bodies combined. In the case of ideal gas-mixtom 
when the initial temperatures of the gas-masses which are combined 
are the same (whether these gas-masses are entirely different gaseei 
or gas-mixtures differing only in the proportion of their components), 
the ci>ndition just mentioned can only be satisfied when the tempera- 
ture of tiie resultant gas-mixture is also the same. In such oom- 
binations* therefore, the final temperature will be the same as the 
initial. 

If we ctmsider a vertical column of an ideal gas-mixture whidi is 



* A subtcripl m after a difl«rential co^cieot rdadog to a body haYing leveir*^ 
independMitly variable compoD^nU b uaed bere and ebewbere in tbis paper to indioaft^ 
tbat oaob of tbo qaaatitM* m,« m,, «tc.« obUmb ite diffsreiitial ocean in tbe exproMiOB t^ 
wbicb tb« •affix h applM* it to be rigarded as constant in tbe differentiation. 
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m equilibrium, and denote the densities of one of its components at 
two different points by y^ and y/, we shall have by (275) and (234) 

^ w-<*i' g(*'-*) 

-0=se »i« =g «!« . (284) 

Vi 

Prom this equation, in which we may regard the quantities distin- 
guished by accents as constant, it appears that the relation between 
the density of any one of the components and the height is not 
affected by the presence of the other components. 

The work obtained or expended in any reversible process of com- 
lanation or Reparation of ideal gas-mixtures at constant temperature, 
or when the temperatures of the initial and final gas-masses and of the 
only external source of heat or cold which is used are all the same, 
will be found by taking the difference of the sums of the values of yfr 
for the initial, and for the final gas-masses. (See pages 89, 90.) It 
is evident from the form of equation (279) that this work is equal to 
the sum of the quantities of work which would be obtained or 
expended in producing in each different component existing separately 
tiie same changes of density which that component experiences in the 
actual process for which the work is sought.* 

We will now return to the consideration of the equilibrium of a 
liquid with the gas which it emits as affected by the presence of 
different gases, when the gaseous mass in contact with the liquid may 
l)e regarded as an ideal gas-mixture. 

It may first be observed, that the density of the gas which is 
emitted by the liquid will not be affected by the presence of other 
gwes which are not absorbed by the liquid, when the liquid is pro- 
tected in any way from the pressure due to these additional gases. 
This may be accomplished by separating the liquid and gaseous 
niasses by a diaphragm which is permeable to the liquid. It will 
then be easy to maintain the liquid at any constant pressure which is 
not greater than that in the gas. The potential in the liquid for the 
substance which it yields as gas will then remain constant, and there- 
fore the potential for the same substance in the gas and the density 
of this substance in the gas and the part of the gaseous pressure due 
to it will not be affected by the other components of the gas. 

But when the gas and liquid meet under ordinary circumstances, 
i-e., in a free plane surface, the pressure in both is necessarily the 
s^e, as also the value of the potential for any common component 
^- Let us suppose the density of an insoluble component of the gas 

*Thiareralt has been given by Lord Rayleigh {Phil. Mag,, vol. xlix., 1875, p. 311). 
It will be observed tbat equation (279) might be deduced immediately from this 
P'ioctple in connection with equation (260) which expreases the properties ordinarily 
•■*»«d for perfect gases. 
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to vary, while the compofiition of the liquid and the 

remain unchanged. If we denote the increments of p c uwirt ami d 

the potential for £f| by dp and (2/ij, we shall have by (t72) 



■"'.-(|')>-Gt.t> 



the index (L) denoting that the expremions to which it is 
refer to the liquid. (Elxprcssions without sach an index will reir 
to the gas alone or to the gas and liquid in common.) Again, mm 
the gas is an ideal gas-mixture, the relation between p^ and ^ il 
the same as if the component S^ existed by itaelf at the bmi 
temperature, and therefore by (268) 

c2/£|aai(dlogp|. 

Therefore aM\ogp.^(i^^ dp. («) 

This may be integrated at once if we regard the diflmntaal c^ 
eflBcient in the second member as constant, which will be a nqf 
close approximation. We may obtain a result more simple, bat m 
quite HO accurate, if we write the equation in the form 

where y, denotes the density of the component S^ in the gu^^ak 
integrate regarding this quantity also as constant. This will givt 

where p( and // <lenote the values of />, and ;> when the innhlii 
component of the gas is entirely wanting. It will be obsenned iM 
7>— // is nearly e({ual to the pressure of the insoluble oompoBOl 
in the phase of the gas-mixture to which />, relates ;^ it Ml 
necessarily the only common component of the gas and Kqvi 
If there an^ others, we may find the increase of the part of lb 
pressure in the gas-mixture belonging to any one of tlws kf 
tH|uations differing from the last only in the subscript nonwiak 

I^t us next consider the etfoct of a gas which is absorbed to mm 
extent, and which must Uien^fore in strictness be regarded as a 
ponent of the liquifl. We may commence by considering in 
the e<|uilibrium of a gas-mixture of two components N!| and ^ wA 
a liquid fonned of the same components. Using a milation like Ikt 
previous, we shall have by (9H) fur constant t4*mpi*rature. 

and rf/> = y,"'**Vi+yi^iM,; 

whence (y,*^ -y.>''/'i=(y,-yi")J;v 
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^ow if the gaa is an ideal gas-mixture, 

d/«i=^^i=^f and ^A^=^^%=^, 

therefore (l^^i^p^^^i^ll^dp^. (288) 

We may now suppose that S^ is the principal component of the 
fiqnid, and iS, is a gas which is absorbed in the liquid to a slight 
extent In such cases it is well known that the ratio of the densities 
of the substance 8^ in the liquid and in the gas is for a given tempera- 
tore approximately constant. If we denote this constant by il, we 
Bh&Ilhave 

(")^_i\^>.. -/I _ A\^^ (289) 



{^^l)dp,Hl^A)dp, 



It would be easy to integrate this equation regarding y^ as variable, 
Irat as the variation in the value of p^ is necessarily very small we 
shall obtain sufficient accuracy if we regard yj as well as y?** as con- 
stant We shall thus obtain 

{^-i)(Pi-Pi)=il-^)P». (290) 

where p{ denotes the pressure of the saturated vapor of the pure 
fiquid consisting of S^. It will be observed that when il = l, the 
preeence of the gas 8^ will not affect the pressure or density of the 
gas Sy When il < 1, the pressure and density of the gas 8^ are 
greater than if flfg were absent, and when -4 > 1, the reverse is true. 

The properties of an ideal gas-mixture (according to the definition 

which we have assumed) when in equilibrium with liquids or solids 

ha?e been developed at length, because it is only in respect to these 

properties that there is any variation from the properties usually 

attributed to perfect gases. As the pressure of a gas saturated with 

vapor is usually given as a little less than the sum of the pressure 

^ the gas calculated from its density and that of saturated vapor 

b a space otherwise empty, while our formulae would make it a 

little more, when the gas is insoluble, it would appear that in this 

respect our formulae are less accurate than the rule which would 

Ottke the pressure of the gas saturated with vapor equal to the sum 

of the two pressures mentioned. Yet the reader will observe that 

the magnitude of the quantities concerned is not such that any 

stress can be laid upon this circ\mistance. 

It will also be observed that the statement of Dalton's law which 
re have adopted, while it serves to complete the theory of gas- 
aixtures (with respect to a certain class of properties), asserts nothing 

G.I. L 
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with reference to any solid or liquid bodies. But the eoniiioo rib 
that the density of a gas necessary for eqnilibriom with a soiid «r 
liqnid is not altered by the presence of a different gas which ii aol 
absorbed by the solid or liqaid, if construed Mrieiljf, will uTolvt 
consequences in regard to solids and liquids which an eotirilf 
inadmissible. To show this, we will assume the eorrectiiesB of tli 
rule mentioned. Let S^ denote the common component of the j 
and liquid or solid masses, and S^ the insoluble gas, and let quanti 
relating to the gaseous mass be distinguished when necesaaiy bjr tk 
index (o), and those relating to the liquid or solid by the index (Li 
Now while the gas is in equilibrium with the liquid or solid, ki 
the quantity which it contains of S^ receive the increment cfai|.iii 
volume and the quantity which it contains of the other ooinpniMi 
as well as the temperature, remaining constant The potential hri^ 
in the gaseous mass will receive the increment 

and the pressure will receive the increment 

Now the liquid or solid remaining in equilibrium with the gai sal 
experience the same variations in the values of fi^ and p. Bui faj(fr& 

v<0) 

Therefore. (4-'-f' ^YT^^- 

It will be observed that the first member of this equatioQ rdM 
solely to the liquid or solid, and the second member solely to # 
gas. Now we may suppose the same gaseous mass to be eapahk ^ 
equilibrium with several different liquids or solids, and the W 
memlwr of this equation must therefore have the same value forll 
such liquids or solids ; which is quite inadmissible. In the safliA 
case, in which the liquid or solid is identical in substanee with tki 
vapor which it yields, it is evident tliat the expreasion in qiMiM 
denot4!s the recipntcal of the density of the solid or liquid Hmk 
when the gas is in i*«(uilibrium with one of its coniponenti« both iatki 
solid and liquid states (as when a moist gas is in equilifarimi wA 
ice and water), it would lie necessary that the solid and liquid 
have the same density. 



\dp /,, « Vrt7n/,. , 
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The foregoing considerations appear sufficient to justify the defi- 
nition of an ideal gas-mixture which we have chosen. It is of course 
immaterial whether we regard the definition as expressed by equation 
(273), or by (279), or by any other fundamental equation which can 
be derived from these. 

The fundamental equations for an ideal gas-mixture corresponding 
to (255), (266), and (271) may easily be derived from these equations 
\fj using inversely the substitutions given on page 156. They are 

%^log?:^^>=^+2,(a,m,log^-^,m,), (291) 

=i?+2i(axm,log2;^^^-^,m,), (292) 

f=2,(^,mi-|-mi^(c,+ax-ili)) 

-^(<hm,+a,m{) t log t+^(a,7rHt log ^^^^) . (293) 

The components to which the fundamental equations (273), (279), 
(291), (292), (293) refer, may themselves be gas-mixtures. We may 
tor example apply the fundamental equations of a binary gas-mixture 
to a mixture of hydrogen and air, or to any ternary gas-mixture in 
which the proportion of two of the components is fixed. In fact, 
the form of equation (279) which applies to a gas-mixture of any 
particnlar number of components may easily be reduced, when the 
proportions of some of these components are fixed, to the form which 
applies to a gas-mixture of a smaller number of components. The 
necessary substitutions will be analogous to those given on page 156. 
But the components must be entirely different from one another with 
respect to the gases of which they are formed by mixture. We 
Cfttmot, for example, apply equation (279) to a gas-mixture in which 
the components are oxygen and air. It would indeed be easy to 
form a fundamental equation for such a gas-mixture with reference 
to Ihe designated gases as components. Such an equation might be 
feived from (279) by the proper substitutions. But the result would 
be an equation of more complexity than (279). A chemical compound, 
however, with respect to Dalton's law, and with respect to all the 
^tiations which have been given, is to be regarded as entirely 
<Jifferent from its components. Thus, a mixture of hydrogen, oxygen, 
^d vapor of water is to be regarded as a ternary gas-mixture, having 
the three components mentioned. This is certainly true when the 
^l^iantities of the compound gas and of its components are all inde- 
pendently variable in the gas-mixture, without change of temperature 
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or pressure. Cases in which these quantities are not thus independent 
variable will be considered hereafter. 



Inferences in rega/rd to Potentials in Liquids and Solids. 

Such equations as (264), (268), (276), by which the values 
potentials in pure or mixed gases may be derived from quantiti 
capable of direct measurement, have an interest which is not confin 
to the theory of gase& For as the potentials of the independ^ 
variable components which are common to coexistent liquid ai 
gaseous masses have the same values in each, these expressions ¥? 
generally afford the means of determining for liquids, at least appro: 
mately, the potential for any independently variable component whi 
is capable of existing in the gaseous state. For although every sta 
of a liquid is not such as can exist in contact with a gaseous mass, 
will always be possible, when any of the components of the liquid a 
volatile, to bring it by a change of pressure alone, its temperature ai 
composition remaining unchanged, to a state for which there is 
coexistent phase of vapor, in which the values of the potentials of tl 
volatile components of the liquid may be estimated from the densil 
of these substances in the vapor. The variations of the potentials 
the liquid due to the change of pressure will in general be qui 
trifling ba compared with the variations which are connected wi' 
changes of temperature or of composition, and may moreover 1 
readily estimated by means of equation (272). The same conside 
ations will apply to volatile solids with respect to the determinati^ 
of the potential for the substance of the solid. 

As an application of this method of determining the potentia 
in liquids, let us make use of the law of Henry in regard to tJ 
absorption of gases by liquids to determine the relation betwe^ 
the quantity of the gas contained in any liquid mass and its potentii 
Let us consider the liquid as in equilibrium with the gas, and 1 
TT^^ denote the qilantity of the gas existing as such, mi^* the quanti 
of the same substance contained in the liquid mass, fi^ the potent! 
for this substance common to the gas and liquid, t^^^ and t/^> tl 
volumes of the ga^i and liquid. When the absorbed gas forms b 
a very small part of the liquid mass, we have by Henry's law 

where il is a function of the temperature ; and by (276) 

A., = £+Clog-^, (29 
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B and C also denoting functions of the temperature. Therefore 

fH=B+Clog^,. (296) 

It will be seen (if we disregard the difference of notation) that this 
equation is equivalent in form to (216), which was deduced from 
a priori considerations as a probable relation between the quantity 
and the potential of a small component. When a liquid absorbs 
several gases at once, there will be several equations of the form of 
(296), which will hold true simultaneously, and which we may regard 
as eqtdvalent to equations (217), (218). The quantities A and C in 
(216), with the corresponding quantities in (217), (218), were regarded 
as functions of the temperature and pressure, but since the potentials 
in liquids are but little affected by the pressure, we might anticipate 
that these quantities in the case of liquids might be regarded as 
fonctions of the temperature alone. 

In regard to equations (216), (217), (218), we may now observe 
that by (264) and (276) they are shown to hold true in ideal gases or 
gas-mixtures, not only for components which form only a small part 
of the whole gas-mixture, but without any such limitation, and not 
only approximately but absolutely. It is noticeable that in this case 
quantities A and C are functions of the temperature alone, and do 
not even depend upon the nature of the gaseous mass, except upon 
the particular component to which they relate. As all gaseous bodies 
&re generally supposed to approximate to the laws of ideal gases when 
sufficiently rarefied, we may regard these equations as approximately 
valid for gaseous bodies in general when the density is sufficiently 
wnalL When the density of the gaseous mass is very great, but 
the separate density of the component in question is small, the 
^nations will probably hold true, but the values pf A and G may 
not be entirely independent of the pressure, or of the composition 
of the mass in respect to its principal components. These equations 
^ also apply, as we have just seen, to the potentials in liquid 
'^'es for components of which the density in the liquid is very 
^'^^f whenever these components exist also in the gaseous state, 
*^d conform to the law of Henry. This seems to indicate that the 
^^ expressed by these equations has a very general application. 

^^^^"^"isideratioTia reUUing to the Increase of Entropy due to the 
Mixture of Oases by Diffusion. 

^«x>in equations (278) we may easily calculate the increa.se of 

^^tropjr which takes place when two different gases are mixed by 

^^^^lon, at a constant temperature and pressure. Let us suppose 
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that the quantities of the gases are such that each occupies initially 
one half of the total volume. If we denote this volume by F, th< 
increase of entropy will be 

V V 

77401 log F+m^a^ log F-miOilog^-mgO^ log j-, 

or (mjOj + m^o^) log 2. 

Now 77401=^, and 7n^a^=:^. 

Therefore the increase of entropy may be represented by th 
expression 

^logi (297 

It is noticeable that the value of this expression does not depen 
upon the kinds of gas which are concerned, if the quantities are sod 
as has been supposed, except that the gases which are mixed mne 
be of different kinds. If we should bring into contact two masse 
of the same kind of gas, they would also mix, but there would b 
no increase of entropy. But in regard to the relation which thi 
case bears to the preceding, we must bear in mind the followizi| 
considerationa When we say that when two different gases mix b; 
difiusion, as we have supposed, the energy of the whole remab 
constant, and the entropy receives a certain increase, we mean tha 
the gases could be separated and brought to the same volume am 
temperature which they had at first by means of certain changes ii 
external bodies, for example, by the passage of a certain amount 
heat from a warmer to a colder body. But when we say that whei 
two gas-masses of the same kind are mixed under similar dream 
stances there is no change of energy or entropy, we do not meai 
that the gases which have been mixed can be separated withon 
change to external bodies. On the contrary, the separation of th 
gases is entirely impossible. We call the energy and entropy of th 
gas-masses when mixed the same as when they were unmixec 
because we do not recognize any difference in the substance of th 
two masses. So when gases of different kinds are mixed, if we aa 
what changes in external bodies are necessary to bring the systei 
to its original state, we do not mean a state in which each partid 
shall occupy more or less exactly the same position as at som 
previous epoch, but only a state which shall be undistinguishaU 
from the previous one in its sensible propertiea It is to states c 
systems thus incompletely defined that the problems of thermc 
dynamics relate. 

But if such considerations explain why the mixture of gas-masK 
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of the same kind stands on a different footing from the mixture of 
gas-masses of different kinds, the fact is not less significant that the 
increase of entropy due to the mixture of gases of different kinds, 
in sach a case as we have supposed, is independent of the nature of 
the gasea 

Now we may without violence to the general laws of gases which 
are embodied in our equations suppose other gases to exist than such 
as actually do exist, and there does not appear to be any limit to the 
resemblance which there might be between two such kinds of gas. 
But the increase of entropy due to the mixing of given volumes of the 
gases at a given temperature and pressure would be independent of 
the degree of similarity or dissimilarity between them. We might also 
imagine the case of two gases which should be absolutely identical 
in all the properties (sensible and molecular) which come into play 
while they exist as gases either pure or mixed with each other, 
but which should differ in respect to the attractions between their 
atoms and the atoms of some other substances, and therefore in their 
tendency to combine with such substancea In the mixture of such 
gases by difiusion an increase of entropy would take place, although 
the process of mixture, dynamically considered, might be absolutely 
identical in its minutest details (even with respect to the precise 
patli of each atom) with processes which might take place without 
anymcrease of entropy. In such respects, entropy stands strongly 
contrasted with energy. Again, when such gases have been mixed, 
there is no more impossibility of the separation of the two kinds 
d molecules in virtue of their ordinary motions in the gaseous mass 
without any especial external influence, than there is of the separation 
of a homogeneous gas into the same two parts into which it has once 
tsen divided, after these have once been mixed. In other words, the 
Mnpossibility of an uncompensated decrease of entropy seems to be 
'educed to improbability. 

There is perhaps no fact in the molecular theory of gases so well 
^hlifihed as that the number of molecules in a given volume at a 
given temperature and pressure is the same for every kind of gas 
^hen in a state to which the laws of ideal gases apply. Hence the 

^nantity ^ in (297) must be entirely determined by the number of 

molecules which are mixed. And the increase of entropy is therefore 
ietermined by the number of these molecules and is independent of 
heir dynamical condition and of the degree of difference between 
hem. 

The result is of the same nature when the volumes of the gases 
hich are mixed are not equal, and when more than two kinds of 
10 are mixed. If we denote by v^, v^, etc., the initial volumes of the 
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different kinds of gas, and by F as before the total voltime, tiie 
increase of entropy may be written in the form 

Xiim^Oi) log F- Xiim^Oi log v^. 
And if we denote by r^, r^, etc., the numbers of the molecoles of tiie 
several different kinds of gas, we shall have 

rj = Cw^a^ , rj = Cm^a^, etc, 
where denotes a constant. Hence 

Vi:F::miai:2i(miai)::ri:2iri; 

and the increase of entropy may be written 

Z^r^logS^r^-S^Cr^logr,) 
C 

The Phases of Dissipated Energy of an Ideal Oas-mixtijure with 
GoToponents which are ChemicaUy Related. 

We will now pass to the consideration of the phases of dissipated 
energy (see page 140) of an ideal gas-mixture, in which the number 
of the proximate components exceeds that of the ultimate. 

Let us first suppose that an ideal gas-mixture has for proximate 
components the gases 0^, O^y and 6,, the units of which are denoted 
by ®x> ®2) ®8> ^^^ ^^^ ^ ultimate analysis 

®8=\®i+X,®„ (299) 

Xi and Xg denoting positive constants, such that Xj+X^^l. The 
phases which we are to consider are those for which the energy d 
the gas-mixture is a minimum for constant entropy and volume and 
constant quantities of 0^ and O^y as determined in ultimate anal7si& 
For such phases, by (86), 

Hy^Srifi^'k' H^Sm^+ H^Sm^^Q (300) 

for such values of the variations as do not affect the quantities of 
0^ and 62 ^ determined in ultimate analysis. Values of Sm^y t/n^, 
Sm^ proportional to X^, Xj, — 1, and only such, are evidently consistent 
with this restriction : therefore 

If we substitute in this equation values oi /i^, fi^, fi^ taken from 
(276), we obtain, after arranging the terms and dividing by t, 

Xi«ilog^+X,a,log^«-a,log^=.l+^log<-^, (302) 
where 

il=XiFi+Xjfr8-F,-XiC,-V2+C8-'^i«i-\««+«8. (80S) 

jB=\iCi+XjCj-c„ (304?: 

C=\Ei+\Et-Ey (305' 
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If we denote by ^ and jS, the volumes (determined under standard 
xnditions of temperature and pressure) of the quantities of the gases 
ffi and 0^ which are contained in a unit of volume of the gas 0^, we 
dnllhave 

)8,=^, and )8, = ^, (306) 

and (302) will reduce to the form 

Moreover, as by (277) 

pv = (04774 +a^m2+a^m^)t, (308) 

We have on eliminating v 

where S'sXiCi+XjCj-Cj+XiOi+XgOj— Oj. (310) 

It will be observed that the quantities jSj, jSg will always be posi- 
tive and have a simple relation to unity, and that the value of 
8i+/3s— 1 will be positive or zero, according as gas 0^ is formed 
of 0^ and Q^ with or without condensation. If we should assume, 
ifiooiding to the rule often given for the specific heat of compound 
gMes, that the thermal capacity at oonsta>nt volume of any quantity 
of the gas O^ is equal to the sum of the thermal capacities of the 
qinantities which it contains of the gases 0^ and 0^, the value of B 
"^ould be zero. The heat evolved in the formation of a unit of the gas 
6| out of the gases 0^ and O2, without mechanical action, is by 
(283) and (267) 

cr Bt+C, 

^hich will reduce to C when the above relation in regard to the 
^^edfic heats is satisfied. In any ca.se the quantity of heat thus 
«^olved divided by a^t^ will be equal to the differential coefficient of 
^^ second member of equation (307) with respect to t Moreover, 
^ heat evolved in the formation of a unit of the gas 0^ out of the 
B^ses 0^ and (?2 under constant pressure is 

Bt+C+\a^t+\a2t-a^t=m+C, 

■t^hich is equal to the differential coefficient of the second member of 
S09) with respect to t, multiplied by a^t^. 

It appears by (307) that, except in the case when i8i+)82=l, 
or any given finite values oi m^, m^, m,, and t (infinitesimal values 
leing excluded as well as infinite), it will always be possible to 
BBign such a finite value to v that the mixture shall be in a state 
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of dinipated eoerQr. Thua^ if we refcvd a mixtore of h; 
oxygen, and vapor of water as an ideal gaa-mixtnre, for a 
containing any given qnantitiee of theee three gaaes at aaj 
temperature there will be a certain volume at which the mistim \ 
in a state of dimpated energy. In soch a state no such 
afl explosion will be possible, and no formation of water by the 
of platinum. (If the mass Khould be expanded beyond this 
the only possible action of a catalytic agent would be to res 
water into its components^) It may indeed be true that at 
temperatures, except when the quantity either of hydrpgeo < 
oxygen is very small compared with the quantity of water, the 
of dissipated energy is one of such extreme rarefactioo as 1 
entirely beyond our power of experimental verification. It is ako 
be noticed that a state of great rarefaction is so unfavormfale to 
condensation of the gases, that it is quite probable that the 
action of platinum may cease entirely at a degree of 
short of what is necessary for a state of dissipated energy. B« 
respect to the theoretical demonstration, such states of great rani 
tion are precisely those to which we should suppose that the lavf 
ideal gas-mixtures would apply most perfectly. 

But when the compound gas C, is formed of G| and G^ witha 
condensation (i.e., when fii+^^l), it appears from equataoo (M) 
that the relation between m^, m^, and m, which is neoeaaary fort 
phase of dissipated energy is determined by the temperatme akstt. 

In any case, if we regard the total quantities of the gases G^ sal 
G, (as determined by the ultimate analysis of the gas-mixtorek 9ti 
also the volume, as constant, the quantities of these gases whiA 
appear uncombined in a pliase of dissipated energy will ipcuasi w/k 
the temperature, if the formation of the compound C, inXJUitf 
change of voluine is attended with evolution of heat Abo, if *t 
regard the total ((uantities of the gases G^ and G,, and also tb 
pressure, as constant, the quantities of these gases which appear » 
combined in a phase of dissipated energy, will increaae with Al 
temperature, if the formation of the compound (7, under comdgd 
pre^mLre \h attended with evolution of heat If AsO (a tmm,B 
has been seen, of especial importance), the heat obtained faf Al 
formation of a unit of G^ out of G^ and 6, without change of 
or of t<.*mperaturc will be equal to C. If this quantity b 
and the t4»tal quantities of the gases (/^ and C, and also the 
have given finite* values, for an infinitesimal value of I we 
(for a phase of dissipated energy) an infinitesimal value either of ■! 
or of ni,, and for an intinito value of i we shall have finite (i 
finiteaimal nor infinite) values of mp 714. and m,. But if we 
the pressure instead of the volume to have a given finite vatea V 
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soppofiitioiis otherwise the same), we shall have for infinitesimal 
valnes of ^ an infinitesimal value either of 774 or m^, and for infinite 
vaineB of t finite or infinitesimal values of m^ according as )8i+i32 
18 equal to or greater than unity. 

The case which we have considered is that of a ternary gas-mixture, 
but our results may easily be generalized in this respect. In fact, 
whatever the number of component gabies in a gas-mixture, if there 
are relations of equivalence in ultimate analysis between these com- 
ponents, such relations may be expressed by one or more equations of 
the form 

\i&i+\&i+\®s+^^ = ^> (311) 

where ®i, ®^, etc denote the units of the various component gases, 

tod \, \, etc denote positive or negative constants such that 

]EjXi=0. From (311) with (86) we may derive for phases of dis- 

■pated energy, 

Xi/Xj + Xj/ij + Xs/Xs + etc. = 0, 

a ^(^ifh) = 0. (312) 

Henee, by (276), 

2i(Xi«ilog^) = il+51og<-j, (313) 

iriiere A^ B and G are constants determined by the equations 



Abo, since 



where 



il=2i(X,£r,-X,Ci-Xiai), 




(314) 


fi=2,(Xja 




(316) 


C=2x(Xx^i). 




(316) 


pv=2i(aimi)<, 






»H)-2(XiO,)log2i(aim,) 






+2(Xia,)logi)=il+B'log<- 


C 

'v 


(317) 


5'=2i(XiCi+X,ai). 




(318) 



.If there is more than one equation of the form (311), we shall have 
more than one of each of the forms (313) and (317), which will hold 
trae simultaneously for phases of dissipated energy. 

It wiU be observed that the relations necessary for a phase of dis- 
apated energy between the volume and temperature of an ideal gas- 
Buxtore, and the quantities of the components which take part in the 
ehemical processes, and the pressure due to these components, are not 
iSeeted hj the presence of neutral gases in the gas-mixture. 

From equations (312) and (234) it follows that if there is a phase of 
diasipated energy at any point in an ideal gas-mixture in equilibrium 
under the influence of gravity, the whole gas-mixture must consist of 
«Dch phases. 
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The equations of the phases of dissipated energy of a binary gMr 
mixture, the components of which are identical in sabstanoe, 
comparatively simple in form. In this case the two components h«f. 

the same potential, and if we write fi for -^ (the ratio of the vdimMi 

of equal quantities of the two components under the same oonditkoi 
of temperature and pressure), we shall have 

where A = Hi'-H^—c^+c^^a^+a^, (811)1 

C=E^^L\. (Sll) 

Oaa-miatv/res with Convertible Components. 

The equations of the phases of dissipated energy of ideal gas-miztoni 
which have components of which some are identical in ultunati 
analysis to others have an especial interest in relation to the thecnyot; 
gas-mixtures in which the components are not only thus equivalfloiki 
but are actually transformed into each other within the gas-mixton 
on variations of temperature and pressure, so that quantities of thM' 
(proximate) components are entirely determined, at least in any per-^ 
manent phase of the gas-mixture, by the quantities of a smalhr 
number of ultimate components, with the temperature and presson 
Such gas-mixtures may be distinguished as having convertxtle Gomr 
ponenta. The very general considerations adduced on pages 138-144 
which are not limited in their application to gaseous bodies, suggeit 
the hypothesis that the equations of the phases of dissipated energy 
of ideal gas-mixtures may apply to such gas-mixtures as have beett 
described. It will, however, be desirable to consider the matter moM 
in detail. 

In the first place, if we consider the case of a gas-mixture whiA 
only differs from an ordinary ideal gas-mixture for which some of tta 
components are equivalent in that there is perfect freedom in regtid 
to the transformation of these components, it follows at once from the 
general formula of equilibrium (1) or (2) that equilibrium is only 
possible for such phases as we have called phases of dissipated energy, 
for which some of the characteristic equations have been deduced in 
the preceding pages. 

If it should be urged, that regarding a gas-mixture which has con- 
vertible components as an ideal gas-mixture of which, for some reason, 
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nly a part of the phases are actually capable of existing, we might 
ilfll suppose the particular phases which alone can exist to be deter- 
niiied by some other principle than that of the free convertibility 
«l the components (as if, perhaps, the case were analogous to one of 
tOfnMraint in mechanics), it may easily be shown that such a hypothesis 
m entirely untenable, when the quantities of the proximate components 
nay be varied independently by suitable variations of the temperature 
and pressure, and of the quantities of the ultimate components, and 
it 18 admitted that the relations between the energy, entropy, volume, 
temperature, pressure, and the quantities of the several proximate 
components in the gas-mixture are the same as for an ordinary ideal 
gi8-mixture, in which the components are not convertible. Let us 
denote the quantities of the n' proximate components of a gas-mixture 
i by 714, 774, etc., and the quantities of its n ultimate components by 
■i, Bij, etc (n denoting a number less than n'), and let us suppose 
fluit for this gas-mixture the quantities €, 17, v, ^, j9, 774, mj, etc. satisfy 
the relations characteristic of an ideal gas-mixture, while the phase of 
tlie gas-mixture is entirely determined by the values of m^, mj, etc., 
with two of the quantities €, jy, v, t, p. We may evidently imagine 
ancfa an ideal gas-mixture B having n' components (not convertible), 
tliat evexy phase of A shall correspond with one of jS in the values of 
^ f, V, f, jp, 774, TUg, etc. Now let us give to the quantities m^, mj, etc. 
in the gas-mixture A any fixed values, and for the body thus defined 
let UB imagine the v-^-e surface (see page 116) constructed; likewise 
lor the ideal gas-mixture B let us imagine the v-fi-e surface constructed 
for every set of values of 774, mg, etc. which is consistent with the 
g^en values of m^, mj, etc., i.e., for every body of which the tdtimate 
eomposition would be expressed by the given values of m^,m2, etc. It 
foDows immediately from our supposition, that every point in the 
v-9-€ surface relating to A must coincide with some point of one of 
the v-tf-e surfaces relating to B not only in respect to position but also 
in respect to its tangent plane (which represents temperature and 
pressure) ; therefore the v-^-e surface relating to A must be tangent to 
the various v-ff-e surfaces relating to B, and therefore must be an 
envelop of these surfaces. From this it follows that the points which 
represent phases common to both gas-mixtures must represent the 
phases of dissipated energy of the gas-mixture B. 

The properties of an ideal gas-mixture which are assumed in regard 
to the gas-mixture of convertible components in the above demonstra- 
tion are expressed by equations (277) and (278) with the equation 

€ = 2l(c,77li^ + 77li£^l). (324) 

[t is usual to assume in regard to gas-mixtures having convertible 
components that the convertibility of the components does not affect 
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the relations (277) and (324X The same cannot be aaid of tl» eq« 
(278). Bnt in a veiy important class of cases it will be 
the applicability of (277) and (324) is admitted. The < 
are those in which in certain phases of a gas-mixtnre the 
are convertible, and in other phases of Uie same proximate < 
the components are not convertible, and the equations of an klsal 
mixture hold true. 

If there is only a single degree of convertibility between tlM 
ponents (i.e., if only a single kind of conversion, with its rev 
take place among the components), it will be sufficient to 
r^ard to the phases in which conversion takes place, the validil 
equation (277) and of the following, which can be derived frooi ( 
fay differentiation, and comparison with equation (11), which expr 
a necessaiy relation, 

[t dti -p dv- Iticitn^) *], - 0.» ( 

We shall confine our demonstration to this case. It will be oIh 
that the physical signification of (325) is that if the gma-mixta 
subjected to such changes of volume and temperatore as do 
alter its proximate composition, the heat absorbed or yielded 
be calculated by the same formula as if the components weit 
convertible. 

Let us suppose the thermodynamic state of a gaseoos nia« J 
such a kind as has just been described, to be varied while «j 
the limits within which the components are not convertible. I 
quantities of the proximate components, therefore, as well as d 
ultimate, are supposed constant) If we use the same methv 
geometrical representation as before, the point representing the roh 
entropy, and energy of the mass will describe a line in the i 
surface of an ideal gas-uiixture of inconvertible components, the I 
and position of this surface being determined by the proximate i 
position of M. Let as now suppose the same mass to be csi 
beyond the limit of inconvertibility, the variations of state i 
passing the limit being such as not to alter its proximate eompon 
It is evident that this will in general be possible. Exeeptioas 
only occur when th«* limit is f<irme<l by phases in which the ptoxB 
composition is unifonn. The line traced in the region of oonvenil 
must belong to the same r-^-e surface of an ideal gaa-mixtiB 
inconvertible components as b(*forc, continued Ijeyond the 
of inconvertibility for the comixments of Jf. mnce the variatioi 
volume, entropy, and energy are the name as would he possible i 
oomptments wen* not convertihltv But it must alm> belong U 
r-jf*c surface of the iKxly M, which is hen* a gas-mixture of 

* Tbu nuUiion u intaodad to indiimte that «|, Mi, etc. art 
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■tible oomponente. Moreover, as the inclination of each of these 
n&ces most indicate the temperature and pressure of the phases 
kroagfa which the body passes, these two surfaces must be tangent 
p Mch other along the line which has been traced. As the v-fj-e 
RBfue of the body M in the region of convertibility must thus be 
Imgent to all the surfaces representing ideal gas-mixtures of every 

CiUe proximate composition consistent with the ultimate composi- 
of M, continued beyond the region of inconvertibility, in which 
I their form and position may be capable of experimental demon- 
aon, the former surface must be an envelop of the latter surfaces, 
[ therefore a continuation of the surface of the phases of dissipated 

in the region of inconvertibility. 
The foregoing considerations may give a measure of a priori 
obability to the results which are obtained by applying the ordinary 
\ of ideal gas-mixtures to cases in which the components are con- 
tiUe. It is only by experiments upon gases in phases in which 
components are convertible that the validity of any of these 
iMiltB can be established. 

The very accurate determinations of density which have been made 
hr the peroxide of nitrogen enable us to subject some of our equations 
k> a vexy critical test. That this substance in the gaseous state is 
pvcqierly regarded as a mixture of different gases can hardly be 
loobted, as the proportion of the components derived from its density 
on the supposition that one component has the molecular formula NOg 
Md the other the formula NjO^ is the same as that derived from the 
depth of the color on the supposition that the absorption of light is 
doe to one of the components alone, and is proportioned to the separate 
deoaty of that component.'^ 

MM. Sainte-Claire Deville and Troostf have given a series of 
dBterminations of what we shall call the relcUive densities of peroxide 
^ nitrogen at various temperatures under atmospheric pressure. We 
'tte the term relative density to denote what it is usual in treatises on 
chemistry to denote by the term density, viz., the actual density of a 
gi8 divided by the density of a standard perfect gas at the same 
presBure and temperature, the standard gas being air, or more strictly, 
in ideal gas which has the same density as air at the zero of the 
eaotigrade scale and the pressure of one atmosphere. In order to test 
oor equations by these determinations, it will be convenient to trans- 
form equation (320), so as to give directly the relation between the 
relative density, the pressure, and the temperature. 
Ab the density of the standard gas at any given temperature and 



^Salety ''Snr la ooloraUoii da peroxyde d'azote," Comptes Rendue, vol. Ixvii. p. 488. 
fCfompies Smdms, vol. bdv. p. 237. 
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piessore may by (263) be expreaned by the formula ^ , the nki 
denuty of a binary gaa-mizture may be expreosed by 

Now by (263) a,m,+«,7n,a^. (t 

By giving to ni, and m^ Buoceasively the value sero in these eqoetiQ 
we obtain 



where D^ and i), denote the values of D when the gaa • 
of one or of the other component If we assume that 

Z),=2D|, it 

we shall have d i » &!,. (I 

From (326) we have m^+m^^D^. 

and from (327), by (328) and (330). 

whence m,-(A-^)^» *^ 

7m-2(i)-A)^- •' 

By (327), (331), and (332) we obtain from (320) 

This formula will be more convenient for purposes of calcuUuc 
we introduce common logarithms (denoted by logi^) instead of h; 
bolic, the temperature of the ordinary centigrade scale /. instra 
the absolute temperature t, and the pressure in atmospheres p^ m 
of p the pressure in a rational system of unita. If we also add 
Ingarithin of a. to both sides of the equation, we obtain 

where A and denote constants, the values of which are ck 
connected with those of A and (*. 

From the molecular fonnulie of peroxide of nitn>grn NO, 
N^O^, we may calculate the relative densities 

0,^^*^-^-0691 ^1!>H9. and />, = ^?^y^-069l -3 17a \ 
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he determinatioiiB of MM. Deville and Troost are satiaiEactorily 
-esented by the equation 

3118-6 



ich gives 



ere 



, (3178- !))»«., AATAK^ 3^ 
^^^ 2(i)-r589) = ^'^^Q^^"U^ ' 

D=3178+e-Ve(8178+e). 
log„e-9-47066-|^-]og.ol>«,. 



(336) 



[n the first part of the following table are given in successive 
amns the temperature and pressure of the gas in the several 
periments of MM. Deville and Troost, the relative densities calcu- 
ed from these numbers by equation (336), the relative densities 
observed, and the difference of the observed and calculated relative 
ssitiea It will be observed that these differences are quite small, 
DO case reaching 03, and on the average scarcely exceeding '01. 
B significance of such correspondence in favour of the hypothesis 
means of which equation (336) has been established is of course 
inished by the fact that two constants in the equation have been 
irmined from these experiments. If the same equation can be 
wn to give correctly the relative densities at other pressures than 
for which the constants have been determined, such correspon- 
\e will be much more decisive. 



tc 


Poi 


D 
OAlculatad 
byaq.(886). 


D 
ob00r?6d. 


dlfl. 


ObMrrert. 


267 


1 


2-676 


2-65 


-•026 


D.&T. 


36-4 


1 


2-524 


2-53 


+ •006 


D.&T. 


39-8 


1 


2-443 


2-46 


+ •017 


D.&T. 


49-6 


1 


2-256 


2-27 


+ •014 


D.&T. 


60-2 


1 


2-067 


2-08 


+ •013 


D.&T. 


70-0 


1 


1-920 


1-92 


-000 


D.&T. 


80-6 


1 


1-801 


1-80 


-•001 


D.&T. 


90-0 


1 


1-728 


1-72 


-•008 


D.&T. 


1001 


1 


1-676 


1-68 


+ -004 


D.&T. 


111-3 


1 


1-641 


1-65 


+ •009 


D.&T. 


121-6 


1 


1-622 


1-62 


-002 


D.&T. 


135-0 


1 


1-607 


1-60 


-•007 


D.&T. 


154-0 


1 


1-597 


1-68 


-•017 


D.&T. 


183-2 


1 


1-592 


1-57 


-•022 


D.&T. 


97-5 


1 


1-687 








97-5 


im^ 


1-631 


1-783 


+ 152 


P.&W. 


24-5 




2-711 








24-5 


itot> 

SIB90 


2-524 


2-52 


-•004 


P.&W. 


11-3 


1 


2-891 








11-3 


Wfj 


2-620 


2-645 


+ •025 


P.&W. 


4-2 


1 


2-964 








4-2 


AWr 


2-708 


2-588 


-120 


P.&W. 



issrs. Playfair and Wanklyn have published* four determinations 
B relative density of peroxide of nitrogen at various temperatures 



* TranBoeUcns of the Royal Society of Edinburgh^ roh zzii. p. 441. 
J.I. M 
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when dilated with nitrogen. Since the relations expressed by eqm 
tions (319) and (320) are not affected by the presence of a third g 
which is different from the gases O^ and (7, (to which mj and i 
relate) and neutral to them (see the remark at the foot of page 17! 
— provided that we take p to denote the pressure which we attribo 
to the gases 0^ and O^, i.e., the total pressure diminished by i 
pressure which the third gas would exert if occupying alone t 
same space at the same temperature, — it follows that the relatio 
expressed for peroxide of nitrogen by (333), (334), and (336) iv 
not be affected by the presence of free nitrogen, if the pressc 
expressed by p or p^ and contained implicitly in the symbol D (c 
equation (326) by which D is defined) is understood to draiote t 
total pressure diminished by the pressure due to the free nitrop 
The determinations of Playf air and Wanklyn are given in the latt 
part of the above table. The pressures given are those obtained I 
subtracting the pressure due to the free nitrogen from the tot 
pressure. We may suppose such reduced pressures to have to 
used in the reduction of the observations by which the numbe 
in the column of observed relative densities were obtained. Besid 
the relative densities calculated by equation (336) for the temperator 
and (reduced) pressures of the observations, the table oontaiDS tl 
relative densities calculated for the same temperatures and the presso: 
of one atmosphere. 

The reader will observe that in the second and third experimen 
of Playfair and Wanklyn there is a very close accordance betwee 
the calculated and observed values of 2), while in the smomI an 
fourth experiments there is a considerable difference. Now the weigl 
to be attributed to the several determinations is very different H 
quantities of peroxide of nitrogen which were used in the sever 
experiments were respectively '2410, '5893, '3166, and '2016 gramme 
For a rough approximation, we may assume that the probable ena 
of the relative densities are inversely proportional to these numbei 
This would make the probable error of the first and fourth observatioi 
two or three times as great as that of the second and consideraU 
greater than that of the third. We must also observe that in tl 
first of these experiments, the observed relative density 1*788 
greater than 1*687, the relative density calculated by equation (39 
for the temperature of the experiment and the pressure of a 
atmosphere. Now the number 1*687 we may regard as establiflhe 
directly by the experiments of Deville and Troost. For in seve 
successive experiments in this part of the series the calculated reUti^ 
densities differ from the observed by less than "01. If then we aooe] 
the numbers given by experiment, the effect of diluting the gas iril 
nitrogen is to increase its relative density. As this result is entire 
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it TAriance with the facts observed in the case of other gases, and 
fan tiie case of this gas at lower temperatures, as appears from the 
three other determinations of Playf air and Wanklyn, it cannot possibly 
be admitted on the strength of a single observation. The first experi- 
ment of this series cannot therefore properly be used as a test of our 
eqiifttiona. Similar considerations apply with somewhat less force to 
ttie last experiment. By comparing the temperatures and pressures 
of the three last experiments with the observed relative densities, the 
raider may easily convince himself that if we admit the substantial 
•eeoracy of the determinations in the two first of these experiments 
(the second and third of the series, which have the greatest weight) 
the last determination of relative density 2*588 must be too small. In 
tud, it should evidently be greater than the number in the preceding 
nperiment 2*645. 

If we confine our attention to the second and third experiments of 
ttie series, the agreement is as good as could be desired. Nor will 
Uie admission of errors of *152 and '120 (certainly not large in deter- 
Bunations of this kind) in the first and fourth experiments involve 
any serious doubt of the substantial accuracy of the second and third, 
iriwn the difference of weight of the determinations is considered. 
Tet it is much to be desired that the relation expressed by (336), or 
^ih more generality by (334), should be tested by more numerous 
experiments. 

It should be stated that the numbers in the column of pressures 

•w not quite accurate. In the experiments of Deville and Troost 

& gas was subject to the actual atmospheric pressure at the time of 

the experiment. This varied from 747 to 764 millimeters of mercury. 

Ihe precise pressure for each experiment is not given. In the 

•xperiments of Playfair and Wanklyn the mixture of nitrogen and 

peroxide of nitrogen was subject to the actual atmospheric pressure 

•t the time of the experiment. The numbers in the column of pres- 

Wree express the fraction of the whole pressure which remains after 

tobtiacting the part due to the free nitrogen. But no indication is 

given in the published account of the experiments in regard to the 

fceight of the barometer. Now it may easily be shown that a varia- 

^^ of ^^ in the value of p can in no case cause a variation of more 

than 005 in the value of 2) as calculated by equation (336). In any 

of the experiments of Playfair and Wanklyn a variation of more than 

80^ in the height of the barometer would be necessary to produce 

I variation of "01 in the value of 2). The errors due to this source 

Sannot therefore be very serious. They might have been avoided 

Itogether in the discussion of the experiments of Deville and Troost 

Y using instead of (336) a formula expressing the relation between 

le relative density, the temperature, and the actual density, as the 
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rtciprocal of the latter quantity is given for 
this aeriea It seemed best, however, to make a 
aecmracy for the sake of simplicity. 

It mij^t be thought that the experiments under 
be better represented by a formula in whieh the term < 
(see equation (3S8)) was retained. Bat an ezaminatkm of t^ || 
in the taUe will tibow that nothing important can be gaiasd is 
respect, and there is hardly sufficient motive for adding snothsr 
to the formula of calculation. Any attempt to delcrmiae Ihe 
values oi A, R and C in equation (3S8) (assuming t^ aha 
validity of such an equation for peroxide of nitiogsnX tnm 
experiments under discussion would be entirely minltiadiBf^ si 
reader may essily convince himself. 

From equation (886), however, the following ooodusfaas m^ 
deduced. By comparison with (334) we obtain 

A+|log„<-?-947056-?lH«. 

which must hold true approximately between the temperatans 
and 90^. (At higher temperatures the relative densitMB vsiy 
slowly with the temperatures to afford a critical test of the sees 
of this relation.) By differentiation we obtain 

MRQ 3118-6 

where M denotes the modulus of the common system of k^prid 
Now by comparing equations (333) and (334) we see that 

= ^« 43429 £ 

Hence B'< + C«7181rt^«8590ap 

which may be regarded as a close approximation at 4(F or Vf, 
a tolerable approximation between the limits of temperatuft al 
mentioned. Now Rt + C represents the heat evolved by the 
version of a unit of NO, into N^O^ under constant pressure, i 
conversion cannot take place at constant pressure without chsa| 
temperature, which renders the experimental verification of iht 
equation less simple. But since by equations (322) 

we shall have for the temperature of 40^ 

i»< + C-3434ci^. 

Now Bi-^C represents the decresse of energy when a imai o| )i 
transformed into N,04 without change of temperature. U ite 
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epresents the exoees of the heat evolved over the work done by 
octemal forces when a mass of the gas is compressed at constant 
bemperatme until a unit of NOj has been converted into N^O^. 
Ihis quantity will be constant if ^=0, La, if the specific heats at 
eoDBtant volume of NO, and N^O^ are the same. This assumption 
would be more simple from a theoretical stand-point and perhaps 
Mfer than the assumption that R^O. If B^O, R — a^ If we wish 
to embody this assumption in the equation between D, p, and t, we 

mj substitute 9q>7*7>± 

6-5228+log^(e,+273)-.^^^ 

for the second member of equation (336). The relative densities 
nlcolated by the equation thus modified from the temperatures and 
prasures of the experiments under discussion will not differ from 
those calculated from the unmodified equation by more than '002 in 
«ny case, or by more than "001 in the first series of experiments. 

It is to be noticed that if we admit the validity of the volumetrical 
relation expressed by equation (333), which is evidently equivalent to 
aa equation between p, t, v, and m (this letter denoting the quantity 
cf the gas without reference to its molecular condition), or if we admit 
the validity of the equation only between certain limits of temperature 
and for densities less than a certain limit of density, and also admit 
that between the given limits of temperature the specific heat of ihe 
gas at constant volume may be regarded as a constant quantity when 
the gas is sufficiently rarefied to be regarded as consisting whdily of 
N0|,— or, to speak without reference to the molecular state of the gas, 
when it is rarefied until its relative density D approximates to its 
Umiting value 2)^, — we must also admit the validity (within the same 
limits of temperature and density) of all the calorimetrical relaitions 
which belong to ideal gas-mixtures with convertible components. The 
premises are evidently equivalent to this, — that we may imagine an 
Weal gas with convertible components such that between certain 
^its of temperature and above a certain limit of density the relation 
i^etween p, t, and v shall be the same for a unit of this ideal gas as for 
I unit of peroxide of nitrogen, and for a very great value of v (within 
he given limits of temperature) the thermal capacity at constant 
'olame of the ideal and actual gases shall be the same. Let us regard 
and V as independent variables ; we may let these letters and p refer 
like to the ideal and real gases, but we must distinguish the entropy 
of the ideal gas from the entropy j; of the real gas. Now by (88) 

P=% (337) 



dv dV 

^ d dfi ^d 

dv dt ''dt dv" dt dt "" dt^' 



erefore ^^ = ^^==^^=^. (338) 
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Since a mmilar relation will hold true for ^\ we obtain 

d dn d dn ^^ 

which most hold true within the given limits of tempeimlw aod 
density. Now it is granted that 

dn dti' 



<»0) 



for very great values of v at any temperature within the given 
(for the two members of the equation represent the thermal 
at constant volume of the real and ideal gases divided by iX hmtk 
in virtue of (339), this equation must hold true in general withia tb 
given limits of temperature and density. Again, as an eqoatioa lib 
(337) will hold true of fi\ we shall have 

dv dv 






From the two last equations it is evident that in all 
relations the ideal and real gases are identical Moreover the 
and entropy of the ideal gas are evidently so far arbitrary that si 
may suppose them to have the same values as in the real gas for aif 
given values of t and t*. Hence the entropies of the two 
the same within the given limits; and on account of the 
relation 

di^^tdti^pdv, 

the energies of the two gases are in like manner identieaL VUm 
the fundamental equation between the energy, entropy, voIum. mi 
quantity of matter must be the same for the ideal gas as for tb 
actual. 

We may easily form a fundamental equation for an kkal fv* 
mixture with convertible components, which shall relate only to tb 
phases of equilibrium. For this purpose, we may use the eqostioBi 
of the form (812) to eliminate from the equation of the fons (Bli 
which expresses the relation between the pressure, the lempenlM 
and the potentials for the proximate components, as many of tb 
potentials as there are equations of the former kind, 
potentials for those components which it is convenient to 
the ultimate components of the gas-mixture. 

In the case of a binary gas-mixture with convertible 
the components will have the same potential, which may be 
by /I, and the fundamental equation will be 

p«a,L,t •• e •»' +a,V ^ ^^ . tW2» 

where L,-« •• , I^-e - . (SO) 
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From this equation, by differentiation and comparison with (98), we 

+L,{c+a,-f^y^^, (344) 

^=A<^6->*+X,r6-»'. (345) 

From the general equation (93) with the preceding equations the 
following is easily obtained, — 

'^L,(c,t+E,)t'^e'^' +Za(c,^+^2)<"*e "** . (346) 

V 

We may obtain the relation between p, t, v, and m by eliminating 
fi from (342) and (346). For this purpose we may proceed as follows. 
From (342) and (346) we obtain 

p-a,t^=ia,-a,)L^t "> c - , (347) 

<hi^-p=(a,-a»)L,t - e^; (348) 

and from these equations we obtain 

T* V 

+a, log Zi-o, log i,+(ci-C8+ai-a,)loge ^^ — ?. (349) 

(In the particular case when a^^^a^ this equation will be equivalent 
to (333).) By (347) and (348) we may easily eliminate fi from (346). 

The reader will observe that the relations thus deduced from the 
fendamental equation (342) without any reference to the different 
^mponents of the gaseous mass are equivalent to those which relate 
^ the phases of dissipated energy of a binary gas-mixture with 
^mponents which are equivalent in substance but not convertible, 
except that the equations derived from (342) do not give the quantities 
of the proximate components, but relate solely to those properties 
which are capable of direct experimental verification without the aid 
of any theory of the constitution of the gaseous mas& 

The practical application of these equations is rendered more simple 
ny the fact that the ratio a^ : a, will always bear a simple relation to 
'"rity. When a^ and a^ are equal, if we write a for their common 
v&lne, we shall have by (342) and (346) 

pv^arrU^ (860) 
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and by (345) and (346) 

(851) 



m 9li£l iizS . 



By this equation we may calculate directly the amount of heit 
required to raise a given quantity of the gas from one given tem- 
perature to another at constant volume. The equation shows that 
the amount of heat will be independent of the volume of the gasL 
The heat necessary to produce a given change of temperature in 
the gas at constant pressure, may be found by taking the difbrenee 
of the values of x* ^ defined by equation (89), for the initial and final 
states of the gas. From (89), (350), and (351) we obtain 

Lx+L^t " e 
By differentiation of the two last equations we may obtain directly the 
specific heats of the gas at constant volume and at constant pressiiie. 
The fundamental equation of an ideal ternary gas-mixture with a 
single relation of convertibility between its components is 







t "* e 










a, c^+<H 

t "•e 








-«*- 

«• 


t "• e 







(35- 
where X^ and X^ have the same meaning as on page 168. 

*The OonditionB of Internal and External Equilibrium for Soli^ 
in contact with Fluids with regard to all posiible States tf 
Strain of the Solids. 

In treating of the physical properties of a solid, it is necessary C 
consider its state of strain. A body is said to be strained when HtM 
relative position of its parts is altered, and by its sta;te of strain i 
meant its state in respect to the relative position of its parts. Y^ 
have hitherto considered the equilibrium of solids only in the case i^ 
which their state of strain is determined by pressures having ttm 
same values in all directions about any point. Let us now oonsid^ 
the subject without this limitation. 

If x\ \f, / are the rectangular co-ordinates of a point of a soli^ 
body in any completely determined state of strain, which we shall cat- 

*[ThiB paper wm origiiudly printed in two pftrta, divided at thia point. For datai w^ 
heading, p. 66.] 
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ibe dcUe of reference^ and x, y, z, the rectangular co-ordinates of the 
same point of the body in the state in which its properties are the 
sabject of discussion, we may regard z,y,z as functions of x\ y\ z\ 
the form of the functions determining the second state of strain. For 
brevity, we may sometimes distinguish the variable state, to which 
t, ]f, z relate, and the constant state (state of reference) to which 
iy y', / relate, as the stravtved and vmstravaed states ; but it must be 
ranembered that these terms have reference merely to the change of 
fonn or Btrain determined by the functions which express the relations 
of jB, y, and a/, ^, 0^, and do not imply any particular physical 
pxiperties in either of the two states, nor prevent their possible coin- 
cidence. The axes to which the co-ordinates x, y^ z and x\ y\ 7i relate 
will be distinguished as the axes of Z, F, Z and X\ Y\ Z\ It is not 
necessary, nor always convenient, to regard these systems of axes as 
identical, but they should be similar, Le., capable of superposition. 

Hie state of strain of any element of the body is determined by the 
▼alnes of the differential coefficients of re, y, and z with respect to 
oii y', and sf ; for changes in the values of x, y, z, when the differential 
coefficients remain the same, only cause motions of translation of the 
body. When the differential coefficients of the first order do not 
vary sensibly except for distances greater than the radius of sensible 
molecular action, we may regard them as completely determining the 
state of strain of any element. There are nine of these differential 
coefficients, viz.. 



(354) 



daj" 3^" dz'' 

It will be observed that these quantities determine the orientation of 
the element as well as its strain, and both these particulars must be 
Rnren in order to determine the nine differential coefficients. There- 
fore, mice the orientation is capable of three independent variations, 
^ch do not affect the strain, the strain of the element, considered 
^^oat regard to directions in space, must be capable of six inde- 
P^dent variationa 

The physical state of any given element of a solid in any unvarying 
^^M;e of strain is capable of one variation, which is produced by 
•^ti<m or subtraction of heat. If we write Cy and ^^p for the energy 
•*^ entropy of the element divided by its volume in the state of 
^^Eerence, we shall have for any constant state of strain 



dx 


dx 


dx 
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But if the strain varies, we may consider Cyaa a, fnnctioD of 
the nine quantities in (354), and may write 



'^"^'^"'^' 



iZ' 



where Xx, ...^z' denote the differential coefficients of Cy take) 

doR dz 

respect to —,,...—. The physical signification of these qui 

will be apparent, if we apply the formula to an element which 
state of reference is a right parallelopiped having the edges dx\ c 
and suppose that in the strained state the face in which of h 
smaller constant value remains fixed, while the opposite face is 
parallel to the axis of X. If we also suppose no heat to be im 
to the element, we shall have, on multiplying by daf dy' dafy 

8e^.da!dy'd2f = Xj,S^,dx'dy'd2f. 

Now the first member of this equation evidently represents th< 
done upon the element by the surrounding elements; the 
member must therefore have the same value. Since we must 
the forces acting on opposite faces of the elementary parallelopi 
equal and opposite, the whole work done will be zero except i 

face which moves parallel to X. And since S-j-^dx' represei 

distance moved by this face, Xj^.dy'dz' must be equal to th< 
ponent parallel to X of the force acting upon this face. In g 
therefore, if by the positive side of a surface for which a/ is co 
we understand the side on which x' has the greater value, we m 
that Xj. denotes the component parallel to X of the force exer 
the matter on the positive side of a surface for which x' is co 
upon the matter on the negative side of that surface per unit 
surface measured in the state of reference. The same may b 
mutcUis mutandis, of the other symbols of the same type. 

It will be convenient to use 2 and Z" to denote summatiox 
respect to quantities relating to the axes X, F, Z, and to thi 
X', y, Z\ respectively. With this understanding we may write 

5ev.=e<Ji7r+22'(Xx.cJ^). 

This is the complete value of the variation of 6y for a given el 
of the solid. If we multiply by dai dy' dz\ and take the int^ 
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the whole body, we shall obtain the value of the variation of the total 
energy of the body, when this is supposed invariable in substance. 
Bat if we suppose the body to be increcused or diminished in substance 
$i its surface (the increment being continuous in nature and state 
irith the part of the body to which it is join^), to obtain the com- 
plete value of the variation of the energy of the body, we must add 
the integral 

in which Bb' denotes an element of the surface measured in the state 
of reference, and &N' the change in position of this surface (due to 
the substance added or taken away) measured normally and outward 
in the state of reference. The complete value of the variation of the 
intrinsic energy of the solid is therefore 

^ fSfiSnTda!dy'd2f+fff^^'(^Xj,8^dx'dy'd2f+^^ (357) 

This is entirely independent of any supposition in regard to the 
homogeneity of the solid. 

To obtain the conditions of equilibrium for solid and fluid masses 
in contact, we should make the variation of the energy of the whole 
equal to or greater than zero. But since we have already examined 
the conditions of equilibrium for fluids, we need here only seek the 
conditions of equilibrium for the interior of a solid mass and for the 
sorfaces where it comes in contact vrith fluids. For this it will be 
iieoessary to consider the variations of the energy of the fluids only 
80 far as they are immediately connected with the changes in the 
8olid. We may suppose the solid with so much of the fluid as is in 
close proximity to it to be enclosed in a fixed envelop, which is 
impermeable to matter and to heat, and to which the solid is firmly 
attached wherever they meet. We may also suppose that in the 
luuTow space or spaces between the solid and the envelop, which are 
filed with fluid, there is no motion of matter or transmission of heat 
•0088 any surfaces which can be generated by moving normals to the 
snrface of the solid, since the terms in the condition of equilibrium 
relating to such processes may be cancelled on account of the internal 
equilibrium of the fluids. It will be observed that this method is 
P^ectly applicable to the case in which a fluid mass is entirely 
^oeed in a solid. A detached portion of the envelop will then be 
'^^cesBary to separate the great mass of the fluid from the small 
P^^cm adjacent to the solid, which alone we have to consider. Now 
^ variation of the energy of the fluid mass will be, by equation (13), 

/n SDfi '-P'p SDv + 2,/^/Xi Slhri^, (358) 

"^uerey^ denotes an integration extending over all the elements of 
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the fluid (within the envelopX and £| denotes a 
regaid to thoee independently variable oomponenls of the tmi rf 
which the solid is composed. Where the solid doss not soHliltf 
substances which are components, actual or possible (see p^p fli| 
of the fluid, this term is of course to be cancelled. 

If we wish to take account of gravity, we may suppose thai it 
in the negative direction of the axis of Z. It is evident thsl ill 
variation of the energy due to gravity for the whole 
is simply 

fffgrSzdx'dy'dz\ (W) 

where g denotes the force of gravity, and T' the density ol thi 
element in the state of reference, and the triple integration, ss Utm 
extends throughout the solid. 

We have, then, for the general condition of equilibrium, 

fffi SfiTdx'dydz+/f/lT{Xj,.S^)dx'dir^^ 

+///9rSz\tjr'dy'dz'+/€rSX'Ih' 
+/'tSD^-j'pSl>v-^lJ^^6lhn,^0. iM 

The equations of condition to which these variatiooa are sob^ nt: 

(1) that which expresses the constancy of the total entropy, 

(2) that which expresses how the value of SDv for any tkmmtid 
the fluid is determined by changes in the solid, 

SDv^ -(a6x+fiSy+ySz)D8'-VrSN'D^\ <*6 

where a, fi, y denote the direction cosines of the normal lo tb 
surface of the body in the state to which x, y, z relate, IM Ike ebafll 
of the surface in thin state correai)onding to M in the MIt rf 
reference, and \\. the volume of an element of the solid dirkM kf 
its volume in the state of reference ; 

(3) those which express how the values of iDm^, 6Dm^, de It 
any element in the fluid are determined by the changes in the soBi 

^Z)m,= -IVd\V />«',[ tW' 

etc., i 

where F/, F,', etc. denote the separate densities of the seretml eosi- 
ponents in the w)lid in the state of reference. 

Now, since the variations of entropj* are independent of all ikt 
other variatiouH, the condition of equilibrium (3(S0), eonaiderid «iA 
regard to the equation of condition (3<jl). evidently reqairss ikH 
throughout the whole s^ntem 

(-const. (Mil 
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We may therefore use (361) to eliminate the fourth and fifth integrals 
, from (360). If we multiply (362) by p, and take the integrals for 
- the whole surface of the solid and for the fluid in contact with it, we 

ohtaiD the equation 

f^pSDv^ '-/p(aSx+lSSy+ySz)D8^/pvy. SN'Ds\ (365) 

by means of which we may eliminate the sixth integral from (360). 
If we add equations (363) multiplied respectively by /x^, /ij, etc., 
and take the integrals, we obtain the equation 

Sy Vi iJ>^ = -/2i(/*ir/) 8N'D8\ (366) 



by means of which we may eliminate the last integral from (360). 
The condition of equilibrium is thus reduced to the form 

fffl^{x^'S^)dx'dy'dz'+///grSz dafdy'dz' 

+/€y,SN'D8'-/tfiY,SN'D8'+/p(a8x+lSSy+ySz)D8 

+/pvy.SN'D8' ^f'S^{fi^V^)SN'D8' g 0, (367) 

! in which the variations are independent of the equations of condition, 

\ and in which the only quantities relating to the fluids are p and /x^, 

I ft,etc 

\ Now by the ordinary method of the calculus of variations, if we 

r write a\ &, y for the direction-cosines of the normal to the surface 

• of the solid in the state of reference, we have 

fffX^.i^,dx'dy'd2f 

^faX^. Sx D8'^///^ Sxdafdy'd^, (368) ^ 

with similar expressions for the other parts into which the first 
i^itepul in (367) may be divided. The condition of equilibrium is 
^ns reduced to the form 

-ffflI^(^Sx)dx'dy'dz'+///grSz dx'dy'dT! 

'\'f'LY{a'Xj,Sx)D8^fp l{aSx)D8 

+A€T-tfi^'+pvY'-^i{fJiiT^l]SN'D8'^0. (369) 

It must be observed that if the solid mass is not continuous 
^Tighout in nature and state, the surface-integral in (368), and 
^'icrefore the first surface-integral in (369), must be taken to apply 
^ only to the external surface of the solid, but also to every surface 
^^ discontinuity within it, and that with reference to each of the 
two masses separated by the surface. To satisfy the condition of 
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equilibrium, as thus understood, it is necessary and suflbsient that 
throughout the solid mass 

lIf{^Sx)-grSz='Oi (370) 

that throughout the surfaces where the solid meets the fluid 

2>8'2r(a'Zx,&r)+2)«2>2(a&c)=0, (871) 

and [€y, - tfiy, +pvy, - ^{fiiT^')] SN'^0; (372) 

and that throughout the internal surfaces of discontinuity 

2r(a'Xx.to)i+2 r(a'Zx.(te)2 = 0, (373) 

where the suffixed numerals distinguish the expressions relating to 
the masses on opposite sides of a surface of discontinuity. 

Equation (370) expresses the mechanical conditions of inteml 
equilibrium for a continuous solid under the influence of gravity, li 
we expand the first term, and set the coefficients of &e, Sy, and it 
separately equal to zero, we obtain 



l^^'^^ dz' ~"' 

dYj, dY^. dY^_^ 

dx ^'dy^^'W^^' 



(374) 



The first member of any one of these equations multiplied by dx'dyid 
evidently represents the sum of the components parallel to one of the 
axes X, F, Z of the forces exerted on the six faces of the elem^t 
dx'dy'dz' by the neighboring elements. 

As the state which we have called the state of reference is arbitrary, 
it may be convenient for some purposes to make it coincide with the 
state to which aj, y, z relate, and the axes X\ F, Z with the axee 
X, Y, Z. The values of Zx',...-Zz. on this particular suppositioo 
may be represented by the symbols Xx, ... Z^. Since 



-^, and yx=-^. 



dy' dx 

and since, when the states, x, y, z and x' y' z coincide, and the axes 

X r, Z, and A"', F, Z^ dj—, and dP^, represent displacements which 

differ only by a rotation, we must have 

Xj^}\, (875) 

and for similar reasons. 
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le six quantities X^, Tj, Zj^, Xj or Tj, Fz or Zj, and Zx or Xz are 
lied the rectamgula/r components of stress, the three first being 
e Umgitudinal stresses and the three last the sheouring stresses. The 
A<4>^Tii^ conditions of internal equilibrium for a solid under the 
ifluence of gravity may therefore be expressed by the equations 

dXx dXx .dXz 



dx dy dz * 

dYx dYj . dYz^^ 
dx dy dz 

dZx.dZjdZj^^ 
dx'^ dy'^ dz ~^^' 



(377) 



where F denotes the density of the element to which the other 

qrmbols relate. Equations (375), (376) are rather to be regarded as 

«Epreasing necessary relations (when Xx, ...^'z are regarded as 

inbemal forces detei^nined by the state of strain of the solid) than 

IB expressing conditions of equilibrium. They will hold true of a 

•did which is not in equilibrium, — of one, for example, through which 

▼ibntions are propagated, — which is not the case with equations (377). 

Equation (373) expresses the mechanical conditions of equilibrium 

tor a surface of discontinuity within the solid. If we set the coefficients 

of &i ^> Sz, separately equal to zero we obtain 

{a'Xx^+PXj.+y'X^,\+{aXx.+PXj.+yXz\^Q^ 
(a'Fx.+/yFr+yFz,X+(a Fx.+iS'Fr+y Fz02=O, • (378) 
(a Zx'+P Zr + y Zz\+{<^' Zx'+^ Z^. + y' Zz\ = 0.^ 

Now when the a\ P, y represent the direction-cosines of the normal 
in the state of reference on the positive side of any surface within the 
^lid, an expression of the form 

a'Xx.+PXr+yXz' (379) 

'^presents the component parallel to X of the force exerted upon 
^ surface in the strained state by the matter on the positive side 
per unit of area measured in the state of reference. This is evident 
^m the consideration that in estimating the force upon any surfa<;e 
^e may substitute for the given surface a broken one consisting 
of elements for each of which either x' or y' or z' is constant. Applied 
to a surface bounding a solid, or any portion of a solid which may 
Dot be continuous with the rest, when the normal is drawn outward 
tsosoal, the same expression taken negatively represents the com- 
ponent parallel to X of the force exerted upon the surface (per 
onit of surface measured in the state of reference) by the interior 
d the solid, or of the portion considered. Equations (378) therefore 
xpress the condition that the force exerted upon the surface of 
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diaoontinuity by the matter on one side and determined by its 
of strain shall be equal and opposite to that exerted by the m 
on the other side. Since 

(a X= -(aO,, (A= -(/3%. (y )i= -(7% 

we may also write 

etc., J 

where the signs of a\ ^, y may be determined by the normi 
either side of the surface of discontinuity. 

Equation (371) expresses the mechanical condition of equilib 
for a surface where the solid meets a fluid. It involves the sep 
equations 

aXx' + ^Xj, + yXjf = - ap ^/» 



aFx,+/yFy,+yF,,= -/3pg„ 



« 



the fraction j^, denoting the ratio of the areas of the same ele 

of the surface in the strained and unstrained states of the i 
These equations evidently express that the force exerted by 
interior of the solid upon an element of its surface, and detem 
by the strain of the solid, must be normal to the surface and ( 
(but acting in the opposite direction) to the pressure exerted b; 
fluid upon the same element of surface. 

If we wish to replace a and I)% by a', /S', y\ and the quan 
which express the strain of the element, we may make use ol 
following considerations. The product aD« is the projection o: 

element Db on the Y-Z plane. Now since the ratio ^, is indepei 

of the form of the element, we may suppose that it has any oonve 
form. Let it be bounded by the three surfaces «'= const., y'=o 
2;'= const., and let the parts of each of these surfaces included bj 
two others with the surface of the body be denoted by X, JIf , and . 
by L\ Jf , and N\ according as we have reference to the strain* 
unstrained state of the body. The areas of L\ M, and N' are evid 
aD%\ ffDB\ and yDs' ; and the sum of the projections of L, M 
N upon any plane is equal to the projection of Da upon that p 
since X, M, and N with Ds include a solid figure. (In propositioi 
this kind the sides of surfaces must be distinguished. If the nc 
to Db falls outward from the small solid figure, the normals to . 
and N must fall inward, and vice versa,) Now i' is a right-ai 
triangle of which the perpendicular sides may be called dy" am 
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he projection of L on the Y-Z pl&ne will be a triangle, the angular 
oints of which are determined by the oo-ordinatee 

y, z\ y+^'dj^. *+^'d^' y+^'d"^' *+S'^^'' 

he area of sach a triangle is 

or, ance } dy" dz' represents the area of L', 

(dy dz dz dy\ , ^ . 

(That this expression has the proper sign will appear if we suppose 
for the moment that the strain vanishes.) The areas of the projections 
o( Jf and N upon the same plane will be obtained by changing y\ t! 
nd a in this expression into t!, of, and p, and into x\ y\ and y\ The 
lom of the three expressions may be substituted for a 2)8 in (381). 

We shall hereafter use 2^ to denote the sum of the three terms 
obtained by rotary substitutions of quantities relating to the axes 
l*. F', Z (Le., by changing x\ y\ :i into y\ a?', a;', and into 2^, x\ y', 
with similar changes in regard to a^ jS', y\ and other quantities 
idating to these axes), and £ to denote the sum of the three terms 
obtained by similar rotary changes of quantities relating to the axes 
JT, F, Z. This is only an extension of our previous use of these 
■ymbols. 

With this understanding, equations (381) may be reduced to the 
fonn 

etc. 

The formula (372) expresses the additional condition of equilibrium 
which relates to the dissolving of the solid, or its growth without 
discontinuity. If the solid consists entirely of substances which are 
•ctual components of the fluid, and there are no passive resistances 
which impede the formation or dissolving of the solid, 5JV' may have 
^ther positive or negative values, and we must have 

e^.^triy.-p'^y. = 2i(/xir/). (383) 

Sot if some of the components of the solid are only possible com- 
pQDents (see page 64) of the fluid, 5JV' is incapable of positive values, 
M the quantity of the solid cannot be increased, and it is suflieient 
for equilibrium that 

ev'-^/7v'+l>v'^ 2i(/xiri'). (384) 

To express condition (383) in a form independent of the state of 

tference, we may use 6y, i/y, I\, etc., to denote the densities of 

O.I. N 



tC J 
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energy, of entropy, and of the several component sabstances : 
variable state of the solid. We shall obtain, on dividing the eqi 
by tv„ 

It will be remembered tliat the summation relates to the e 
components of the solid. If the solid is of uniform comp 
throughout, or if we only care to consider the contact of th< 
and the fluid at a single point, we may treat the solid as compc 
a single substance. If we use /i^ to denote the potential fc 
substance in the fluid, and T to denote the density of the solid 
variable state (F, as before denoting its density in the st 
reference), we shall have 

and €v— ^J7v+P = /*ir. 

To fix our ideas in discussing this condition, let us apply it 
case of a solid body which is homogeneous in nature and in si 
strain. If we denote by e, jy, v, and m, its energy, entropy, v 
and mass, we have 

C'-tfi+pv^/i^m. 

Now the mechanical conditions of equilibrium for the surface 
a solid meets a fluid require that the traction upon the surface 
mined by the state of strain of the solid shall be normal to the s 
This condition is always satisfied with respect to three surfi 
right angles to one another. In proving this well-known propc 
we shall lose nothing in generality, if we make the state of ref 
which is arbitrary, coincident with the state under discussic 
axes to which these states are referred being also coincident 
shall then have, for the normal component of the traction pc 
of surface across any surface for which the direction-cosines 
normal are a, j8, y (compare (379X and for the notation X 
page 190), 

S = a(aXx + l3Xx + yX^) 

+/3(aFx+/3rx+yr,) 

+ y(aZj, + fiZr+yZ^\ 
or, by (375\ (376). 

+ 2ai8Xx+ 2/8y y,+2yoZx. 

We may also choose any convenient directions for the co-oi 
axes. Let ua suppose that the direction of the axis of X is so 
that tho value of iSI for the surface perpendicular to this axi 
gixHit as for any other surface, and that the direction of the ax 
(suppivunl at ri^ht angU'^ to X) is such that the value of 8 ! 



EQUILIBEIUM OF HETEROGENEOUS SUBSTANCES. 195 

surface perpendicular to it is as great as for any other 8iu*fa<;e 

paflsing through the axis of X. Then, if we write -p, -to, ^ for 

the differential coefficients derived from the last equation by treating 
a, j8, and y as independent variables, 



when 


ada+pdfi+ydy=0, 


and 


a = l, /8=0. y = 0. 


That is, 


d8 ^ , dS ^ 


when 


a=l, (8=0, y=0. 


Howe 


Xy=0, and Zx=0. 


Mweover, 


l^^^-'v-o. 


when 


a = 0, da=0. 




/8d)8+ydy=0, 


and 


/8=1. y=0. 


Hence 


Fz=0. 



(390) 



(391) 

Therefore, when the coordinate axes have the supposed directions, 
which are called the priTwvpal axes of stresSy the rectangular com- 
pwients of the traction across any surface (a, j8, y) are by (379) 

aZx, PYy, yZz, (392) 

Hence, the traction across any surface will be normal to that 

surface, — 

(1), when the surface is perpendicular to a principal axis of stress ; 

(2), if two of the principal tractiona Xj, Fy, Z^ are equal, when 

the surface is perpendicular to the plane containing the two corre- 

^nding axes (in this case the traction a<;ross any such surfa<;e is 

^oal to the common value of the two principal tractions) ; 

(3), if the principal tractions are all equal, the traction is normal 
^i constant for all surfaces. 

It will be observed that in the second and third cases the positions 
of the principal axes of stress are partially or wholly indeterminate 
(so that these cases may be regarded as included in the first), but the 
values of the principal tractions are always determinate, although not 
ilways different. 

If, therefore, a solid which is homogeneous in nature and in state of 
train is bounded by six surfaces perpendicular to the principal axes 
f stress, the mechanical conditions of equilibrium for these surfaces 
lay be satisfied by the contact of fluids having the proper pressures 
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(see (381)), which will in general be different for the different pain of 
opposite sides, and may be denoted by p', p'\p'". (These preasora 
are equal to the principal tractions of the solid taken negatively.] 
It will then be necessary for equilibrium with respect to the tendeiKj 
of the solid to dissolve that the potential for the substance of the 
solid in the fluids shall have values /i/, fii', iil('\ determined by the 
equations 



€-^J7+p'"t;=/irm. (396) 

These values, it will be observed, are entirely determined by the 
nature and state of the solid, and their differences are equal to 
the differences of the corresponding pressures divided by the densHy 
of the solid. 

It may be interesting to compare one of these potentials, as f[^ 
with the potential (for the same substance) in a fluid of the same 
temperature i and pressure 'p' which would be in equilibrium with the 
same solid subjected on all sides to the uniform pressure p'. If we 
write [c]^, [jy]^, \y\jf, and \jk^jf for the values which €, jy, v, andft 
would receive on this supposition, we shall have 

Wi."^hV+l>'M,. = bi]p'm. (39«) 

Subtracting tliis from (393), we obtain 

^-Wp'"<^+'Wj/+l>'v-p'Mr'=ftw-|>,]^wi. (397) 

Now it follows immediately from the definitions of energy and 
entropy that the first four terms of this equation represent the work 
spent upon the solid in bringing it from the state of hydrostatic stietf 
to the other state without change of temperature, and jp'v— jp'[t;]/ 
evidently denotes the work done in displacing a fluid of pressure i 
surrounding the solid during the operation. Therefore, the firt^ 
number of the equation represents the total work done in bringisg 
tho solid \v)in\ surrounded by a fluid of presawre p' from the state 
of hydn>static stress jp' to the state of stress p\ p'\ p"\ This quantity 
i» nocossarilj' positive, except of course in the limiting case whfl** 
jt>* 53 1>" «/)'". If the quantity of matter of the solid body be unity 
the increase of the potential in the fluid on the side of the solid ^ 
which the pressure remains constant, which will be necessary ^ 
maintain ei^uilibrium, is equal to the work done as above described 
Heiuv, a/ is greater than [)tii],,., and for similar reasons /i/' is greater 
than tho value of the potential which would be necessary for equifi- 
brixuu if the vSoHd were subjected to the uniform pressure p'\ and 
Ui greater thaii that which would be necessary for equilibrium H 
the solid weiv subjiH^teii to the unifonn pressure p'". That is (if w( 
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dipt our language to what we may regard as the most general case, 
ruL, that in which the flnids contain the substance of Uie solid but 
M not wholly composed of that substance), the fluids in equilibrium 
■ith ihe solid are all supersaturated with respect to the substance 
oi the solid, except when the solid is in a state of hydrostatic stress ; 
■0 that if there were present in any one of these fluids any small frag- 
ment of the same kind of solid subject to the hydrostatic pressure of 
the fluid, such a fragment would tend to increase. Even when no 
neh fragment is present, although there must be perfect equilibrium 
mhiBs concerns the tendency of the solid to dissolve or to increase 
ty the accretion of similarly strained matter, yet the presence of the 
nlid which is subject to the distorting stresses, will doubtless facilitate 
file commencement of the formation of a solid of hydrostatic stress 
^QQ its surface, to the same extent, perhaps, in the case of an 
aM)rphous body, as if it were itself subject only to hydrostatic 
rinsB. This may sometimes, or perhaps generally, make it a necessary 
condition of equilibrium in cases of contact between a fluid and an 
ttKxpbous solid which can be formed out of it, that the solid at the 
ivEaee where it meets the fluid shall be sensibly in a state of hydro- 
*itie8tres& 

Bat in the case of a solid of continuous crystalline structure, sub- 
jected to distorting stresses and in contact with solutions satisfying 
the conditions deduced above, although crystals of hydrostatic stress 
voald doubtless commence to form upon its surface (if the distorting 
ibeeses and consequent supersaturation of the fluid should be carried 
too far), before they would commence to be formed within the fluid 
or on the surface of most other bodies, yet within certain limits the 
idatioiis expressed by equations (393>-{395) must admit of realization, 
specially when the solutions are such as can be easily .supersaturated^* 
It may be interesting to compare the variations of p, the pressure 
m the fluid which determines in part the stresses and the state of 
otnin of the solid, with other variations of the stresses or strains in 
^ solid, with respect to the relation expressed by equation (388). 
To examine this point with complete generality, we may proceed in 
the following manner. 

Let us consider so much of the solid as has in the state of reference 
the form of a cube, the edges of which are erjoal to unity, and 
purallel to the co-ordinate axes. We may suppose this bo^iy to be 
homogeneous in nature and in state of strain both in its state of 



*Tlie ellMi of dutortnug iti tmuu in % mahd on thm f4wDM9Ei4»t U crjMMhis^tkm mbkI 
iqoefMtioii, m weU mm tlie cfliMi of euagit! tA uj^Mt^mut, ytttmat* wukmfjo U> Um 
iHd Md liqitid, wm fine dcMrib«i uj VuAtmfM 4haum Tt^m^stk. iM Ttqhm. H, H. 
'^m., ToL xvi, p. 575; ukd /*roc Bajf. ,%><-, roL xi. \. 473, or FUd, MfM^j,, mf, 4, r^A. 
or, p. 986. 



de.=td,r+X,,d^,+X,.d^,+ 7r.d^-p^ ^d^. (400) 
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reference and in its variable state. (This involves no loss of generality, 
since we may make the unit of lei^gth as small as we choose.) Let 
the fluid meet the solid on one or both of the sorfaoes for which f 
is constant. We may suppose these surfaces to remain perpendicular 
to the axis of Z in the variable state of the solid, and the edges in 
which y' and z' are both constant to remain parallel to the axis of I. 
It will be observed that these suppositions only fix the positicm of 
the strained body relatively to the co-ordinate axes, and do not in 
any way limit its state of strain. 

It follows from the suppositions which we have made that 

dz ^ dz ^ dy ^ 

T->=con8t.=0, ^ = con8t=0, ^,=const.=0; 

and Xr^O, Yr^O. Z^^^p^^,. 

Hence, by (355), 

d€Y' = tdflY'- 

Again, by (388), 

de^tdti+fjdt'-pdv^vdp+mdfii. (401) 

Now the suppositions which have been made require that 

Combining equations (400), (401), and (403), and observing tk^ 
€y' and ^y are equivalent to e and i;, we obtain 

Tj dt'-v dp+m d/j,^ 

The reader will observe that when the solid is subjected on all side* 
to the uniform normal pressure p, the coefficients of the diflfeiuntui^ 
in the second member of this equation will vanish. For the expression 

-^, -^ represents the projection on the Y-Z plane of a side of tl»^ 

parallelopiped for which x' is constant, and multiplied by p it iri3 
be equal to the component parallel to the axis of X of the tofc' 
pressure across this side, i.e., it will be equal to X^ taken n^ativdl^ 

The case is similar with respect to the coefficient of d-^, ; and -^K 

evidently denotes a force tangential to the surface on which it ftC^ 
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It will also be observed, that if we regard the forces acting upon 
the sides of the solid parallelopiped as composed of the hydrostatic 
pressure p together with additional forces, the work done in any infini- 
tesimal variation of the state of strain of the solid by these additional 
forces will be represented by the second member of the equation. 

We will first consider the case in which the fluid is identical in 
substance with the solid. We have then, by equation (97), for a mass 
of the fluid equal to that of the solid, 

jypctt— t;pd!jp+md/ij=0, (406) 

ijr and v^ denoting the entropy and volume of the fluid. By sub- 
traction we obtain 

Now if the quantities -t->, t— ,, -j^, remain constant, we shall have 

for the relation between the variations of temperature and pressure 
which is necessary for the preservation of equilibrium 

^^v^^^^v^ (407) 

where Q denotes the heat which would be absorbed if the solid body 
should pass into the fluid state without change of temperature or 
pressure. This equation is similar to (131), which applies to bodies 

subject to hydrostatic pressure. But the value of j- will not gener- 

^ly be the same as if the solid were subject on all sides to the uni- 
form normal pressure p ; for the quantities v and jy (and therefore 
Q) will in general have different values. But when the pressures on 

^ sides are normal and equal, the value of -?- will be the same, 

whether we consider the pressure when varied as still normal and 

equal on all sides, or consider the quantities -p>, t— >, 4^, as constant 

But if we wish to know how the temperature is affected if the pres- 
TOe between the solid and fluid remains constant, but the strain of 
the solid is varied in any way consistent with this supposition, the 
differential coefficients of t with respect to the quantities which 
*^pW88 the strain are indicated by equation (406). These differential 
efficients all vanish, when the pressures on all sides are normal 

^ equal, but the differential coefficient -j-, when t-?, y-,, -r^, are 



m 
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constant, or when the pressures on all sides are normal and equal, 
vanishes only when the density of the fluid is equal to that of the 
solid. 

The case is nearly the same when the fluid is not identical ia 
substance with the solid, if we suppose the composition^^of the fluid to 
remain unchanged. We have necessarily with respect to the fluid 

where the index (f) is used to indicate that the expression to whiclia 
it is affixed relates to the fluid. But by equation (92) 

Substituting these values in the preceding equation, transposii&^r 
terms, and multiplying by m, we obtain 

By subtracting this equation from (404) we may obtain an equation 
similar to (406), except that in place of tj^ and t> we shall have the 
expressions 

m(^f and m(^f . 

The discussion of equation (406) will therefore apply mtUaHs mutawidB 
to this case. 

We may also wish to find the variations in the composition of tb^ 
fluid which will be necessary for equilibrium when the pressure p eft 

fist. cLOR oAJ 

the quantities t-,, ^, -r^, are varied, the temperature remainiti^ 

constant. If we know the value for the fluid of the quantity repre- 
sented by f on page 87 in terms of U p, and the quantities of tb^ 
several components m^, m,, m,, etc., the first of which relates to tl>^ 
substance of which the solid is formed, we can easily find the valt^* 
of /ij in terms of the same variables. Now in considering variatiot*^ 
in the composition of the fluid, it will be sufficient if we make all bO-'^ 
one of the components variable. We may therefore give to ti4 ^ 
constant value, and making t also constant, we shall have 



^'.-f#):>-(^::.-H.(^:.<^-- 



*A suffixed m standa here, as elsewhere in this paper, for aU the symbols n^, fN|, 
except such as may occur in the differential coefficient. 
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lahstitating this value in equation (404), and cancelling the term 
mtaining dty we obtain 

+X„4+(F„+4g)^. (4.1) 

This equation shows the variation in the quantity of any one of the 
eoDiponents of the fluid (other than the substance which forms the 

solid) which will balance a variation of p, or of -t-„ -t-->, -^, with 

nspect to the tendency of the solid to dissolve. 

Fundamiental Equations for Solids. 

The principles developed in the preceding pages show that the 
aohition of problems relating to the equilibrium of a solid, or at least 
their reduction to purely analytical processes, may be made to depend 
t^ our knowledge of the composition and density of the solid at 
^^eiy point in some particular state, which we have called the state 
of reference, and of the relation existing between the quantities which 

hive been represented by Cy, fi^^, rj, ^n .... t-j, x\ y\ and s^. 

When the solid is in contact with fluids, a certain knowledge of the 

poperties of the fluids is also requisite, but only such as is necessary 

for the solution of problems relating to the equilibrium of fluids 

UDODg themselves. 

If in any state of which a solid is capable, it is homogeneous in its 

nature and in its state of strain, we may choose this state as the state 

doc dz 

of reference, and the relation between e^, fjy, -rp, ' * ' zip* ^U ^ 

independent of of, y", 2^. But it is not always possible, even in the 
sase of bodies which are homogeneous in nature, to bring all the 
Jements simultaneously into the same state of strain. It would not 
le possible, for example, in the case of a Prince Rupert's drop. 

If, however, we know the relation between Cy, fJrf ;r~/> • * • T"" 

(MT any kind of homogeneous solid, with respect to any given state of 
eference, we may derive from it a similar relation with respect to 
jiy other state as a state of reference. For if x\ y\ 7! denote the 
o-ordinates of points of the solid in the first state of reference, and 
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x", y", t!* the co-ordinates of the same points in the second state of 
reference, we shall have necessarily 

dx dx dx" . dx dy'' . dx dz" , , . x* v /i,ax 

and if we write R for the volume of an element in the state (a^j/.O 
divided by its volume in the state {x\ y\ ^\ we shall have 



dx' 


daf 


dotf 


dd 


dy' 


37 


diC 


df 


tzy 


^ 


W 


^ 


dsT 


dtT 


dar 


dx' 


dy' 


d^ 



R= 



€yi — XCCy" 9 fjy ^^ Jifjyt* , 



m 



(414) 



If, then, we have ascertained by experiment the value of ey* in terns 

of J7v'> ;7— 'I • • • j-7, and the quantities which express the composition 

of the body, by the substitution of the values given in (412)-(414), 

we shall obtain Cy- in terms of tiy-, -j-r,, . . . -r^,, -^, . . . t-?-, andthe 

quantities which express the composition of the body. 

We may apply this to the elements of a body which may be 
variable from point to point in composition and state of strain in a 
given state of reference {x'\ y'\ ^'\ and if the body is fully described 
in that state of reference, both in respect to its composition and to the 
displacement which it would be necessary to give to a homogeneous 
solid of the same composition, for which Cy is known in terms of fr i 

flrp dz 

-1-?, . . . -T-7, and the quantities which express its compoaitioii, fe> 

bring it from the state of reference {x\ y\ z') into a aimilar and 
similarly situated state of strain with that of the element of the XKA- 

homogeneous body, we may evidently regard -^ , . . . -^ as known 

for each element of the body, that is, as known in terms of aj", y", i'* 

We shall then have ey" in terms of jyv** j-//, . . . -tt,* «", y", s!'\ and 

since the composition of the body is known in terms of x'\ yf\ /', and 
the density, if not given directly, can be determined from the density 
of the homogeneous body in its state of reference {x\ y\ ^\ this ^ 
sufficient for determining the equilibrium of any given state of tl^® 
non-homogeneous solid. 

An equation, therefore, which expresses for any kind of solid, a*^* 
with reference to any determined state of reference, the relatiC^ 
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)etween the quantities denoted by Cy, jyv* -j-n • • • 377» involving also 

ht quantities which express the composition of the body, when that 
is capable of continuous variation, or any other equation from which 
the same relations may be deduced, may be called a fuTidamental 
vjuaiion for that kind of solid. It will be observed that the sense in 
irhich this term is here used, is entirely analogous to that in which we 
lave already applied the term to fluids and solids which are subject 
sily to hydrostatic pressure. 

When the fundamental equation between €v, fhry -i->, • • • jy is 

aciown, we may obtain by difierentiation the values of t, Xx*, . . . Z^' 
n terms of the former quantities, which will give eleven independent 
lektions between the twenty-one quantities 

^V'» ^Tf J^fy • • • ^n U ^X'f • • • ^Z'> (416) 

which are all that exist, since ten of these quantities are independent 
AU these equations may also involve variables which express the 
eompofiition of the body, when that is capable of continuous variation. 
If we use the symbol ^ to denote the value of yfr (as defined on 
page 89) for any element of a solid divided by the volume of the 
element in the state of reference, we shall have 

V^v'=«v— ^^v (416' 

Hie equation (356) may be reduced to the form 

3^= -J7v'<J^+2r(Zx^(J^). (417) 

Therefore, if we know the value of ^y in terms of the variables t 

^, . . . -j-7, together with those which express the composition of the 

l*dy, we may obtain by differentiation the values of ffy, X^'y * * » Zz' 
ID terms of the same variables. This will make eleven independent 
fdations between the same quantities as before, except that we shall 
have ^y. instead of Cy. Or if we eliminate ^v' ^y means of equation 
('116), we shall obtain eleven independent equations between the 
quantities in (415) and those which express the composition of the 
fcdy. An equation, therefore, which determines the value of ^y 

IS a fuDcticm of the quantitieB t, -^„ . . . -r^, and the quantities which 

xpress the composition of the body when it is capable of continuous 
ariation, is a fundamental equation for the kind of solid to which it 
ilates. 

In the discussion of the conditions of equilibrium of a solid, we 
ight have started with the principle that it is necessary and sufficient 



204 EQUILIBRnJM OF HETEBOGENEOUS SUBSTANGEa 

for equilibrium that the temperature shall be uniform throughout I 
whole mass in question, and that the variation of the force-fonct 
(-^) of the same mass shall be null or negative for any variation 
the state of the mass not affecting its temperature. We might h 
assumed that the value of ^ for any same element of the solid i 
function of the temperature and the state of strain, so that 
constant temperature we might write 



(JV^v'=2r(Zx^(jg,), 



the quantities Xx', - - - Zfi, being defined by this equation. T 
would be only a formal change in the definition of X^*, . . . J^r i 
would not affect their values, for this equation holds true of Xy, . . . 
as defined by equation (355). With such data, by transformati* 
similar to those which we have employed, we might obtain simi 
results.* It is evident that the only difference in the equations wo 
be that yjr^ would take the place of 6^, and that the terms relating 
entropy would be wanting. Such a method is evidently pref^ti 
with respect to the directness with which the results are obtain 
The method of this paper shows more distinctly the rSU of energy i 
entropy in the theory of equilibrium, and can be extended m 
naturally to those dynamical problems in which motions take pi 
under the condition of constancy of entropy of the elements 
a solid (as when vibrations are propagated through a solid), just 
the other method can be more naturally extended to dynami 
problems in which the temperature is constant. (See note 
page 90.) 

We have already had occasion to remark that the state of stn 
of any element considered without reference to directions in space 
capable of only six independent variations. Hence, it must be possi 
to express the state of strain of an element by six functions 

-T-7, . • • jp. which are independent of the position of the eleme 

For these quantities we may choose the squares of the ratios 
elongation of lines parallel to the three co-ordinate axes in the sb 
of reference, and the products of the ratios of elongation for ea 
pair of these lines multiplied by the cosine of the angle which th 
include in the variable state of the solid. If we denote these quantit 
by A, B, C, a, b, c we shall have 

* For an example of this method, see ThomBon and Tait's .Va^tifti^ PhUomtphjfy vol 
p. 705. With regard to the general theory of elastic solids, compare also ThooiM 
Memoir "On the Thermo-elastic and Thermo-magnetio Properties of Matter" in t 
QuarUrly Journal oj Mat?iematics, vol. i, p. 57 (1855), and Green's memoirs on 1 
propagation, reflection, and refraction of light in the TVaneactions of the OcmM 
PhUoiophical Society, toL vii. 
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\ ^-^^)' ^-^^)' ^-^©'. <««) 
«=^^S). '-^^^). «-^(^^> <"») 

The determination of the fundamental equation for a solid is thus 

reduced to the determination of the relation between e^, fjT* ^> ^> ^> 
I a, 6, c, or of the relation between ^ry», t, A, B, C, a, 6, c. 
I In the ease of isotropic solids, the state of strain of an element, so 
I far as it can affect the relation of Cy* and ^y, or of ^ryr and t, is capable 
I of only three independent variationa This appears most distinctly 
, as a consequence of the proposition that for any given strain of an 
\ element there are three lines in the element which are at right angles 
I to one another both in its unstrained and in its strained state. If 
, tihe unstrained element is isotropic, the ratios of elongation for these 

three lines must with ^y determine the value €v', or with t determine 

tihe value of ^'. 
To demonstrate the existence of such lines, which are called the 
\ ffifncipal aoces of strain, and to find the relations of the elongations 

of such lines to the quantities -r-,, • • • ;!-„ we may proceed as follows. 

The ratio of elongation r of any line of which a\ ^y y are the 
direction-cosines in the state of reference is evidently given by the 
equation 

^ow the proposition to be established is evidently equivalent to this 
—that it is always possible to give such directions to the two systems 
of rectangular axes X\ Y\ Z\ and Z. F, Z, that 



fix ^ rfy 

dy' ^' d2f "' d^ "' 

doc' "' dx' ^' dy' "• 



(421) 



We may choose a line in the element for which the value of r is at 
'^^fit as great as for any other, and make the axes of X and X' parallel 
w this line in the strained and unstrained states respectively. 
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Moreover, if we write -W, -tz^» -^--r ^^^ ^^^ differential cc 
obtained from (420) by treating a, jS', y as indq>endent van 

when a'da'+^d^+y'dy' = 0, 

and a'=l, /8' = 0, y' = 0. 

That is, ^)=0,and^>=0. 

when a'=l, )8'=0, y'=0. 

„ dx ^ dx . 

Hence, ^ = 0. 3^,=0. 

Therefore a line of the element which in the unstrained stai 
pendicular to Z' is perpendicular to X in the strained state 
such lines we may choose one for which the value of r is ai 
great as for any other, and make the axes of Y' and Y parall 
line in the unstrained and in the strained state respectivel; 

and it may easily be shown by reasoning similar to that ¥i 
just been employed that 

Lines parallel to the axes of X\ Y\ and Z^ in the unstraii 
will therefore be parallel to X, F, and Z in the strained body 
ratios of elongation for such lines will be 

dx dy dz 
d^'' dy'' dz'' 

These lines have the common property of a stationary vali 
ratio of elongation for varying directions of the line. This 
from the form to which the general value of r^ is reducec 
positions of the co-ordinate axes, viz., 



"-(^p^m^^my- 



\dy\ 

BJiaving thus proved the existence of lines, with reference 
particular strain, which have the properties mentioned 
proceed to find the relations between the ratios of el 
for these lines (the principal axea of strain) and the q 



EQUILIBRIUM OF HETEROGENEOUS SUBSTANCES. 



207 



dz 
.. -^ under the most general supposition with respect to the 

ion of the co-ordinate axes. 

r any principal axis of strain we have 

differential coefficients in the first of these equations being 
mined from (420) as before. Therefore, 



1 d{i^)_ 1 d(i^)_ 1 <?(}•') 
a'~S^~'^ d^ ~y' dy'' 

(420) we obtain directly 

a'dir^) a'dji') y'djr^) 
2 do' "^ 2 dff^ 2 dy' 



(426) 



(427) 



d^ ^2 dy' 

I the two last equations, in virtue of the necessary relation 
|5'*+y'*=l, we obtain 



* da' " ^' * d^ P^' * dy' ^ ^' 



(428) 



[ we substitute the values of the differential coefficients taken 
(420), 

e eliminate a\ ^\ y from these equations, we may write the 
t in the form, 



^W^""^ ^Kd^'d^'J ^W3?/ 

y^^fdx dx\ ^/dx\^ . ^/dx dx\ 

^Kdy'd^O ^Kd^'J^^ ^Kd^'d^J 

« (dx_ dac\ -, (dx dx\ ^ (dx\^ . 

^WdojV ^Kd^d^O ^\d^)^'^ 



=0. 



nay write 






(430) 

(431) 
(432) 
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Also* 

— yvif—'^f^bt^Mf—^f^y—^ d«^dy dy cb: dx dz ii\ 
~^ ^\\daf) \dy'J "•" W/ KSy") d^ dy' '3^'^ dd dy'd^drf] 

_y,y,ifdx\*/dy\* fdy\*/dx\* da dx dy d^\ 
~^^\\di'J \dy') ^\dx') Kdy'J '^daH^l^' dy'S 



i'=r2 



dx, 


dx 


da! 


dy' 


dy 


dy 


dx' 


dy' 



(434) 



This may also be written 

In the reduction of the value of O, it will be convenient to use the 
symbol S to denote the sum of the six terms formed by changing 

3+3 

X, y, z, into y,z,x\ z,x,y\ x,z,y\ y,x,z\ and z, y, x\ and the 
symbol Z in the same sense except that the last three terms are to 

3-3 

be taken negatively; also to use Z" in a similar sense with resped 

8-3 

to a;', y\ ^ \ and to use x', y', z' as equivalent to x\ y\ /, except thit 
they are not to be affected by the sign of summation. With this 
understanding we may write 

In expanding the product of the three sums, we may cancel on 
account of the sign 2' the terms which do not contain all the three 

expressions dx, dy, and dz. Hence we may write 



G= Y 2 (— ^ ^ %. ^^ ^'\ 
3_3 3+3 VrZx' dx' dy dy' dz' dz/ 

— y {— ^ — y (— ^ —\\ 
~ i+s\dx' dy' dz 3_3 Vrir' dy' dz'Jj 

__ y /dx dy^ dz\ y, (dx dy^ dz\ 
" 3-3^dx' dy' dz') 3.3 \dx' dy' dz'/ 



* The values of F and Q given in equations (434) and (438), which are here deduo^ 
at length, may be derived from inspection of equation (430) by means of the rx^ 
theorems relating to the multiplication of determinants. See Salmon's LuaonB Inf^ 
ductory to the Modem Higher Algebra, 2d ed., Lesson III; or Baltzer's Theorie •*•* 
Amoendung der Dtterminanten, § 5. 
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r, if we set 



H^ 



re ahall have 



dx 


dx 


dx 


dai 


dy' 


di 


dy 
da! 


dy 
dy' 


dy 
d^ 


dz 
d^' 


dz 
dy' 


dz 
d^ 



(437) 



(438) 



It will be observed that F represents the sum of the squares of the 
ind minors which can be formed from the determinant in (437), and 
hat E represents the sum of the squares of the nine constituents of 
he same determinant. 

Now we know by the theory of equations that equation (431) will 
» satisfied in general by three different values of r*, which we may 
loiote by r^*, r^, r^\ and which must represent the squares of the 
n&OB of elongation for the three principal axes of strain ; also that 
B, Fy are synmietrical functions of rj*, r^, r^, viz., 



E^r^*+r^*+r^^ F^r^^r^^+r^^r^+r^^r^K 



O^r^^ 



r^r^ 



(439) 



Bence, although it is possible to solve equation (431) by the use of 
bipmometrical functions, it will be more simple to regard ey* as a 
function of ^y and the quantities E, F, (or H), which we have 

ezprefised in terms of t-> , . . . -j-? . Since Cy is a single- valued function 
of 9y. and rj*, r^^, r^ (with respect to all the changes of which the 
body is capable), and a symmetrical function with respect to r^, r^*, 
^it and since r^, r^, r^ are coUeetively determined without ambiguity 
fcy the values of E, F, and H, the quantity Cy' must be a single- valued 
Action of fly, E, F, and H. The determination of the fundamental 
^nation for isotropic bodies is therefore reduced to the determination 
^i this function, or (as appears from similar considerations) the deter- 
mination of ^v' as a function of t, E, F, and H. 

It appears from equations (439) that E represents the sum of the 
•^l^Jares of the ratios of elongation for the principal axes of strain, 
^^At F represents the sum of the squares of the ratios of enlargement 
'^ the three surfaces determined by these axes, and that represents 
•ke square of the ratio of enlargement of volume. Again, equation 
432) shows that E represents the sum of the squares of the ratios of 
ioogation for lines parallel to X\ Y\ and Z' ; equation (434) shows 
b«t F represents the sum of the squares of the ratios of enlargement 
r surfaces parallel to the planes Z'-F', F'-Z', Z'-X') and equation 
38), like (439), shows that represents the square of the ratio of 

O.I. o 
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enlargement of volume. Since the position of the co-ordinate ; 
is arbitrary, it follows that the sum of the squares of the ratic 
elongation or enlargement of three lines or surfaces which in 
unstrained state are at right angles to one another, is other 
independent of the direction of the lines or surfaces. Hence, \E 
^F are the mean squares of the ratios of linear elongation an 
superficial enlargement, for all possible directions in the unstra 
solid. 

There is not only a practical advantage in regarding the strai 
determined by E, F, and H, instead of E, F, and G, because . 

more simply expressed in terms of -t->, ••• jp» but there is al 

certain theoretical advantage on the side of E, F, H, If the sysi 
of co-ordinate axes X, F, Z, and X\ Y\ Z\ are either identic! 
such as are capable of superposition, which it will always be 
venient to suppose, the determinant H will always have a pos 
value for any strain of which a body can be capable. But i 
possible to give to a;, y, « such values as functions of x\ y\ z' tha 
shall have a negative value. For example, we may make 

This will give -H'= — 1, while 

x=x\ y = y\ z^z' { 

will give H=\. Both (440) and (441) give = 1. Now altho 
such a change in the position of the particles of a body as is re 
sented by (440) cannot take place while the body remains solid, 
a method of representing strains may be considered incomp 
which confuses the cases represented by (440) and (441). 

We may avoid all such confusion by using E, F, and -H" to re 
sent a strain. Let us consider an element of the body strained w! 
in the state {x\ y\ z') is a cube with its edges parallel to the axe 
X\ Y\ Z\ and call the edges dx\ dy\ d^ according to the axe 
which they are parallel, and consider the ends of the edges as pofii 
for which the values of x\ y\ or 2;^ are the greater. Whatever 
be the nature of the parallelopiped in the state {x, y, z) which cc 
sponds to the cube dx\ dy\ d2^ and is determined by the quant 

-j-„ ...;?->, it may always be brought by continuous changes to 

form of a cube and to a position in which the edges dx\ dy' i 
be parallel to the axes of X and F, the positive ends of the ei 
toward the positive directions of the axes, and this may be ( 
without giving the volume of the parallelopiped the value zero, 
therefore without changing the sign of H. Now two cases 
possible;— the positive end of the edge dzf may be turned to^ 
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the positive or toward the negative direction of the axis of Z. In 
the first case, H is evidently positive ; in the second, negative. The 
deierminant H will therefore be positive or negative, — we may say, 
if we choose, that the volume will be positive or negative, — according 
as the element can or cannot be brought from the state (a;, ^, z) to the 
state (^, y', :f) by continuous changes without giving its volume the 
value zero. 

If we now recur to the consideration of the principal axes of strain 
and the principal ratios of elongation r^, rg, r,, and denote by TJ^, U^, 
U^ and U^, U^, U^ the principal axes of strain in the strained and 
unstrained element respectively, it is evident that the sign of r^, 
for example, depends upon the direction in U^ which we regard as 
corresponding to a given direction in U^, If we choose to associate 
directions in these axes so that r^, r^, r^ shall all be positive, the 
positive or negative value of H will determine whether the system of 
*W8 JJ^y £7,, CTg is or is not capable of superposition upon the system 
^v ^ly ^z ^^ ^^^ corresponding directions in the axes shall coincide. 
Or, if we prefer to associate directions in the two systems of axes 
so tiiat they shall be capable of superposition, corresponding directions 
coinciding, the positive or negative value of H will determine whether 
an even or an odd number of the quantities r^, r^, r^ are negative. 
In this case we may write 

dx dx dx 
dx' dy' d2f 

d^ dy^ dy 

da! dnf 3? 

dz dz dz 

dx' dAf' d7f 

It will be observed that to change the signs of two of the quantities 
^if r,, rj is simply to give a certain rotation to the body without 
changing its state of strain. 

Whichever supposition we make with respect to the axes {7^, CT,, {Tg, 
it is evident that the state of strain is completely determined by the 
values Ey F, and J7, not only when we limit ourselves to the consider- 
^on of such strains as are consistent with the idea of solidity, but 

•Iso when we regard any values of -r-,, • • • ^ *•* possible. 

ApproodTYuttive Formvlce, — For many purposes the value of e^ for 
•*i isotropic solid may be represented with sufficient accuracy by the 
formula 

€y, = i'+e'E+fF+h'H, (443) 

^here i\ e', f, and A' denote functions of i[^ ; or the value of ^ by 
the formula 

ylfY.=^i+eE+fF+hH, (444) 



.^8 = ^= 



(442) 
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where i, e,f, and h denote functions of t Let ns first oonffider il 
second of these f ormnls. Since E, F, and H are symmetrical foncliio 
of rj, r„ r,, if ^ is any function of t, E, F, H, we must have 



d/r^ dr^ d/r^ * 

d^yfr^ _ cP'^v' d^yffy' 
dr^d/r^ " dr^dr^ " d/r^d/r^ 



(* 



whenever r^^s^r^^r^. Now i, c, /, and A may be determined 
functions of so as to give to 

dyify* CP^Tyr d^yfty* 

their proper values at every temperature for some isotropic state 
strain, which may be determined by any desired condition, 
shall suppose that they are determined so as to give the pro 
values to ^v> ®^> when the stresses in the solid vanish. If 
denote by r^ the common value of rj, rj, r, which will make 
stresses vanish at any given temperature, and imagine the true va 
of ^, and also the value given by equation (444) to be expressed 
terms of the ascending powers of 

n-^o> ^2-'^o» ^s-'^o, (* 

it is evident that the expressions will coincide as far as the terms 
the second degree inclusive. That is, the errors of the values of \ 
given by equation (444) are of the same order of magnitude as ( 
cubes of the above differences. The errors of the values of 

dyj/^f dyjry* dyfr^ 
d/r^ ' dr^ * dr^ 

will be of the same order of magnitude as the squares of the sai 
differences. Therefore, since 

dyfry^ ^dyfry^ d/r^ ^^dxlry d/r^ j^^V^'v* ^z il 

^dx " drj ^dx dr^^dx d/r^ jdac 
da! da! da! Kai 

whether we regard the true value of ^v or the value given by eq 
tion (444), and since the error in (444) does not affect the values of 

dn^x dr^ d/r^ 
^da' -jdx' ,(fo' 
da! da! da! 

which we may regard as determined by equations (431), (432^ (4 
(487) and (438), the errors in the values of Xj. derived from {< 
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i of the same order of magnitude as the squares of the differ- 
in (446). The same will be true with respect to X^y Xg, Yj^, 
c 

nil be interesting to see how the quantities e, / and h are 
I to those which most simply represent the elastic properties of 
»ic solids. If we denote by V and R the elasticity of volwrns 
le rigidity* (both determined under the condition of constant 
uture and for states of vanishing stress), we shall have as 
Lons 

F= - v(^) , when t;=r/ v', (448) 

p denotes a uniform pressure to which the solid is subjected, 
olume, and t/ its volume in the state of reference ; and 



dx _dy _dz _ 
dfo__da^_dy^_d^_dz _dz _^ 



(449) 



7hen the solid is subject to uniform pressure on all sides, if 
isider so much of it as has the volume unity in the state of 
ce, we shall have 

ri=rj=r3 = t;*, (460) 

(444) and (439), 

yffy.^i+^+^fv^+hv. (461) 

by equation (88), since ^ is equivalent to ^, 

-p = (^)^^^^+^fv^+K (462) 



(448). 



F= -i^+i/r.. (464) 



sun the value of 22 in accordance with the definition (449), 
T suppose the values of E, F, and H given by equations (432), 
jid (437) to be substituted in equation (444). This will give 
value of R 

R = ^+2fr.. (466) 



homaoQ and Tait'e Nalmral PhOompky, toL i, p. 711. 
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Moreover, since p must vanish in (452) when v=rf^ we have 

2«+4>ro*+Aro=a 

From the three last equations may be obtained the values of 
in terms of r©, F, and R ; viz., 

The quantity r^, like 12 and F, is a function of the temperatn 

differential coefficient — -^— ^ representing the rate of linear exp 

of the solid when without stress. 

It will not be necessary to discuss equation (443) at length, 
case is entirely analogous to that which has just been treate< 
must be remembered that i^yr, in the discussion of (443), will ta 
place everywhere of the temperature in the discussion of (444 
we denote by F and R the elasticity of vdwme and the rtj 
both determined under the condition of coTistcmt entropy^ (La, 
iflromaraiasioTi of heat) and for states of vanishing stress, wc 
have the equations : — 

2e'+4/ro«+AVo=0. 
Whence 

In these equations r©, R\ and F' are to be regarded as functi 
the quantity i^yr. 

If we wish to change from one state of reference to another 
isotropic), the changes required in the fundamental equation are 
made. If a denotes the length of any line of the solid in the s 
state of reference divided by its length in the first, it is eviden 
when we change from the first state of reference to the secon 
values of the symbols e^y J7v> V^» ^ are divided by a', that 
by a*, and that of F by a* In making the change of the sti 
reference, we must therefore substitute in the fundamental eqi 
of the form (444) a^v, a^E, a^F, a^H for V^, E, F, ar 
respectively. In the fundamental equation of the form (44J 
must make the analogous substitutions, and also substitute ah 
flY- (It will be remembered that i\ e\ f\ and h' represent fun 
of ^, and that it is only when their values in terms of ^ ar« 
stituted, that equation (443) becomes a fundamental equation.) 
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Concerning Solids which absorb Fl/tiida, 

ire are certain bodies which are solid with respect to some of 
components, while they have other components which are fluid, 
e following discussion, we shall suppose both the solidity and 
luidity to be perfect, so far as any properties are concerned 
I can affect the conditions of equilibrium, — i.e., we shall suppose 
the solid matter of the body is entirely free from plasticity 
hat there are no passive resistances to the motion of the fluid 
)nent8 except such as vanish with the velocity of the motion, — 
ig it to be determined by experiment how far and in what cases 
suppositions are realized. 

is evident that equation (356) must hold true with regard to 
a body, when the quantities of the fluid components contained 
given element of the solid remain constant. Let F/, T^, etc., 
e the quantities of the several fluid components contained in an 
nt of the body divided by the volume of the element in the 
of reference, or, in other words, let these symbols denote the 
des which the several fluid components would have, if the body 
d be brought to the state of reference while the matter con- 
1 in each element remained unchanged. We may then say that 
ion (356) will hold true, when T.', r^', etc., are constant. The 
lete value of the differential of e^ will therefore be given by an 
ion of the form 

(fcv' = ^^^v'+2r(Zx'cZ^)+i«dr.'+Z,(ir>'+etc. (462) 

)w when the body is in a state of hydrostatic stress, the term in 
equation containing the signs of summation will reduce to 
Ivy (vy denoting, as elsewhere, the volume of the element 
led by its volume in the state of reference). For in this case 






(463) 



= ^pd 



dx dx dx 

dx' dy' dz' 

dy dy dy 

djx' dAf' d/ 

dz dz dz 

da! dy* d/ 



= — p dv^. 



(464) 
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We have, therefore, for a state of hydrostatic stress, 

d€r=tcUiv-pdvY+Ladr^'+L^dri;+ebo^ (485) 

and multiplying by the volume of the element in the state of refer- 
ence, which we may regard as constant, 

(i€=f<iiy— pdv+Z.dm.+Zftdmj+etc., (466) 

where e, ti, v, m., ?%, etc., denote the energy, entropy, and volume rf 
the element, and the quantities of its several fluid components. It is 
evident that the equation will also hold true, if these symbok are 
understood as relating to a homogeneous body of finite size. Hie 
only limitation with respect to the variations is that the element or 
body to which the symbols relate shall always contain the same solid 
matter. The varied state may be one of hydrostatic stress or otherwise. 
But when the body is in a state of hydrostatic stress, and the solid 
matter is considered invariable, we have by equation (12) 

de^tdti^pdv+jUL^chn^+fif^dm^+ebc. (487) 

It should be remembered that the equation cited occurs in a diacoasiflii 
which relates only to bodies of hydrostatic stress, so that the vined 
state as well as the initial is there regarded as one of hydrostatie. 
stress. But a comparison of the two last equations shows that the 
last will hold true without any such limitation, and moreover, that 
the quantities Z«, Z/^,, etc., when determined for a state of hydrostatic 
stress, are equal to the potentials /£«, /£{,, etc. 

Since we have hitherto used the term potential solely with reference 
to bodies of hydrostatic stress, we may apply this term as we choose 
with regard to other bodies. We may therefore call the quantities 
Lay Xft, etc., the potentials for the several fluid components in tiie 
body considered, whether the state of the body is one of hydrostatic 
stress or not, since this use of the term involves only an extension of 
its former definition. It will also be convenient to use our ordinary 
symbol for a potential to represent these quantities. Equation (462) 
may then be written 

d€y^^tdftr+^^{Xj,.d^^+/iadT:+/i,dT,'+eic. (468) 

This equation holds true of solids having fluid components witboat 
any limitation with respect to the initial state or to the violations, 
except that the solid matter to which the symbols relate shall remain 
the same. 

In regard to the conditions of equilibrium for a body of tto 
kind, it is evident in the first place that if we make F/, F/, etc.» 
constant, we shall obtain from the general criterion of equilibriam 
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the conditions which we have obtained for ordinary solids, and 
ich are expressed by the formulsd (364), (374), (380), (382H384). 
e quantities F/, F/, etc., in the last two formulsd include of 
irse those which have just been represented by F/, F>', etc, and 
dch relate to the fluid components of the body, as well as the 
Tesponding quantities relating to its solid components. Again, 
we suppose the solid matter of the body to remain without 
nation in quantity or position, it will easily appear that the 
tentials for the substances which form the fluid components of the 
id body must satisfy the same conditions in the solid body and in 
i fluids in contact with it, as in the case of entirely fluid masses, 
e eqs. (22). 

The above conditions must however be slightly modified in order to 
^e them sufficient for equilibrium. It is evident that if the solid 
dissolved at its surface, the fluid components which are set free may 
absorbed by the solid as well as by the fluid mass, and in like 
inner if the quantity of the solid is increased, the fluid components 
the new portion may be taken from the previously existing solid 
188. Hence, whenever the solid components of the solid body are 
tnal components of the fluid mass, (whether the case is the same 
Ith the fluid components of the solid body or not,) an equation of 
eform (383) must be satisfied, in which the potentials /£«, /i^, etc, 
Qtained implicitly in the second member of the equation are deter- 
ged from the solid body. Also if the solid components of the 
id body are all possible but not all actual components of the fluid 
188, a condition of the form (384) must be satisfied, the values of the 
:entia]s in the second member being determined as in the preceding 
e. 
the quantities 

t, Xj^,...Zg, fi^, fi^, etc., (469) 

ng difierential coefficients of e^ with respect to the variables 

9v, %-%' r.', r/. etc., (470) 

1 of course satisfy the necessary relations 

4^=^. etc. (471) 

rhis result may be generalized as follows. Not only is the second 
mber of equation (468) a complete difierential in its present form, 
b it will remain such if we transfer the sign of differentiation (d) 
»m one factor to the other of any term (the sum indicated by the 
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symbol SZ" is here supposed to be expanded into nine terms), and 
at the same time change the sign of the term from + to — . For to 
substitute -^r/Y^dt for tdfiyy for example, is equivalent to sabtractiiig 
the complete differential ditriy). Therefore, if we consider the quan- 
tities in (469) and (470) which occur in any same term in equation 
(468) as forming a pair, we may choose as independent variableB 
either quantity of each pair, and the differential coefficient of the 
remaining quantity of any pair with respect to the independent 
variable of another pair will be equal to the differential coefficieiit 
of the remaining quantity of the second pair with respect to the 
independent variable of the first, taken positively, if the independent 
variables of these pairs are both affected by the sign d in equation 
(468), or are neither thus affected, but otherwise taken negatively. 
Thus 

©.iii; (t).-(iL - 

(^dp\ /dr'\ l^dp\ t dUL \ 

where in addition to the quantities indicated by the suffixes, the 
following are to be considered as constant: — either t or ^yr, either 

Xy' or T-„ ... either Zz' or t-^, either /£^ or Th\ etc. 

It will be observed that when the temperature is constant the 
conditions /!«= const., /i5= const., represent the physical condition of 
a body in contact with a fluid of which the phase does not vary, and 
which contains the components to which the potentials relate. Abo 
that when Fa , F^', etc., are constant, the heat absorbed by the body 
in any infinitesimal change of condition per unit of volume measured 
in the state of reference is represented by tdriY* If we denote this 
quantity by c^Qy, and use the suffix q to denote the condition of no 
transmission of heat, we may write 

KdXjrWogtJxx' [d^]~ ^dlogtJB' ^ 

where Fa , F^', etc, must be regarded as constant in all the equatto 
and either Xy or -t-t, ... either Zy or -7-7, in each equation. 
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lnenee of Snrftces of Discontmnity apon the Equilibrium of 
Heterogeneoiu Masses.— Theory of Capillarity. 

We have hitherto sapposed, in treating of heterogeneous masses in 
itact, that they might be considered as separated by mathematical 
rfaces, each mass being miaffected by the vicinity of the others, 
that it might be homogeneous quite up to the separating surfaces 
th with respect to the density of each of its various components 
d also with respect to the densities of energy and entropy. That 
eh is not rigorously the case is evident from the consideration that 
it were so with respect to the densities of the components it could 
A be so in general with respect to the density of energy, as the 
there of molecular action is not infinitely small But we know from 
beervation that it is only within very small distances of such a 
Brface that any mass is sensibly affected by its vicinity, — a natural 
Qoaequence of the exceedingly small sphere of sensible molecular 
ctioQ, — and this fact renders possible a simple method of taking 
ttonnt of the variations in the densities of the component substances 
od of energy and entropy, which occur in the vicinity of sur&ces 
'discontinuity. We may use this term, for the sake of brevity, 
rithout implying that the discontinuity is absolute, or that the term 
iiUiigiushes any surface with mathematical precision. It may be 
dcen to denote the non-homogeneous film which separates homo- 
BoeouB or nearly homogeneous masses. 

Let us consider such a surface of discontinuity in a fluid mass 
hich is in equilibrium and uninfluenced by gravity. For the precise 
eisurement of the quantities with which we have to do, it will be 
mvenient to be able to refer to a geometrical surface, which shall be 
XDsibly coincident with the physical surface of discontinuity, but 
lall have a precisely determined position. For this end, let us take 
>ine point in or very near to the physical surface of discontinuity, 
nd imagine a geometrical surface to pass through this point and 
11 other points which are similarly situated with respect to the 
OQdition of the adjacent matter. Let this geometrical surface be 
ailed the dividing aurfdce, and designated by the symbol S. It 
^ be observed that the position of this surface is as yet to a certain 
xtent arbitrary, but that the directions of its normals are already 
iverywhere determined, since all the surfaces which can be formed in 
he manner described are evidently parallel to one another. Let us 
bo imagine a closed surface cutting the surface S and including a 
art of the homogeneous mass on each side. We will so far limit the 
irm of this closed surface as to suppose that on each side of S, as far 
I there is any want of perfect homogeneity in the fluid masses, the 
Med surface is such as may be generated by a moving normal to S. 
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Let the portion of S which is included by the closed sor&oe be ' 
denoted by 8, and the area of this portion by 8. Moreover, let the 
mass contained within the closed surface be divided into three parte 
by two surfaces, one on each side of S, and very near to that so^ioe^ 
although at such distance as to lie entirely beyond the influenee of 
the discontinuity in its vicinity. Let us call the part which oontaiiu 
the surface 8 (with the physical surface of discontinuity) M, and the 
homogeneous parts M' and M", and distinguish by e, €\ e", ly, if, |*, 
m^, m^', m/', m^, 7n^\ rti^', etc., the energies and entropies of theee 
masses, and the quantities which they contain of Uieir varioos 
components. 

It is necessary, however, to define more precisely what is to be 
understood in cases like the present by the energy of masses which 
are only separated from other masses by imaginary surf ace& A piii 
of the total energy which belongs to the matter in the vicinity of the 
separating surface, relates to pairs of particles which are on different 
sides of the surface, and such energy is not in the nature of thiiigB 
referable to either mass by itself. Yet, to avoid the neceesily of 
taking separate account of such energy, it will often be convenient to 
include it in the energies which we refer to the separate maneBb 
When there is no break in' the homogeneity at the surface, it is 
natural to treat the energy as distributed with a uniform densitjr. 
This is essentially the case with the initial state of the system whidi 
we are considering, for it has been divided by surfaces passiiig in 
general through homogeneous masses. The only exception — ^thatof 
the surface which cuts at right angles the non-homogeneous film— 
(apart from the consideration that without any important loss of 
generality we may regard the part of this surface within the film as 
very small compared with the other surfaces) is rather apparent than 
real, as there is no change in the state of the matter in tiie directim 
perpendicvia/r to this mvrfdce. But in the variations to be considered 
in the state of the system, it will not be convenient to limit ourselves 
to such as do not create any discontinuity at the surfaces boondiiig 
the masses M, M', M"; we must therefore determine how we will 
estimate the energies of the masses in case of such infinitesimal 
discontinuities as may be supposed to arise. Now the energy of 
each mass will be most easily estimated by neglecting the discon- 
tinuity, i.e., if we estimate the energy on the supposition that 
beyond the bounding surface the phase is identical with that witiun 
the surface. This will evidently be allowable, if it does not aflfeci 
the total amount of energy. To show that it does not affect thiB 
quantity, we have only to observe that, if the energy of the maee oo 
one side of a surface where there is an infinitesimal discontinuity of 
phase is greater as determined by this rule than if determined by 
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my other (suitable) rule, the energy of the mass on the other side 
must be less by the same amount when determined by the first rule 
than when determined by the second, since the discontinuity relative 
to the second mass is equal but opposite in character to the discon- 
tinuity relative to the first. 

If the entropy of the mass which occupies any one of the spaces 
eoDsidered is not in the nature of things determined without refer- 
ence to the surrounding masses, we may suppose a similar method 
to be applied to the estimation of entropy. 

With this understanding, let us return to the consideration of the 
equilibrium of the three masses M, M", and M''. We shall suppose 
that there are no limitations to the possible variations of the system 
dae to any want of perfect mobility of the components by means of 
which we express the composition of the masses, and that these com- 
ponents are independent, i.e., that no one of them can be formed out 
of the others. 

With regard to the mass M, which includes the surface of discon- 
tinuity, it is necessaiy for its internal equilibrium that when its 
boundaries are considered constant, and when we consider only 
fevermUe variations (ie., those of which the opposite are also 
possible), the variation of its energy should vanish with the variations 
of its entropy and of the quantities of its various components. 
For changes vnthin this mass will not afiect the energy or the entropy 
of the surrounding masses (when these quantities are estimated on 
the principle which we have adopted), and it may therefore be 
treated as an isolated system. For fixed boundaries of the mass M, 
and for reversible variations, we may therefore write 

S€=^AQS^+AiS7n^+A^Sm^+ etc,, (476) 

where ilo, A^, A^, etc., are quantities determined by the initial 
(unvaried) condition of the system. It is evident that ilo is the 
temperature of the lamelliform mass to which the equation relates, 
or the tempercUv/re at tlie swrfdce of discontinuity. By comparison 
of this equation with (12) it will be seen that the definition of ^^, 
'^t) etc., is entirely analogous to that of the potentials in homo- 
geneous masses, although the mass to which the former quantities 
ftlate is not homogeneous, while in our previous definition of 
potentials, only homogeneous masses were considered. By a natural 
fusion of the term poterUial, we may call the quantities A^^.A^, etc., 
the potentials at the au/rface of discontinuity. This designation will 
^ further justified by the fact, which will appear hereafter, that the 
^due of these quantities is independent of the thickness of the lamina 
(M) to which they relate. If we employ our ordinary symbols for 
^perature and potentials, we may write 

8€=tSfi+/iiSm^+ /JL^Sm^ + etc. (477) 
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If we substitute ^ for = in this equation, the formula will hold 
true of all variations whether reversible or not ;* for if the variati(» 
of energy could have a value less than that of the second member d 
the equation, there must be variation in the condition of M in which 
its energy is diminished without change of its entropy or of the 
quantities of its various components. 

It is important, however, to observe that for any given values of 
Silt Srn^, Sm^t etc., while there Tnay be possible variations of the 
nature and state of M for which the value of Se is greater than thit 
of the second member of (477), there Tauat always be possible varia- 
tions for which the value of Se is equal to that of the second member. 
It will be convenient to have a notation which will enable us to 
express this by an equation. Let be denote the smallest value (le., the 
value nearest to — oo ) of Se consistent with given values of the other 
variations, then 

be = tSfi+fii Sm^ + n^Sm^ + etc. (478) 

For the internal equilibrium of the whole mass which consists of 
the parts M, M', M", it is necessary that 

<Je+(S€'+<Je"SO (479) 

for all variations which do not affect the enclosing surface or the 
total entropy or the total quantity of any of the various componentB. 
If we also regard the surfaces separating M, M', and M^' as invariable, 
we may derive from this condition, by equations (478) and (12), tbe 
following as a meceaaa/ry condition of equilibrium : — 

tSfi+fi^Sm^+Zi^STn^+etc. 
+ tSn + fii^ + fi^Sm^ + etc. 
+ r<5jy"+/x/'<Jmi"+/ij"<Jm,"+etc.gO, (480) 



*To illustrate the difference between variations whioh are reversible, and those \ 
are not, we may conceive of two entirely different substances meeting in equilibrium 
at a mathematical surface without being at all mixed. We may also conoeiTe oC 
them as mixed in a thin film about the surface where they meet, and then the amoani 
of mixture is capable of variation both by increase and by diminution. But -whsKi ^bsif 
are absolutely unmixed, the amount of mixture can be increased, but is incapable o^ 
diminution, and it is then consistent with equilibrium that the value of fc (for^ 
variation of the system in which the substances commence to mix) should be greater thait 
the second member of (477). It is not necessary to determine whether preoisdy iiiol* 
cases actually occur ; but it would not be legitimate to overlook the possible ooooiroios 
of cases in which variations may be possible while the opposite variations are not 

It will be observed that the sense in which the term reversible is here used is entirety 
different from that in which it is frequently used in treatises on thermodyDamio^ 
where a process by which a system is brought from a state A to a state B is ctSkd 
reversible, to signify that the system may also be brought from the state B to the atrt9 
A through the same series of intermediate states taken in the reverse order by mmatd 
external agencies of the opposite character. The variation of a system from a stste A 
to a state B (supposed to differ infinitely little from the first) is here oalled reveniU> 
when the system is capable of another state B' whioh bears the same relation to d» 
state A that A bears to B. 
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.6 variations being subject to the equations of condition 

Siffi^ + ^wij' + iwrj" = 0, 
etc. 



(481) 



t may also be the case that some of the quantities Sm^', Sra^'', S"^', 
m^\ etc, are incapable of negative values or can only have the 
idue zero. This will be the case when the substances to which these 
inantities relate are not actual or possible components of M' or M"'. 
See page 64) To satisfy the above condition it is necessary and 
offident that 

t=if^t'\ (482) 

fi^iw^^fi^STn^, yi^Sm^^H^Sm^, etc., (483) 

/Ai"5mi"^iUi5mi", n^'^'^n^8m^\ etc (484) 

t will be observed that, if the substance to which /i^, for instance, 
elates is an actual component of each of the homogeneous masses, . 
re shall have /*i=Ati' =/*!". If it is an actual component of the 
list only of these masses, we shall have /ii=/i/. If it is also a 
>08BibIe component of the second homogeneous mass, we shall also 
Ave /i^^V"". If this substance occurs only at the surface of dis- 
ontmuify, the value of the potential /i^ will not be determined by 
ay equation, but cannot be greater than the potential for the same 
ibstance in either of the homogeneous masses in which it may be a 
^ible component. 

It appears, therefore, that the particular conditions of equilibrium 
Ujifing to tem/perdtv/re and the potentials which we have before 
^ined by neglecting the influence of the surfaces of discontinuity 
p. 65, 66, 74) are not invalidated by the influence of such dis- 
Dtinuity in their application to homogeneous parts of the system 
^unded like M' and M^' by imaginary surfaces lying within the limits 
homogeneity, — a condition which may be fulfilled by surfaces very 
ar to the surfaces of discontinuity. It appears also that similar 
Dditions will apply to the non-homogeneous films like M, which 
parate such homogeneous masses. The properties of such films, 
liich are of course difierent from those of homogeneous masses, 
quire our farther attention. 

The volume occupied by the mass M is divided by the surface 8 
to two parts which we will call v'" and v'"\ v'" lying next to M', 
id ^"' to M". Let us imagine these volumes filled by masses having 
irooghout the same temperature, pressure and potentials, and the 
me densities of energy and entropy, and of the various components. 
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as the masses M' and M'" respectively. We shall then have, by 
equation (12), if we regard the volumes as constant, 

&'"=f3jy"'+/ii'^'"+/i,'57y4'"+etc., (485) 

&"" = r3jy""+/ii"ami""+/i,"ij7i4'"'+etc; (486) 

whence, by (482)-(484), we have for reversible variations 

&'"=Ujy'"+/ii*m/"+/ij5w4'"+etc., (487) 

8r'^tSfi'"'+/JL^S7n^""+/jL^Sm^""+etc. (488) 

From these equations and (477), we have for reversible variatioiDS 

3(€-€^"-0=^*(9-r-0 

+/£i3(mi-mi'"-mi"")+/««5(^-^"'-w4"")+©tc (489) 

Or, if we set* 

€« = €-€"'-€"", ff^fl^fl'''^f\ (490) 

rn!i=^mi''7n^'"^m^"'\ w5=m,-m,'"-7n,"'', etc., (491) 

we may write 

S^ = tStiP+fiiS7n^+/itSrn^+etc (49J) 

This is true of reversible variations in which the surfaces which have 
been considered are fixed. It will be observed that 6^ denotes tk 
excess of the energy of the actual mass which occupies the total 
volume which we have considered over that energy which it would 
have, if on each side of the surface S the density of energy had the 
same uniform value quite up to that surface which it has at a sensible 
distance from it ; and that fj^, m?, mf, etc., have analogous significatioDa 
It will be convenient, and need not be a source of any misconception, 
to call 6* and fj^ the energy and entropy of the sfjurfdce (or the wiper- 

ficial energy and entropy), -- and ^ the auperficial densities of eneigy 

7W/? <**iS 

and entropy, — , —^ etc., the stLperficial densities of the several com- 
ponents. 

Now these quantities (e®, fj^, mf, etc.) are determined partly by the 
state of the physical system which we are considering, and partly by 
the various imaginary surfaces by means of which these quantities 
have been defined. The position of these surfaces, it will be rememv 
bered, has been regarded as fixed in the variation of the system. It 
is evident, however, that the form of that portion of these sorfaceB 
which lies in the region of homogeneity on either side of the sorfooe 
of discontinuity cannot afiect the values of these quantities. To 
obtain the complete value of S^ for reversible variations, we have 

*It will be understood that the S here used is not an algebraic exponent, bat ii 
only intended as a distinguishing mark. The Roman letter S has not been ued to 
denote any quantity. 
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berefore only to regard variations in the position and form of the 
imited surface 8, as this determines all of the surfaces in question 
ying vnthin the r^on of non-homogeneity. Let us first suppose 
lie form of 8 to remain unvaried and only its position in space to 
nry, either by translation or rotation. No change in (492) will be 
aeeessary to make it valid in this case. For the equation is valid if 
I remains fixed and the material system is varied in position ; also, if 
Uie material system and 8 are both varied in position, while their 
Edaiive position remains unchanged. Therefore, it will be valid if 
the surface alone varies its position. 

But if the form of 8 be varied, we must add to the second member 
cf (492) terms which shall represent the value of 

Aie to such variation in the form of 8. If we suppose 8 to be suffi- 
ciently small to be considered uniform throughout in its curvatures 
•od in respect to the state of the surrounding matter, the value of 
ilie above expression will be determined by the variation of its area 
k and the variations of its principal curvatures Sc^ and Sc^, and 
vemay write 

+<rS8+G,8c^+C^Sc^, (493) 

cr 

ie» = ta^+/ii5m?-f/£,5mf+etc 

+<rSs+^(G, + C,)S{c,+c,)+^(C,^C,)S{c,^c\ (494) 

^» Cj, and C^ denoting quantities which are determined by the initial 
State of the system and the position and form of 8. The above is 
Qie complete value of the variation of ^ for reversible variations 
of the system. But it is always possible to give such a position to 
the surface 8 that C^+C^ shall vanish. 

To show this, it will be convenient to write the equation in the 
tmger form {see (490), (491)} 

0€—tSfl—/JL^Sm^'-/jL^Sm^ — etc. 

- iJe""+< 5r'+/ii<Jmi""H-/i2<Jm2""-f etc 

= <r&+i(C^i + C2)<J(Ci+Cj)+i(C,-Q<J(Ci-c,), (495) 

.e, by (482H484) and (12), 

Se-tS^-fi^STn^-Zi^Sm^- etc. +p'Sv'" +p'' &v"" 

= <r&+i(Ci + C^(S(ei-hc^-hi(^i-C'2)<J(^i-C2). (496) 

From this equation it appears in the first place that the pressure 
\ the same in the two homogeneous masses separated by a plane 

G. L P 
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surface of diaoontinaity. For let us imagine tbe 
remain unchanged, while the plane aorface a witlioiil rhangi of i 
or of form moves in the direction of its normal Aa tUa doai 
affect the boondaries of the mass M, 

&— f ^9— /ii^m|— /bt^jm,— etc.^0. 

Also A?=0, 3(Ci+c^=0, a(cj-c^«0, and iv'^^ -iv^. Heoeep > 
when the surface of discontinuity is plane. 

Let us now examine the effect of different positions of the sorfi 
in the same material system upon the value of C|-|-C,. i 
first that in the initial state of the sjrstem the surface of 
is plane. Let us give the surface 8 some particular poaition. b 
initial state of the system this surface will of courae be plant 
the physical surface of discontinuity, to which it is paralkJ. b 
varied state of the system, let it become a portion of a iflH 
surface having positive curvature ; and at sensible diwtaneca frai 
surface let the matter be homogeneous and with the same pliaa 
in the initial state of the system ; also at and aboat the sorfM 
the state of the matter so far as possible be the same aa at and i 
the plane surface in the initial state of the system. (Such a Taii 
in the system may evidently take place negatively as well as 
tively, as the surface may be cur\'ed toward either side. Bal wh 
such a variation is consistent with the maintenance of eqvEh 
is of no consequence, since in the preceding equations only the ■ 
state is supposed to be one of equilibrium.) Let the sorfaee & pi 
as supposed, whether in the initial or the varied state of the ■■ 
be distinguished by the symbol s'. Without changing 
initial or the varied state of the material system. let us make 
supposition with respect to the imaginary surface a. In the \ 
system let it be parallel to its former position but removed fau 
a distance X on the side on which lie the centers of positive i 
In the varied state of the system, let it be spherical and 
with 8', and separated from it by the same distance X It «i 
course lie on the same side of s' as in the unvaried system. Lrt 
surface 8, placed in accordance with this second aappoataaa 
distinguished by the symbol 8*. Both in the initial and the n 
state, let the periinetcrM of s' and 8' be traced by a common aa 
Now the value of 

St^tSti — fiiSm^ — /If om, — etc. 

in equation (496) is not affected by the pcmtion of a^ betm i 
mined simply by the baly M. Tlie ftame is true o( p'rff^-fp'ir 
;>'i(t'" + f'""X tr^v'" tjeing the volume of M. Tliereforv tlie ■ 
member of (496) will have the same value whether the exprai 
relate to a' or 8*. Moreover, <)(r^-r^«0 both for bT and 8* 
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we distingaish the quantities determined for g" and for n" by the 
Buurks ' and * we may therefore write 

Now if we make Ss" = 0, 

we shall have by geometrical necessity 

&'=«X <?«+<). 
Hence 

But 3(c/+c,')=<J«+0- 

Therefore, C^+C^+2rr'8\ = C^'+C^\ 

Tliis equation shows that we may give a positive or negative value 
to Cj"+(7j" by placing fa!' a suflBcient distance on one or on the other 
ode of s'. Since this is true when the (unvaried) surface is plane, 
it must also be true when the surface is nearly plana And for this 
purpose a surface may be regarded as nearly plane, when the radii 
of curvature are veiy large in proportion to the thickness of the 
non-homogeneous film. This is the case when the radii of curvature 
have any sensible size. In general, therefore, whether the surface of 
discontinuity is plane or curved it is possible to place the surface 8 
80 that C^+Cs ^^ equation (494) shall vanish. 

Now we may easily convince ourselves by equation (493) that if 8 

18 placed within the non-homogeneous film, and 8=1, the quantity o- 

18 of the same order of magnitude as the values of e®, rp, mf, wf, etc, 

while the values of C^ and C^ are of the same order of magnitude 

as the changes in the values of the former quantities caused by 

increasing the curvature of 8 by unity. Hence, on accoimt of the 

thinness of the non-homogeneous film, since it can be very little 

afiected by such a change of curvature in 8, the values of C^ and C^ 

must in general be very small relatively to <r. And hence, if 8' be 

placed within the non-homogeneous film, the value of X which vnll 

make C('+C^' vanish must be very small (of the same order of 

magnitude as the thickness of the non-homogeneous film). The 

position of 8, therefore, which will make C^ + C^ in (494) vanish, 

wiU in general be sensibly coincident with the physical surface of 

discontinuity. 

We shall hereafter suppose, when the contrary is not distinctly 
indicated, that the surface 8, in the unvaried state of the system, has 
such a position as to make C^+C^={^. It will be remembered that 
the surface 8" is a part of a larger surface S, which we have called the 
dividing av/rface, and which is coextensive with the physical surface 
of discontinuity. We may suppose that the position of the dividing 
0or£ace is everywhere determined by similar considerations. This 
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is evidently consistent with the suppositions made on page 219 wil 
regard to this surface. 

We may therefore cancel the term 

in (494). In regard to the following term, it will be observed tha 
C^ must necessarily be equal to C^, when (^=^2, which is the ess 
when the surface of discontinuity is plane. Now on account of th 
thinness of the non-homogeneous film, we may always regard it i 
composed of parts which are approximately plane. Therefore, withoD 
danger of sensible error, we may also cancel the term 

Equation (494) is thus reduced to the form 

8^ = tSfiP+<r88+fiiS7n^+/jL^Sm!l+etc («T 

We may regard this as the complete value of S^, for all reversitt 
variations in the state of the system supposed initially in equilibriuni 
when the dividing surface has its initial position determined in tlu 
manner described. 

The above equation is of fundamental importance in the theof] 
of capillarity. It expresses a relation with regard to surfaces o( 
discontinuity analogous to that expressed by equation (12) witl 
regard to homogeneous masses. From the two equations may h 
directly deduced the conditions of equilibrium of heterogeneou 
masses in contact, subject or not to the action of gravity, withooi 
disregard of the influence of the surfaces of discontinuity. Th( 
general problem, including the action of gravity, we shall take u{ 
hereafter ; at present we shall only consider, as hitherto, a small pari 
of a surface of discontinuity with a part of the homogeneous maa 
on either side, in order to deduce the additional condition whid 
may be found when we take account of the motion of the dividinf 
surface. 

We suppose as before that the mass especially considered i) 
boimded by a surface of which all that lies in the region of non 
homogeneity is such as may be traced by a moving normal to th' 
dividing surface. But instead of dividing the mass as before int 
four parts, it will be suflBcient to regard it as divided into tw 
parts by the dividing surface. The energy, entropy, etc, of thes 
parts, estimated on the supposition that its nature (includiii 
density of energy, etc.) is uniform quite up to the dividing surbci 
will be denoted by €', jy', etc., e", fi'\ etc. Then the total energy wil 
be €® +€'+€", and the general condition of internal equilibrium will b 
that 

S^+Se'+Se'^^O, (49fi 
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irhen (he bounding surface is fixed, and the total entropy and total 
quantities of the various components are constant. We may suppose 
V, ?'» ^\ ^, ^'> 'Wij", mf , mj', mj", etc., to be all constant. Then 
\si (497) and (12) the condition reduces to 

(r&-p'3v'-l>"at/'=0. (499) 

(We may set = for ^, since changes in the position of the dividing 
snr&oe can evidently take place in either of two opposite directions.) 
This equation has evidently the same form as if a membrane without 
rigidity and having a tension <r, uniform in all directions, existed 
it tiie dividing surface. Hence the particular position which we 
have chosen for this surface may be called the surface of tension, and 
9 tiie superficial tension. If all parts of the dividing surface move a 
uniform normal distance iN, we shall have 

whence <r((^ + c^) =p' -p'\ (500) 

the cmvatures being positive when their centers lie on the side to 
which p' relatea This is the condition which takes the place of that 
of equality of pressure (see pp. 65, 74) for heterogeneous fluid 
nuttes in contact, when we take accoimt of the influence of the 
rar&ces of discontinuity. We have already seen that the conditions 
idating to temperature and the potentials are not afiected by these 
8Qi&ces. 

Fumdamiental Equations for StJt/rfaces of Discontinuity between 

Fluid Masses. 

In equation (497) the initial state of the system is supposed to be 
one of equilibrium. The only limitation with respect to the varied 
state is that the variation shall be reversible, i.e., that an opposite 
^ftriation shall be possible. Let us now confine our attention to 
^ftriations in which the system remains in equilibrium. To dis- 
tinguish this case, we may use the character d instead of S, and write 

d^ = tdfiP+a'ds+/jLidmf+/jL^dm^+eto. (501) 

Both the states considered being states of equilibrium, the limitation 
irith respect to the reversibility of the variations may be neglected, 
ince the variations will always be reversible in at least one of the 
tates considered. 

If we integrate this equation, supposing the area s to increase from 
»ro to any finite value s, while the material system to a part of 
hich the equation relates remains without change, we obtain 

€« = fi;»+<rs+/iim?+/Xj7n|+etc., (502) 
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which may be applied to any portion of any surface of discontiniiity 
(in equilifarium) which is of the same nature throughout, or thioogfa- 
out which the values of t, a, /i^, /i2, etc., are constant. 

If we differentiate this equation, regarding all the quantitieB as 
variable, and compare the result with (501), we obtain 

fl^dt+8d(r+7n^dfi^+7n^diuL^+eic=0. (503) 

If we denote the auperficial densities of energy, of entropy, and of 
the several component substances (see page 224) by €g, ^g, F^, Tf, eta, 
we have 

eB=^, '?B=^. (504) 

r,=^. r,=^'. etc. (505) 

and the preceding equations may be reduced to the form 

d€s = t dfi^+/i^dTi+/JL^dT^+etc., (506) 

€s = tflB+(r+fJiiTi+fJi2T^+etc,, (507) 

(io- = - ^gctt - Tid/ii - T^d/JL^ - etc. (508) 

Now the contact of the two homogeneous masses does not impose 
any restriction upon the variations of phase of either, except tluit 
the temperature and the potentials for actual components shall have 
the same value in both. {See (482)-(484) and (500).} For howe?cr 
the values of the pressures in the homogeneous masses may vary (on 
account of arbitrary variations of the temperature and potentials), 
and however the superficial tension may vary, equation (500) may 
always be satisfied by giving the proper curvature to the surface of 
tension, so long, at least, as the difference of pressures is not great 
Moreover, if any of the potentials /ij, /ij, etc., relate to substances 
which are found only at the surface of discontinuity, their values 
may be varied by varying the superficial densities of those sob- 
stancea The values of ^, /ij, /ij, etc., are therefore independently 
variable, and it appears from equation (508) that <r is a function of 
these quantities. If the form of this function is known, we may 
derive from it by differentiation n+1 equations {n denoting the total 
number of component substances) giving the values of j^g, F^, Fj, 
etc., in terms of the variables just mentioned. This will give us, 
with (507), n+S independent equations between the 2n+4 quantities 
which occur in that equation. These are all that exist, since n+l 
of these quantities are independently variable. Or, we may consid^ 
that we have n+S independent equations between the 2n+5 quan- 
tities occurring in equation (502), of which n+2 cure independently 
variable. 
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An equation, therefore, between 

<»•» ^ A4> At«> ete., (509) 

may be called a fundamental equation for the surface of discontinuity. 
An equation between 

6*, fpy 8, mf, wf, etc., (510) 

or between eg, ^g, T^, Tg, etc (511) 

may also be called a fundamental equation in the same sense. For 
it is evident from (501) that an equation may be regarded as sub- 
ristmg between the variables (510), and if this equation be known, 
once 71+ 2 of the variables may be regarded as independent (viz., 
tt+1 for the n+1 variations in the nature of the surface of dis- 
confcmuity, and one for the area of the surface considered), we may 
obtain by differentiation and comparison with (501), n+2 additional 
equations between the 2n+5 quantities occurring in (502). Equation 
(506) shows that equivalent relations can be deduced from an equation 
between the variables (511). It is moreover quite evident that an 
equation between the variables (510) must be reducible to the form 
of an equation between the ratios of these variables, and therefore to 
an equation between the variables (511). 

The same designation may be applied to any equation from which, 
by differentiation and the aid only of general principles and relations, 
n+S independent relations between the same 27i+5 quantities may 
be obtained. 

If we set \lr^=^-tfiP, (512) 

We obtain by differentiation and comparison with (501) 

d\l/^= ^ff dt+a-ds + /i^dm^+juL^dm^ + etc. (513) 

An equation, therefore, between ^, t, s, mf, ml, etc., is a fundamental 
equation, and is to be regarded as entirely equivalent to either of the 
other fundamental equations which have been mentioned. 

The reader will not fail to notice the analogy between these funda- 
mental equations, which relate to surfaces of discontinuity, and those 
relating to homogeneous masses, which have been described on pages 
85-89. 

On the Eocperimental Determincition of Fundamental Equations for 
Siurfaces of Discontinuity between Fluid Masses, 

When all the substances which are found at a surface of discon- 
tinuity are components of one or the other of the homogeneous 
[naases, the potentials /i^, fi^, etc., as well as the temperature, may 
be determined from these homogeneous masses.* The tension <r may 

* It is here sappoeed that the thermodynamio properties of the homogeneous masses 
lave already been investigated, and that the fundamental equations of these masses 
nay be reguded as known. 
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be determined by means of the relation (500). But our measure- 
ments are practically confined to cases in which the difference of the 
pressures in the homogeneous masses is small; for with increasiiig 
differences of pressure the radii of curvature soon become too small 
for measurement. Therefore, although the equation p'=^p" (whidi 
is equivalent to an equation between t, /i^, /i^, etc, since p' and p" 
are both functions of these variables) may not be exactly satisfied 
in cases in which it is convenient to measure the tension, yet this 
equation is so nearly satisfied in all the measurements of teosioD 
which we can make, that we must regard such measurements as 
simply establishing the values of <r for values of t, fi^, /i^, etc., which 
satisfy the equation p'=p'\ but not as sufficient to establish the rate 
of change in the value of <r for variations of t, /ii, /i^, 6t&, which are 
inconsistent with the equation p'=jp". 

To show this more distinctly, let t, /i^, m^, etc, remain cootiad, 
then by (508) and (98) 

dp'=yid/i^, 
dp''=Yi'dfH^ 
y( and y(' denoting the densities ^-\ and — ^. Hence, 

and r,(i(p'-.p-)=(yr-yiOAr. 

But by (500) 

(q+Cj)(2<r+<rd(Ci+c?2)=d(p'-l>"). 
Therefore, 

r/Ci+Cj) Ar+ri(rd(ci+C2) = (yi"-y/)*r, 

or {yr-yi'-ri(Ci+c,)}(2<r = ri<rd(Ci+c^. 

Now ri(Ci+C2) will generally be very small compared with y/'-yr 
Neglecting the former term, we have 

— = —ir^ — 7 a(Ci + c,). 

<^ yi -yi 

To integrate this equation, we may regard Fj, y/, y^" as conBtani 
This will give, as an approximate value, 

log -, = - „ ^ , (Cj + c,), 

<^ yi -yi 

fT denoting the value of <r when the surface is plane. Prom this it 
appears that when the radii of curvature have any sensible magni- 
tude, the value of <r will be sensibly the same as when the surboe is 
plane and the temperature and all the potentials except one have 
the same values, unless the component for which the potential has 
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be same value has very nearly the same density in the two 
^neous masses, in which case, the condition under which the 
dons take place is nearly equivalent to the condition that the 
ires shall remain equal. 
»rdingly, we cannot in general expect to determine the 

(d(r\ * 
-T—j by measurements of 

ficial tensions The case will be the same with Fg, Fg, etc, and 
nth fis, the superficial density of entropy. 

3 quantities eg, f/g, F^, Fg, etc., are evidently too small in general 
Imit of direct measurement. When one of the components, 
ver, is found only at the surface of discontinuity, it may be 
easy to measure its superficial density than its potential. But 
it in this case, which is of secondary interest, it will generally 
sy to determine <r in terms of t, fi^, fi^, etc., with considerable 
acy for plane surfaces, and extremely di£Scult or impossible to 
mine the fundamental equation more completely. 

^undaTnental EquatioTia for Plane Surfaces of Discontinuity 
between Fluid Masses. 

I equation giving <r in terms of t, fi^^, /i^, etc., which will hold 
only so long as the surface of discontinuity is plane, may be 
1 a fundamental equation for a plane surface of discontinuity, 
ill be interesting to see precisely what results can be obtained 

such an equation, especially with respect to the energy and 
)py and the quantities of the component substances in the 
ity of the surface of discontinuity. 

lese results can be exhibited in a more simple form, if we deviate 
certain extent from the method which we have been following. 

particular position adopted for the dividing surface (which 
mines the superficial densities) was chosen in order to make the 

J((7i + C^2)^(^i+^2) ^ (494) vanish. But when the curvature 
le surface is not supposed to vary, such a position of the dividing 
kce is not necessary for the simplification of the formula. It is 
mt that equation (501) will hold true for plane surfaces (supposed 
3main such) without reference to the position of the dividing 
ice, except that it shall be parallel to the surface of discontinuity, 
ire therefore at liberty to choose such a position for the dividing 
ice as may for any purpose be convenient. 

>ne of the equations (602)-(513), which are either derived from 
), or serve to define new symbols, will be aflected by such a 

M suffixed /i ^ VMed to denote that all the potentials except that ooourring in the 
unator of the di£ferential ooeffioient are to be regarded as constant. 
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change in the position of the dividing surface. But the ezpreasioiM 

6®, ^, Tuf, mf, etc., as also €g, ^g, ^u T,, etc., and ^, will of ootnae 

have different values when the position of that surface is changed 

The quantity <r, however, which we may regard as defined fay eqtuk 

tions (501), or, if we choose, by (602) or (507), will not be affected in 

value by such a change. For if the dividing surface be moved a 

distance X measured normally and toward the side to which tf relatn, 

the quantities -p, ^ 

€g, jyg, Ti, r„ etc, 

will evidently receive the respective increments 

X(€v''-€/), Mfly'-fly). X(yr-y/X X(y«''-y«'), eta, 
€y\ €v^ ^\ ^y" denoting the densities of energy and entropy in the 
two homogeneous masses. Hence, by equation (507), a- will receive 
the increment 

x(€v"-€v')-^x(9v''-O-M(yi''-yi')-M(yt''-y.0-etc- 

But by (93) 

-p'' = €v''-^J?v''- Atiyr-/^y/-etc, 

-P' = €y - tJiY - /x,y,' - /x,y,' - etc 
Therefore, since p'=p"y the increment in the value of o- is »ra 
The value of <r is therefore independent of the position of the dividiog 
surface, when this surface is plane. But when we call this quan% 
the superficial tension, we must remember that it will not have 
its characteristic properties as a tension with reference to any arbitniy 
surface. Oonsidered as a tension, its position is in the surface whidi 
we have called the surface of tension, and, strictly speaking, nowhwe 
else. The positions of the dividing surface, however, which we shall 
consider, will not vary from the surface of tension sufficiently to 
make this distinction of any practical importance. 

It is generally possible to place the dividing surface so that the 
total quantity of any desired component in the vicinity of the surface 
of discontinuity shall be the same as if the density of that compon^t 
were uniform on each side quite up to the dividing surface. In other 
words, we may place the dividing surface so as to make any one ci 
the quantities Fj, Fg, etc, vanish. The only exception is with regard 
to a component which has the same density in the two homogeneoos 
masses. With regard to a component which has very nearly the 
same density in the two masses such a location of the dividing surbee 
might be objectionable, as the dividing surface might fail to coincide 
sensibly with the physical surface of discontinuity. Let us suppose 
that y/ is not equal (nor very nearly equal) to y/', and that the 
dividing surface is so placed as to make Fi = 0. Then equation (508) 

reduces to 

Ar= -%(i)*-r,(i,d/i,-F8ci)Ci/i8-etc (614) 
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lere the symbols ii^d), Fsd), etc, are used for greater distinctnesB to 
note the valiieB of ifg. Ft, etc, as determined by a dividing surface 
aeed so that Fis^O. Now we may consider all the differentials in 
le second member of this equation as independent, without violating 
be condition that the surface shall remain plane, i.e., that dp*=dp'\ 
lis appears at once from the values of dp' and dp" given by equation 
98). Moreover, as has already been observed, when the fundamental 
equations of the two homogeneous masses are known, the equation 
^'^p" affords a relation between the quantities t, fi^, /i^, etc Hence, 
iriien the value of <r is also known for plane surfaces in terms of 
'>/4)A4> etc, we can eliminate /£j from this expression by means of 
iie relation derived from the equality of pressures, and obtain the 
ralne of a- for plane surfaces in terms ot t, /i^, /jl^, etc From this, 
]y differentiation, we may obtain directly the values of ^g^), Ffd), Fs(i), 
itc, in terms ot t, fi^, /jl^, etc This would be a convenient form of 
he fundamental equation. But, if the elimination of p\ p'\ and /i^ 
brom the finite equations presents algebraic difficulties, we can in all 
sues easily eliminate dp\ dp'\ d/i^ from the corresponding differential 
equations and thus obtain a differential equation from which the 
nines of j^g^), Fsd), Fs^), etc, in terms of ^, /ii, /i^ , etc, may be at once 
Dbtamed by comparison vnth (514).* 

*If bqiiid meitmry meets the mixed vapors of water and mercury in a plane surface, 
iad we use a^ and ^ to denote the potentials of mercury and water respectively, and 
|iMe the dividing surface so that r|=0, i.e., so that the total quantity of mercury is 
^ Mme as if the liquid mercury reached this surface on one side and the mercury 
vifior on the other without change of density on either side, then Tap) will represent 
tkeimoant of water in the vicinity of this surface, per unit of surface, above that which 
tlMre would be, if the water- vapor just reached the surface without change of density, 
nd this quantity (which we may call the quantity of water condensed upon the surface 
cf the mercury) will be determined by the equation 

fln thii differential coefficient as well as the following, the temperature is supposed to 
'BBiin constant and the surface of discontinuity plane. Practically, the latter condition 
■^7 be regarded as fulfilled in the case of any ordinary curvatures. ) 

If the pressure in the mixed vapors conforms to the law of Dalton (see pp. 165, 157), 
ve ahall have for constant temperature 

*bere j!)^ denotes the part of the pressure in the vapor due to the water- vapor, and 7^ 
the deofity of the water- vapor. Hence we obtain 

W temperatures below 100° centigrade, this will certainly be accurate, since the 
tMRire due to the vapor of mercury may be neglected. 

The value of o^ for j^=0 and the temperature of 20° centigrade must be nearly the 
me as the superficial tension of mercury in contact with air, or 55*0*3 grammes per 
MAT meter according to Quincke {Pogg. Ann,, Bd. 139, p. 27). The value of «* at 
e same temperature, when the condensed water begins to have the properties of water 
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The same physical relations may of ooune be dedneed will 
giving up the use of the surface of tension as a dividing mtAfot, 
the formolaB which express them will be less simple. If «« ■ 
^ /is> ^4* ®^> constant, we have by (98) and (5(>8) 

where we may suppose Fi and F, to be determined with refan 
to the surface of tension. Then, if dp'sadp", 



and 
That is, 



Wi 



yi-yi 
F'-ji^.«.ii»m.Hc yi — yi 



The reader will observe that , ^ « represents the distancs brtv 

yi -yi 

the surface of tension and that dividing surface which woqU ■ 
F|bO ; the second number of the last equation is therefoiv eqoifil 
to -F„„. 

If any component substance has the same density in the two ha 
geneous masses separated by a plane surface of disooottniutj. 
value of the superficial density for that component is indcpn^ 
of the position of the dividing surface. In this case alone wc i 
derive the value of the superticial density of a compoo<«t « 
reference to the surface of tension from the fundamental equatioa 
plane surfaces alone. Tlius in the last equation, when y^'sy/. 
second member will reduci; to — F,. It will be observed thit 

io m»m, will >te 011U1U tu the sum of the ■uprrficial t4mfliuiM of mcrvury m er^fil ^ 
wmUfT Mid of w»t<*r in contact with ita own vapor. Thia will he, accunlm^ ta> t^ 1 
authority. 42'5K-f HlZS, or 50*83 grammm per niftrr, if we ncgWvt the diSvrmc* d 
tenaiofM of water with ita vapor and water with air. Aa ;>,. thetrforv, uKtwaMil 
ien> to 2M4^10 grammes per Kiuare meter (when water Kegina tt» he drndtaanl m m 
€ diminiahea from about M'OS to almut 50'S3 grammea per linear meter. If tW !■ 
oourae of the valuea of c for intermediate va1u«« of p^ were determined by «x^*nmflA 
oould oaaily form an appniximate eatimatr of the value* <if the auperficial itriity 
for diflen*nt preamirm leaa than that of aaturated vapor. It will he ufaaervwd tM 
determiiiatifMi of the auperficial <leniiity doen ni>t hy any mean* deprc 
preciaMe difTerencea of iiuperficial tension. The grrateat difficulty in the 
wfiuWI diKiMlena lie that of diatingumhiiig lirtween the diminuttoo tif aaii 
due t4» the H*i«T and that due to other aubatAniMi which might aocnlMitttlly he ] 
Such determinationft are of c«riiaideraUe practical importaiKe on acraont ^ Ik 
mercur>' in meaaiinNneota of the apecilio gravity of vapun. 
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lake p'-^p", t, fi^, /I4, etc. constant is in this case equivalent to making 

A*i> Hy /*4» ete. constant. 

Substantially the same is true of the superficial density of entropy 
T of energy, when either of these has the same density in the two 
lomogeneous masses.* 

ToTicemiTig the Stability of Swrfoxea of Discontinuity between Fluid 

Masses. 

We shall first consider the stability of a fihn separating homo- 
geneous masses with respect to changes in its nature, while its position 
uid the nature of the homogeneous masses are not altered. For this 
purpose, it will be convenient to suppose that the homogeneous masses 
wre very large, and thoroughly stable with respect to the possible 
fonnation of any different homogeneous masses out of their com- 
ponents, and that the surface of discontinuity is plane and uniform. 

Let us distinguish the quantities which relate to the actual com- 
ponents of one or both of the homogeneous masses by the suflSxes «, 6, 
etc., and those which relate to components which are found only at 
the surface of discontinuity by the suffixes ^, j^, etc., and consider the 
variation of the energy of the whole system in consequence of a given 
dumge in the nature of a small part of the surface of discontinuity, 
while the entropy of the whole system and the total quantities of the 
several components remain constant, as well as the volume of each of 
the homogeneous masses, as determined by the surface of tension. 
This small part of the surface of discontinuity in its changed state 
is supposed to be still uniform in nature, and such as may subsist 
in eqmlibrium between the given homogeneous masses, which will 
evidently not be sensibly altered in nature or thermodynamic state. 
The remainder of the surface of discontinuity is also supposed to 

*With respect to questions which oonoem only the form of surfaces of discontinuity, 
"Kh preoisiQn as we have employed in regard to the position of the dividing surface 
i* eridently quite unnecessary. This precision has not been used for the sake of the 
Mhanioal part of the problem, which does not require the surface to be defined with 
gKater nicety than we can employ in our observations, but in order to give determinate 
^Vfis to the superficial densities of energy, entropy, and the component substances, 
which quantities, as has been seen, play an important part in the relations between 
the tendon of a surface of discontinuity, and the composition of the masses which it 
■n^rates. 

The product cs of the superficial tension and the area of the surface, may be regarded 
** the available energy due to the surface in a system in which the temperature and 
t^ potentials M^t f'^t c^* — or the differences of these potentials and the gravitational 
potential (see page 148) when the system is subject to gravity — are maintained sensibly 
^iiDitAnt. The value of o-, as well as that of a, is sensibly independent of the precise 
pQiition which we may assign to the dividing surface (so long as this is sensibly coin- 
^ideot with the surface of discontinuity), but eg, the mperficial density of energy ^ as the 
^(nn is used in this paper, like the superficial densities of entropy and of the component 
^UtsDoes, requires a more precise localization of the dividing surface. 
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ranam uniform, and on aoooont of its infinitely greater «• m I 
infinitely lees altered in its nature than the fint part. Lei A^ imi 
the increment of the superficial energy of this first part» Aif. i/4 
Afii», etc, AmJ, AmS, etc, the increments of ite aap er fi cial mtm§ 
and of the quantities of the components whidi we regaid as 1 
to the surface. The increments of entropy and of the 
ponents which the rest of the system receive will be expreaaed kf 

— Ajt*. —Am;, — AmJ. etc. — AmJ, — AmS. aHu 
and the consequent increment of energy will be by (12) and (SOI) 

— ^Ajt*— /i,Am;— /i^AmJ— etc — ^AmJ— /i^AmJ— ale 

Hence the total increment of energy in the whole system wiD h» 

A€*-f Aif»-/i.Am;-/i^AmS-etc| ^^ 

— ^ AmJ - /ijfc Am} — etc/ 

If the value of this expression is necessarily positive, for U 
changes as well as infinitesimal in the nature of the part of tkt A 
to which Ac*, etc relate,* the increment of energy of the vfal 
system will be positive for any possible changes in the nalmofi 
film, and the film will be stable, at least with respect to dauifMi 
its nature, as distinguishe<l from its position. For, if we write 

DiF, /v. Dml DitJi, etc, Ihnl DmJ, etc 

for the energy, etc of any element of the surface of diseootiiiBilf.a 
have from the supposition jast made 

A/)6*-^AZV-/«.AZ)m;.-/i^A/>m5-etc 

-/i,A/)m;-/i^AZ>m!-etc. >0, «$B 

and integrating for the whole surface, since 

A/Z>r»i; = 0. A//)mS = 0. etc, 
we have 

A/Z>e*-fA/Z)^-Ai.A/'Z)m;-/i,Ay/)mJ-ete>0. tSM 
Now ^/Dfj^ is the increment of the entropy of the whole farfa 
and — A/Dij^ is therefore the increment of the entropy of the t« 
liomogeneous masses. In like maimer. — Sj'lhnl, — S/lhi. <• 
are the increments of the quantities of the componenU in thi 
masses. The expression 

-< A//)iy"-Ai. A/7)m;-M* A/7)mf-etc 
denotes therefore, according to equation (12), the increment of catf| 
uf the two homogeneous masses, and since \flM^ deoulei t 

* In the oAso oi infiniieatiiud oluui|{««i in thr nalorv <il the fila, Uiv aga X wm^ 
intorproiod. m elaewben) in this p^por. witboat neglect ul in Hnit wi t l i ctf the li^ 
ufdrre. Otharwtee, by equAtiun (flUl), the abiive eapr i — ii m wimkl bA%-<e tW v«Ih m 
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cement of energy of the surface, the above condition expresses 
t Uie increment of the total energy of the system is positive, 
it we have only considered the possible formation of such films as 
capable of existing in equilibrium between the given homogeneous 
aees can not invalidate the conclusion in regard to the stability of 

film, for in considering whether any state of the system will have 
I energy than the given state, we need only consider the state of 
it energy, which is necessarily one of equilibrium, 
[f the expression (516) is capable of a negative value for an 
initesimal change in the nature of the part of the film to which 
9 symbols relate, the film is obviously unstable. 
If the expression is capable of a negative value, but only for finite 
id not for infinitesimal changes in the nature of this part of the 
m, the film is practically unataMe* Le., if such a change were 
ide in a small part of the film, the disturbance would tend to 
erease. But it might be necessary that the initial disturbance 
loold also have a finite magnitude in respect to the extent of 
Brfice in which it occurs ; for we cannot suppose that the thermo- 
^uunic relations of an infinitesimal part of a surface of discontinuity 
le independent of the adjacent parts. On the other hand, the 
liaoges which we have been considering are such that every part 
if the film remains in equilibrium with the homogeneous masses 
n each side ; and if the energy of the system can be diminished by 
^ finite change satisfying this condition, it may perhaps be capable 
( diminution by an infinitesimal change which does not satisfy the 
ime condition. We must therefore leave it undetermined whether 
he film, which in this case is practically unstable, is or is not 
ustable in the strict mathematical sense of the term. 

Let us consider more particularly the condition of practical stability, 
Q which we need not distinguish between finite and infinitesimal 
hanges. To determine whether the expression (516) is capable of a 
t^tive value, we need only consider the least value of which it is 
apable. Let us write it in the fuller form 

€^-€«'-<(^"-j/^)-/i«(mf -7nf)-/i^(mf -7iif)-.etc \ . 

-/i,(mr-m«')-Ai,(mS"-mr)-etc,/ ^^^^^ 

^here the single and double accents distinguish the quantities which 
"elate to the first and second states of the film, the letters without 
iccents denoting those quantities which have the same value in both 
tates. The differential of this expression when the quantities distin- 
liiflhed by double accents are alone considered variable, and the area 
f the surface is constant, will reduce by (501) to the form 

* With retpeot to Uie seoM in whidi tlus tern m Mad, mm^ftam yt^^ 79. 
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To make this incapable of a negative valoe, we must have 

/i;=/i;, unless mf=0. 

In virtue of these relations and by equation (502), the expreesioQ 
(519), Le., (516), will reduce to 

which will be positive or negative according as 

<r"-(r' (520) 

is positive or negative. 

That is, if the tension of the film is less than that of any other fib 
of the same components which can exist between the same hem- 
geneous masses (which has therefore the same values oit, ii^, /i^, etc.), 
and which moreover has the same values of the potentials /ig, n^, ete^ 
80 far as it contains the substances to which these relate, th^ the 
first film will be stable. But the film will be practically unstaUe, 
if any other such film has a less tension. (Compare the expreenon 
(141), by which the practical stability of homogeneous masses k 
tested.) 

It is, however, evidently necessary for the stability of the sorfice 
of discontinuity with respect to deformation, that the value of the 
superficial tension should be positive. Moreover, since we have hf 
(502) for the surface of discontinuity 

e® — ^^ — /i«m2 — /ifcm? — etc — /i^mj — /ij^mj — etc. = <r«, 
and by (93) for the two homogeneous masses 

e' - tfi' +pv' — /i«m«' - fAf,mt,' — etc. = 0, 
€" - if +pv'' - iia^; - yi^m; - etc. = 0, 
if we denote by 

€, ^, ^, '^Wa, ^%. etc, m^y, Wfc, etc, 
the total energy, etc of a composite mass consisting of two such 
homogeneous masses divided by such a surface of discontinuity, we 
shall have by addition of these equations 

e - <^ +2^1; — /i^ma — /Xe>7% — etc — /i^m^ — /ijkWfc — etc = (r«. 

Now if the value of <r is negative, the value of the first member of 
this equation will decrease as « increases, and may therefore be 
decreased by making the mass to consist of thin alternate strata of 
the two kinds of homogeneous masses which we are considering' 
There will be no limit to the decrease which is thus possible witii a 
given value of v, so long as the equation is applicable, Le., so long 
as the strata have the properties of similar bodies in mass. Bat it 
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ay easily be shown (as in a similar case on pages 77, 78) that 
hen the values of 

^» Pf f^ay f^by etC., /JLg, fl^, etC., 

•e regarded as fixed, being determined by the surface of discon- 
Duity in question, and the values of 

^> ^> 'Wia, m^, etc., rrigy 7%, etc., 

•e variable and may be determined by any body having the given 
)lame v, the first member of this equation cannot have an infinite 
jgative value, and must therefore have a least possible value, which 
ill be negative, if any value is negative, that is, if a- is negative. 
The body determining e, jy, etc which will give this least value 
) this expression will evidently be sensibly homogeneous. With 
aspect to the formation of such a body, the system consisting of the 
^0 homogeneous masses and the surface of discontinuity with the 
^tive tension is by (53) (see also page 79) at least practically 
nstable, if the surface of discontinuity is very large, so that it can 
fiFord the requisite material without sensible alteration of the values 
f the potentials. (This limitation disappears, if all the component 
ubfitances are found in the homogeneous masses.) Therefore, in a 
jTstem satisfying the conditions of practical stability with respect to 
be possible formation of all kinds of homogeneous masses, negative 
snsions of the surfaces of discontinuity are necessarily excluded. 
Let us now consider the condition which we obtain by applying 
>16) to infinitesimal changes. The expression may be expanded as 
ifore to the form (519), and then reduced by equation (502) to the 

^ K(r''-(r')+mr(/xJ-/x;)+mi"(K-K)+etc. 

lat the value of this expression shall be positive when the quanti- 
« are determined by two films which differ infinitely little is a 
cessary condition of the stability of the film to which the single 
-ents relate. But if one film is stable, the other will in general be 
too, and the distinction between the films with respect to stability 
of importance only at the limits of stability. If all films for all 
lues of /ULg, /Xjk, etc. are stable, or all within certain limits, it is 
ident that the value of the expression must be positive when the 
antities are determined by any two infinitesimally different films 
thin the same limits. For such collective determinations of stability 
e condition may be written 

— «A(r— mjA/Xj,— mjA/Xj^— etc.>0, 

A(r<-r^A/x^-r;^A/i»-etc. (521) 

1 comparison of this formula with (508), it appears that within the 
aits of stability the second and higher differential coefficients of the 
G.I. Q 
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tension considered as a function of the potentiab for the i 
which are found only at the surface of discontinoitj (the 
for the substances found in the homogeneous m as s e s aad the ttmft 
ture being regarded as constant) satisfy the oonditiooB whieii wa 
make the tension a maximum if the necessary oonditioiis celatm 
the first differential coefficients were fulfilled. 



In the foregoing discussion of stability, the surface of 
is supposed plane. In this case, as the tension is supposed fom\ 
there can be no tendency to a change of form of the sorfaee. 1 
now pass to the consideration of changes consisting in or eooMCt 
with motion and change of form of the surface of tetmiatL wUdk i 
shall at first suppose to be and to remain spherical and amfaf 
throughout 

In order that the equilibrium of a spherical mass entirplv m 
rounded by an indefinitely large mass of different nature nhsD I 
neutral with respect to changes in the value of n the radiw of tk 
sphere, it is evidently necessary that equation (50()k which ia tk 
case may be written 

as well as the other conditions of equilibrium, shall eootinue to kd 
true for varying values of r. Hence, for a state of equilifarioa ^M 
is on the limit between stability and instability, it is neeesnrj iki 
the equation 

shall be satisfied, when the relations between d^. dp\ and 4r m 
determined from the fundamental equations on the suppositioo tktf 
the conditions of equilibrium relating to temperature and the fiut 
tials remain satisfied. (The differential coefficients in tht^ «qtti:dii 
which follow are to be determined on this supposition.) Monfi'»wf 3 

i.e., if the pressure of the interior mass increases less rapi<l]r '4 
decreases more rapidly) with increasing radius than U nfcrnmnt 
preser\'e neutral equilibrium, the e<|uilibriuin is stable. But if 



ar ar 



r l->2-y'-i/W'. .S» 

ar ' ' 

the ec{uilibrium Is unstable. In the remaining case, when 

dr ar ^ ' 

farther conditions are of course necessary to determine ahsotflM 
whether the equilibrium is stable or unstable, but in gonrral 1 
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brium will be stable in respect to change in one direction and 
ble in respect to change in the opposite direction, and is therefore 
considered unstable. In general, therefore, we may call (523) 
>ndition of stability. 

len the interior mass and the surface of discontinuity are formed 
)ly of substances which are components of the external mass, 'p' 
' cannot vary, and condition (524) being satisfied the equilibrium 
stable. 

t if either the interior homogeneous mass or the surface of dis- 
Quity contains substances which are not components of the 
oping mass, the equilibrium may be stable. If there is but one 
substance, and we denote its densities and potential by y\, F^, 
ip the condition of stability (523) will reduce to the form 

y (98) and (508), 

(n'i'+2A)^<p'-p'. (526) 

lese equations and in all which follow in the discussion of this 
the temperature and the potentials fi^* f^s> ^^* ^^ ^ ^ regarded 
instant. But 

h represents the total quantity of the component specified by the 
c, must be constant. It is evidently equal to 

47rr8y/+47rr2ri. 
ling by 4Tr and differentiating, we obtain 

nee yi' and T^ are functions of /ij, 

(ry,' + 2r,)dr+(^^'+r^)d,,. = 0. (627) 

leans of this equation, the condition of stability is brought to 
Drm 

3 dfjL^ dfjL^ 
eliminate r by equation (522), we have 









^+Jl^ 



>1. (529) 



3(p'-p")d/Xi 2<r<i;Ui 

and <r are known in terms of t, /i-^, /i^, etc., we may express the 
oember of this condition in terms of the same variables and p". 



(9 
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This will enable us to determine, for any given state of the citcn 
maas, the values of /A| which will make the eqnilifarinm stsUt 
unstable. 

If the component to which y/ and Fj relate is found qoIj h tl 
surface of discontinuity, the condition of stability reduces to 

Since Tj = — j— . 

we may also write 

r, d<r 1 dlogiT ^ 1 ^^ 

Again, if Fj = and -j-^ = 0, the condition of stability reduces to 

Since y,'=^\ 

we may also write 

When r is large, this will be a close approximation for any vsl«i 
Fj, unless y/ is very small. The two special conditions (531 is 
(533) might be derived from very elementary considerations. 

Similar conditions of stability may be found when there are m 
substances than one in the inner mass or the surface of di<<«?oti]itf 
which are not components of the enveloping masH. In thL« os«. « 
have instead of (526) a condition of the form 

(n'.'+2r,)';i^+(ry;+2r,)'(;';+etc.</,"-p. .a 

fn>m which . *, — w, etc may be eliminato<l by means of t*\aMOo 
derived from the conditions that 

y,'r'+I>. y,' >I>. etc. 
must be constant 

Nearly the same methcxl may be applied to the ftJiowinf; pr^ 
Two ditFerent homogeneous fluids are separated by a dia{))ir^ 
having a circular oritice. their volumes lx*ing invariabit^ excvfl 
the motion of the surface uf discontinuity, which adhervs t«>ib<e 
of the oritice ; — to determine the stability or iuHtability of this snrl 
when in e<|uilibriunL 
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The condition of stability deriyed from (522) may in this cue be 
ritten 

rhere the quantities relating to the concave side of the sor&ioe of 
vision are distinguished by a single accent. 

If both the masses are infinitely large, or if one whidi contains all 
lie components of the system is infinitely lai;ge,p'— p'' and a will 
36 constant, and the condition reduces to 

T-7<0. 

dv 

Ibe equilibrium will therefore be stable or unstable according as the 
Boriace of tension is less or greater than a hemisphere. 

To return to the general problem : — if we denote by x the part of 
the axis of the circular orifice intercepted between the center of the 
orifice and the surface of tension, by R the radius of the orifice, and 
by V the value of t/ when the surface of tension is plane, we shall 
have the geometrical relations 

i?=2raj-aj«, 

ind t/= F'+ixr«aj— J7ri2*(r-aj) 

By differentiation we obtain 

(r — aj)cfa + a; cir = 0, 

iiui dt/=w^<ir+(2wraj— '7ra;*)da;; 

whence (r — x)dv' = — tttqi? dr. (rM ) 

By means of this relation, the condition of stability may }m r^ltj/'/wl 
to the form 

dp' dp'' 2d<T , , ^/^^-iK ,^nH 

Let us now suppose that the temperature and all ihf, \fiAMiiimW 
except one, /ip are to be regarded as constant 'T\%\n will U, il^* »n*^r 
^hen one of the homogeneous masses is very larK^; an/l t'/fftiMih*' hU 
he components of the system except one, or wh^^i U/f,h iUi^^t^' th»iM44H 
re very large and there is a single substance; at U#i; nuft^^^ *4 ^Ui* 
>ntinuity which is not a component of either: n\^, y^hi^u iUh, rrtt^ti^ 
Tstem contains but a single component, and in i-.xy^A f// n. t-uuMuh^ 
mperature at its surface. Condition (537; will riylfvi' Sty fUi',f ntt^l 
08) to the form 






wr^J^ 



i^tm, 
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But y:»yr^"+r,# 

(the tocal quantity of the eomponent speaSed by the suffix) most be 

eoustAnt : therefore, since 

2 
<ir''=— d?^, and df^-d»/. 

By this equation, the conditioD of stalilitj is brooght to the form 






X— r 



When the safastanoe specified by the suffix is & component of either 

ot the homogeneons masses, the terms — ^ and s -j-^ may generally 

be neglected. When it is not a eomponent of either, the terms y/, 

y{\ ^''t^' ^" ~d~ ™*^ ^' eoorse be cancelled, but we must ooi 

apply the formula to cases in which the substance spreads over the 
diaphragm separating the homogeneous massea 

In the cases just discussed, the problem of the stability of certain 
surfaces of tension has been solved by considering the case of neatial 
equilibrium, — a condition of neutral equilil»ium affording the eqnatioo 
of the limit of stability. This method probably leads as directly as 
any to the result, when that consists in the determination of the 
value of a certain quantity at the limit of stability, or of the relation 
which exists at that limit between certain quantities specifying the 
state of the system. But problems of a more general character may 
require a more general treatment. 

Let it be required to ascertain the stability or instability of a fluid 
system in a given state of equilibrium with respect to motion of the 
surfaces of tension and accompanying changes. It is supposed that 
the conditions of internal stability for the separate homogeneooB 
masses are satisfied, as well as those conditions of stability for the 
surfaces of discontinuity which relate to small portions of these 
surfaces with the adjacent masses. (The conditions of stability which 
are here supposed to be satisfied have been already discussed in part 
and will be farther discussed hereafter.) The fimdamental equations 
for all the masses and surfaces occurring in the system are supposed 
to be known. In applying the general criteria of stability which are 
given on page 57, we encounter the following difficulty. 

The question of the stability of the system is to be determined by 
the consideration of states of the system which are slightly varied 
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from that of which the stability is in question. These varied states 
of the system are not in general states of equilibrium, and the 
relations expressed by the fundamental equations may not hold true 
of them. More than this, — if we attempt to describe a varied state of 
the system by varied values of the quantities which describe the 
initial state, if these varied values are such as are inconsistent with 
equilibrium, they may fail to determine with precision any state of 
the system. Thus, when the phases of two contiguous homogeneous 
masses are specified, if these phases are such as satisfy all the 
conditions of equilibrium, the nature of the surface of discontinuity 
(if without additional components) is entirely determined ; but if the 
phases do not satisfy all the conditions of equilibrium, the nature of 
the surface of discontinuity is not only undetermined, but incapable 
of determination by specified values of such quantities as we have 
employed to express the nature of surfaces of discontinuity in 
equilibrium. For example, if the temperatures in contiguous homo- 
geneous masses are different, we cannot specify the thermal state 
of the surface of discontinuity by assigning to it any particular 
temperature. It would be necessary to give the law by which the 
temperature passes over from one value to the other. And if this 
were given, we could make no use of it in the determination of other 
quantities, imless the rate of change of the temperature were so 
gradual that at every point we could regard the thermodynamic state 
as unaffected by the change of temperatiu'e in its vicinity. It is true 
that we are also ignorant in respect to surfaces of discontinuity in 
equilibrium of the law of change of those quantities which are 
different in the two phases in contact, such as the densities of the 
components, but this, although unknown to us, is entirely determined 
by the nature of the phases in contact, so that no vagueness is 
occasioned in the definition of any of the quantities which we have 
occasion to use with reference to such surfaces of discontinuity. 

It may be observed that we have established certain differential 
equations, especially (497), in which only the initial state is necessarily 
one of equilibrium. Such equations may be regarded as establishing 
certain properties of states bordering upon those of equilibrium. But 
these are properties which hold true only when we disregard quantities 
proportional to the square of those which express the degree of 
variation of the system from equilibrium. Such equations are there- 
fore sufficient for the determination of the conditions of equilibrium, 
but not sufficient for the determination of the conditions of stability. 

We may, however, use the following method to decide the question 
of stability in such a case as has been described. 

Beside the real system of which the stability is in question, it will 
be convenient to conceive of another system, to which we shall 
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attribute in its initial state the same homogeneous masses and surfaces 
of discontinuity which belong to the real system* We shall also 
suppose that the homogeneous masses and surfaces of discontinuity of 
this system, which we may call the imaginary system, have the same 
fundamental equations as those of the real system. But the imaginary 
system is to differ from the real in that the variations of its state are 
limited to such as do not violate the conditions of equilibrium relating 
to temperature and the potentials, and that the fundamental equations 
of the surfaces of discontinuity hold true for these varied states, 
although the condition of equilibrium expressed by equation (500) 
may not be satisfied. 

Before proceeding farther, we must decide whether we are to 
examine the question of stability under the condition of a ccmstant 
external temperature, or under the condition of no transmission of 
heat to or from external bodies, and in general, to what extenul 
influences we are to regard the system as subject. It will be con- 
venient to suppose that the exterior of the system is fixed, and Uutt 
neither matter nor heat can be transmitted through it. Other cases 
may easily be reduced to this, or treated in a manner entirely 
analogous. 

Now if the real system in the given state is unstable, there must be 
some slightly varied state in which the energy is less, but the entropy 
and the quantities of the components the same as in the given states 
and the exterior of the system unvaried. But it may easily be shown 
that the given state of the system may be made stable by constraining 
the surfaces of discontinuity to pass through certain fixed lines situated 
in the unvaried surfaces. Hence, if the surfaces of discontinuity are 
constrained to pass through corresponding fixed lines in the surfaces 
of discontinuity belonging to the varied state just mentioned, there 
must be a state of stable equilibrium for the system thus constrained 
which will differ infinitely little from the given state of the system, 
the stability of which is in question, and will have the same 
entropy, quantities of components, and exterior, but less energy. 
The imaginary system will have a similar state, since the real and 
imaginary systems do not differ in respect to those states which satisfy 
all the conditions of equilibrium for each surface of discontinuity. 
That is, the imaginary system has a state, differing infinitely little 
from the given state, and with the same entropy, quantities of 
components, and exterior, but with less energy. 

Conversely, if the imaginary system has such a state as that jnst 
described, the real system will also have such a state. This may be 
sliown by fixing certain lines in the surfaces of discontinuity of the 
imaginary system in its state of less energy and then making the 
energy a minimum under the conditions. The state thus determined 
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will satisfy all the conditions of equilibrium for each surface of 
discontinuity, and the real system will therefore have a corresponding^ 
state, in which the entropy, quantities of components, and exterior 
will be the same as in the given state, but the energy less. 

We may therefore determine whether the given system is or is not 
unstable, by applying the general criterion of instability (7) to the 
unaginary system. 

If the system is not unstable, the equilibrium is either neutral or 
stable. Of course we can determine which of these is the case by 
reference to the imaginary system, since the determination depends 
upon states of equilibrium, in regard to which the real and imaginary 
aystems do not differ. We may therefore determine whether the 
equilibrium of the given system is stable, neutral, or unstable, by 
applying the criteria (3)-(7) to the imaginary system. 

The result which we have obtained may be expressed as follows : — 
In applying to a fluid system which is in equilibrium, and of which 
aU the sm^ parts taken separately are stable, the criteria of stable, 
neutral, and unstable equilibrium, we may regard the system as 
nnder constraint to satisfy the conditions of equilibrium relating to 
temperature and the potentials, and as satisfying the relations ex- 
pressed by the fundamental equations for masses and surfaces, even 
when the condition of equilibrium relating to pressure {equation (500)} 
is not satisfied. 

It follows immediately from this principle, in connection with 
equations (501) and (86), that in a stable system each surface of 
tension must be a surface of minimum area for constant values of the 
flumes which it divides, when the other surfaces bounding these 
volumes and the perimeter of the surface of tension are regarded as 
fixed ; that in a system in neutral equilibrium each surface of tension 
^^ have as small an area as it can receive by any slight variations 
^der the same limitations ; and that in seeking the remaining con- 
ditions of stable or neutral equilibrium, when these are satisfied, it 
^ only necessary to consider such varied surfaces of tension as 
*^ve similar properties with reference to the varied volumes and 
perimeters. 

We may illustrate the method which has been described by apply- 
^^g it to a problem but slightly different from one already (pp. 244, 
245) discussed by a different method. It is required to determine the 
^nditions of stability for a system in equilibrium, consisting of two 
different homogeneous masses meeting at a surface of discontinuity, 
^he perimeter of which is invariable, as well as the exterior of the 
'Whole system, which is also impermeable to heat. 

To determine what is necessary for stability in addition to the 
condition of minimum area for the siu-face of tension, we need only 
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ooDBider those varied Burfaces of tension which satisfy the same con- 
dition. We may therefore regard the surface of tension as determined 
by v\ the volume of one of the homogeneous massea But the st4ite 
of the system would evidently be completely determined by the 
position of the surface of tension and the temperature and potentials, 
if the entropy and the quantities of the components were variable; 
and therefore, since the entropy and the quantities of the components 
are constant, the state of the system must be completely determined 
by the position of the surface of tension. We may therefore regard 
all the quantities relating to the system as functions of v'y and the 
condition of stability may be written 

where f denotes the total energy of the system. Now the conditicns 
of equilibrium require that 

Hence, the general condition of stability is that 

Now if we write e', e", e® for the energies of the two masses and of 
the surface, we have by (86) and (601), since the total entropy and 
the total quantities of the several components are constant, 

or, since dv"^ —dv'. 

Hence, 

d*e _ dp' dp" d<r da dh /^^qx 

W^~ dh'^W^d^'di'^'^d^' ^ ^ 

and the condition of stability may be written 

dh_ ^'_^^_^^ /544) 

'^dv'^^di/ dv' dvdv'' ^ ^ 

If we now simplify the problem by supposing, as in the similar 
case on page 245, that we may disregard the variations of the 
temperature and of all the potentials except one, the condition will 
reduce to 

.^,>(v,'-r.-+r.*)j^. W 
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The total quantity of the substance indicated by the suffix ^ is 

Making this constant, we have 

(v/-r."+r,*)*/+(^^'+.--^"+.^).;,.o. (M6) 

The condition of equilibrium is thus reduced to the form 

dfi^ dfi[ dfi^ 

ds (ii/i 

where -j—, and -j—, are to be determined from the form of the surface 
av av 

of tension by purely geometrical considerations, and the other differ- 
ential coefficients are to be determined from the fundamental equations 
of the homogeneous masses and the surface of discontinuity. Condition 
(540) may be easily deduced from this as a particular case. 

The condition of stability with reference to motion of surfaces of 
discontinuity admits of a very simple expression when we can treat 
the temperature and potentials as constant. This will be the case 
when one or more of the homogeneous masses, containing together 
all the component substances, may be considered as indefinitely large, 
the surfaces of discontinuity being finite. For if we write SAc for 
the sum of the variations of the energies of the several homogeneous 
masses, and ZA€^ for the sum of the variations of the energies of the 
several surfaces of discontinuity, the condition of stability may be 
written 

2Ae+2Ae8>0, (548) 

the total entropy and the total quantities of the several components 
being constant. The variations to be considered are infinitesimal, 
but the character A signifies, as elsewhere in this paper, that the 
expression is to be interpreted without neglect of infinitesimals of the 
higher orders. Since the temperature and potentials are sensibly 
constant, the same will be true of the pressures and surface-tensions, 
and by integration of (86) and (501) we may obtain for any homo- 
geneous mass 

Ac = ^ Ajy — 2? At; + /ii Am^ + /Xj Amj + etc., 

and for any surface of discontinuity 

Ae® = ^ Aj^ + (T A« -h /^i Am? -h yuf Amg -I- etc. 

These equations will hold true of finite differences, when t, p, cr, /x^, 
/ij, etc are constant, and will therefore hold true of infinitesimal 
differences, under the same limitations, without neglect of the 
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infinitesimalB of the hifj^her orders. By sobstituiion ot tbeae 
the condition of stability will rednoe to the form 

-2(pAt;)+2((rA;r)>0. 

or 2(pAv)-2((tA*)<0. Hii 

That is, the sum of the products of the volumes of the mamm \f 
their pressures, diminished by the sum of the products of the sffcsf of 
the surfaces of discontinuity by their tensions, must be a 
This is a purely geometrical condition, since the preasiires and I 
are constant This condition is of interest, because it is alvap 
imffijtient for stability with reference to motion of surfaces of dana- 
tinuity. For any system may be reduced to the kind descrifaedlf 
putting certain parts of the system in communication (by iwni d 
fine tubes if necessary) with large masses of the proper tempcntm 
and potentiala This may be done without introduciiig anj wm 
movable surfaces of discontinuity. The condition (549) when appU 
to the altered system is therefore the same as when applied to tk 
original system. But it is sufiicient for the stability of the ahcnJ 
system, and therefore sufiicient for its stability if we diminirii in 
freedom by breaking the connection between the original syitca wd 
the additional parts, and therefore sufiicient for the stability of tki 
original systenL 

On the Posifibility of the FomuUion of a Fluid ofdifrrrnt Pka0 
within any HoTmyeneoUM Fluid. 

Tlie study of surfaces of discontinuity throws a>nsiderabte lifcta 
upon the subject of the stability of such homogeneous fiuiJ 
as have a less pressure than others fonned of the same com] 
(or some of them) and having the same temperatun* and the tiv 
potentials for their actual components.* 

In considering this subject, we must first of all inquin* how (ar^nr 
method of tn»ating surfact^s of disc<mtinuity is applicablr ^» «•* 
in wliich the radii of curvature of the surfaces arv i>f inwoAUr 
magnitude. That it should not U* applied to such cases withotf 
limitiition is evident from the consideration that we liave Degl«(t^ 
the term {(Tj — t^)<)trj-rj) in (M|uation iVM) on acoHint of \ht 
magnitude of the rmlii of curvature omiiMinHl with the Uiickw* 
of thf noi]-homogeni*<ius tihn. <S«n» page 228.) When, hi^we^tr.-ci} 
sphiTicnl iiiiLHses an* consiil«Te<l, this term will always disappear. *ia<^ 
L\ and (\ will m-c^'SHarily Im* e<|UAl. 

■tnt't M-nw tluui in tht* dtvcuwiiiHi which horv («iUtm-M. 
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l^gain, the surfaces of discontinuity have been regarded as separating 
nogeneous massea But we may easily conceive that a globular 
ss (surrounded by a large homogeneous mass of different nature) 
y be so small that no part of it will be homogeneous, and that 
m at its center the matter cannot be regarded as having any 
ase of matter in ma88. This, however, will cause no difficulty, if 
t regard the phase of the interior mass as determined by the same 
ations to the exterior mass as in other cases. Beside the phase of 
3 exterior mass, there v^l always be another phase having the 
ne temperature and potentials, but of the general nature of the 
Lftll globule which is surrounded by that mass and in equilibrium 
ih it. This phase is completely determined by the system con- 
lered, and in general entirely stable and perfectly capable of realiza- 
m in mass, although not such that the exterior mass could exist 

contact with it at a plane surface. This is the phase which we 
e to attribute to the mass which we conceive as existing within the 
ividing surface.* 

With this understanding with regard to the phase of the fictitious 
lienor mass, there will be no ambiguity in the meaning of any of 
be symbols which we have employed, when applied to cases in which 
be surface of discontinuity is spherical, however small the radius 
nay be. Nor will the demonstration of the general theorems require 
iny material modification. The dividing surface which determines 
lie value of €^, tf, raf, ^nf, etc. is aa in other cases to be placed so as 
omake the term ^(^1+0^2)^(^1+^2) ^^ equation (494) vanish, i.e., so 
fi to make equation (497) valid. It has been shown on pages 225-227 
hat when thus placed it will sensibly coincide with the physical 
orface of discontinuity, when this consists of a non-homogeneous 
Ini separating homogeneous masses, and having radii of curvature 
hich are large compared with its thickness. But in regard to 
obular masses too small for this theorem to have any application, it 
^n be worth while to examine how far we may be certain that the 
dius of the dividing surface will have a real and positive value, 
ice it is only then that our method will have any natural application. 
The value of the radius of the dividing surface, supposed spherical, 

any globule in equilibrium with a surrounding homogeneous fluid 
ay be most easily obtained by eliminating a from equations (500) 
Qd (502), which have been derived from (497), and contain the radius 
Qplicitly. If we write r for this radius, equation (500) may be written 

2(r = (y'-2>>, (550) 

* For example, in applying our formulaB to a mioroscopio globule of water in steam, 
' the density or pressure of the interior mass we should understand, not the aotual 
Dsity or pressure at the center of the globule, but the density of liquid water (in 
•ge quantities) which has the temperature and potential of the steam. 
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the single and double accents referring respectively to the tst 
and exterior masses. If we write [c], [9], [m^]. [m^, ctc^ fa 
excess of the total energy, entropy, etc., in and about the f^ 
mass above what would be in the same space if it were tudV 
filled with matter of the phase of the exterior mass, we shall 
necessarily with reference to the whole dividing surface 

wif = [wi,]-ir'(y,'-yi'), ''iS»[wh]-t;'(y;-y^'). etc. 

where €v', Cy", fiy\ tfy", y/, y,'", etc. denote, in accordance with 
usage elsewhere, the volume-densities of energy, of entropy, so 
the various components, in the two homogtmeous m as s es We 
thus obtain from ecjuation (502) 

-/*iKl+/'i'''(yi'--yr)-A«t[^il+/«t'^'<yt'-y/)-«^ « 

But by (93), 

p' = - €v' + triy + Aiiy/ + May/ + etc., 

;/= -cv' + ^i;/+/iiy,'+/^y/+etc. 

Let us also write for brevity 

W'=[€]-/[i;]-/i,[mi]-/i,[wg-etc. i 

(It will be observed that the value of W is entirely determiiM 
the nature of the physical system considered, and that the noui 
the dividing surface does not in any way enter into its de&ui 
We shall then have 

,rN=lf+r'(//-p'), 

or, substituting for « and v' their values in terms of r. 

4xr*<r= W'+ \Tn^ip-p'h 

and eliminating <r by (550), 



V2x(/V-pV- 



If we eliminate r instead of <r. we liave 

16x<T^ „, 



/3ir(;>'-£Y)*. 



16x 

Now. if we first supposi* the ditTerence of the pr»Murt« in the k 
geiit*4)us masHtf* to he very small, so that the surface of dtacnotu 
is nearly plane, since without any important loss of g«»Deffaiit] 
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nay regard tr as positive (for if <r is not positive when 2>'=p'', the 
nrtace when plane would not be stable in regard to position, as 
it certainly is, in every actual case, when the proper conditions are 
idfilled with respect to its perimeter), we see by (550) that the 
ireasore in the interior mass must be the greater ; i.e., we may regard 
», J)'— !>', and r as all positive. By (555), the value of W will also 
be positive. But it is evident from equation (552), which defines TT, 
ttiat the value of this quantity is necessarily real, in any possible case 
of equilibrium, and can only become infinite when r becomes infinite 
and p'—p". Hence, by (556) and (558), as p'—p" increases from very 
onall values, IT, r, and cr have single, real, and positive values until 
ijbtsj simultaneously reach the value zero. Within this limit, our 
method is evidently applicable ; beyond this limit, if such exist, it will 
liaidly be profitable to seek to interpret the equations. But it must 
lie remembered that the vanishing of the radius of the somewhat 
•ilntrarily determined dividing swrfdce may not necessarily involve 
the vanishing of the physical heterogeneity. It is evident, however 
(aee pp 225-227), that the globule must become insensible in magni- 
tode before r can vanish. 

It may easily be shown that the quantity denoted by W is the 
work which would be required to form (by a reversible process) the 
lieterogeneous globule in the interior of a very large mass having 
bitially the uniform phase of the exterior mass. For this work is 
equal to the increment of energy of the system when the globule is 
formed without change of the entropy or volume of the whole system 
or of the quantities of the several components. Now [jy], [7^4], [m^], 
•te. denote the increments of entropy and of the components in the 
•pace where the globule is formed. Hence these quantities with 
the negative sign will be equal to the increments of entropy and 
of the components in the rest of the system. And hence, by 
equation ( ), -^^-/^^^-//^[mgl-etc 

^11 denote the increment of energy in all the system except where 
tte globule is formed. But [e] denotes the increment of energy in 
ttat part of the system. Therefore, by (552), W denotes the total 
^JHa^ment of energy in the circumstances supposed, or the work 
'Quired for the formation of the globule. 

The conclusions which may be drawn from these considerations 
^th respect to the stability of the homogeneous mass of the pressure 
^ (supposed less than p\ the pressure belonging to a dififerent phase 
f the same temperature and potentials) are very obvious. Within 
l^Qse limits within which the method used has been justified, the 
(ass in question must be regarded as in strictness stable with respect 
> the growth of a globule of the kind considered, since TT, the work 
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Twcr'':fi 5:r TZLtt SjTu^Tt'jg. :c «acL a ^obule of a certain Bize(yii, 

'jiMZ -wuen. "T^nji :* iz. *;-^Errr:3. wiih the sonoimdiiig maas), will 

uTTiji :fe >-j5Err» V:r 5^- aaaZ^ globules be formed, for they cua 

•!t*?mrg' :^ ZL '^iiiliriF^'niL 'rinl i^ie fGrTQcndiiig maas, being too small, 

iix £r:^ -: i2»i «» :c iiiifci v.- v-Lieb IT relates. If, however, \g 

407 t3ii«r3A. *C^2C7 a^Ki:- * pi^^ilar mass (of the size necessaiy for 

-if'rdL^zr^rznL 'm-^rt z-.ni^L ittt •:*^f3ilibriiim has already (page 243) 

ikks. ^ss,nn. •: '*:« T'^MrJit, acd vith the least excess in size, the 

zicr.;:i.r lute 'r-.nji >of ;•:• iserEase withoot limit except tliat 

fKCttsirzL-r m -ljt 3L*£:=jToi* if i* exterio- masa We may therefore 

Ti:^hri "Jisz iTifcrTrrr «" ^ kS'jt^ing a kind of measore of the «toMttj| 

:c Tijf zciiis^ *: -rz^^ r' r^lises. In eqnadon (557) the value of D 

2* rr^^!i iz. ««ff3itf IE y AM p --p'^ If the three fundamental equa- 

^:c2* -v^jes. rrrr r c- . k:>i /•' in terms of the temperatnre and ihf 

g^Xr^TrrskV ••'"ir'r kriiwB- Te eight regard the stability (IT) as knowii 

:z. v=rTTi* jC -±1^^ sfcz=.*r Tariabie& It will be observed tiiat whenp's]/ 

^ii* Tfclifc* jf a' 2* indnhe. If p—p' increases without greatei 

t^i%r.'^i^ :i il«r pbaise^ ii:An are necessary for such increase, W will 

"ATT *• ±rss ^Try =f=4rlT inversely as the square oip'-^p". If y'-p* 

^jc3iz.-:fe* :•: zKr»i*air. :: may perhaps occur that W reaches the valw 

ser: . rcn ■^.lil liis cccurs the phase is certainly stable with reaped 

K* i^>r £==fi :i cr-^roe considered. Another kind of change is oon- 

c^eiv:ftcZ-r. vL>£^ iziiisaZy is small in degree but may be great in itf 

exten: in s»e)^. Stability in this respect or stability in reaped k 

^x'^T'^%»r4K''.ic^ .'.vsrvx-^ of pkaj^ has alr^idy been discussed (see page 

li.V>V an-i its limits determined. These limits depend entirely upon 

the tu!i\iasiTr=.:aI e^^uaiion of the homogeneous mass of which the 

>:Abi*.::y is in qu^tion. But with respect to the kind of changes 

ht re cocsidervd. which are initially small in extent but great in 

doinree. it do^ nor appear how we can fix the limits of stability with 

ib.v saiue pn?ci>ion. But it is safe to say that if there is such a limit 

it mu>t be at or beyond the limit at which a vanishea This latter 

limit is determined entirely by the fundamental equation of the 

surface of discontinuity between the phase of which the stability is 

in question and that of which the possible formation is in question. 

We have already seen that when a vanishes, the radius of the 

dividing surface and the work W vanish with it. If the fault in 

the homogeneity of the mass vanishes at the same time (it evidently 

cannot vanish sooner), the phase becomes unstable at this limit 

But if the fault in the homogeneity of the physical mass does not 

vanish with r, a and W, — and no suflScient reason appears why 

this should not be considered as the general case, — although the 

amount of work necessary to upset the equilibrium of the phase 

is infinitesimal, this is not enough to make the phase uDstahl& 
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t appears therefore that W is a. somewhat one-sided measure of 
stability. 

It must be remembered in this connection that the fundamental 
equation of a surface of discontinuity can hardly be regarded as 
capable of experimental determination, except for plane surfaces (see 
pp. 231-233), although the relation for spherical surfaces is in the 
nature of things entirely determined, at least so far as the phases are 
separately capable of existence. Yet the foregoing discussion yields 
the following pra»ctical results. It has been shown that the real 
stability of a phase extends in general beyond that limit (discussed 
<m pages 103-105), which may be called the limit of practical stability, 
at which the phase can exist in contact with another at a plane 
surface, and a formula has been deduced to express the degree of 
afcability in such cases as measured by the amount of work necessary 
to upset the equilibrium of the phase when supposed to extend 
indefinitely in space. It has also been shown to be entirely consistent 
with the principles established that this stability should have limits, 
and the majiner in which the general equations would accommodate 
themselves to this case has been pointed out. 
By equation (553), which may be written 

F=(rs-(p'-p")< (559) 

we see that the work W consists of two parts, of which one is always 
positive, and is expressed by the product of the superficial tension 
ttid the area of the surface of tension, and the other is always 
negative, and is numerically equal to the product of the diflference 
of pressure by the volume of the interior mass. We may regard the 
first part as expressing the work spent in forming the surface of 
tension, and the second part the work gained in forming the interior 
njasa* Moreover, the second of these quantities, if we neglect its 

*To make the physioal significance of the above more clear, we may suppose the two 
Pt^ooetBes to be performed separately in the foUowing manner. We may suppose a large 
iDMB of the same phase as that which has the volume v' to exist initiaUy in the interior 
^ ihb other. Of course, it must be surrounded by a resisting envelop, on account of 
the difference of the pressures. We may, however, suppose this envelop permeable 
to aU the component substances, although not of such properties that a mass can form 
* the exterior like that within. We may allow the envelop to yield to the internal 
P^^Banre until its contents are increased by t/ without materially affecting its superficial 
^^^ If this be done sufficiently slowly, the phase of the mass within will remain 
^^Xtttant. (See page 84.) A homogeneous mass of the volume i/ and of the desired 
phase has thus been produced, and the work gained is evidently {p' -p")^* 

Let us suppose that a small aperture is now opened and closed in the envelop so as 
^ let oat exactly the volume tf of the mass within, the envelop being pressed inwards 
^ another place so as to diminish its contents by this amount. During the extrusion of 
^ drop and until the orifice is entirely closed, the surface of the drop must adhere to 
^ edge of the orifice, but not elsewhere to the outside surface of the envelop. The 
^t)rk done in forming the surface of the drop will evidently be c% or f(p'-p")t/. Of 
6.1. R 
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sign, is always equal to two-thirds of the first, «« appean fn 
equation (550) and the geometrical relation vw^^nt. We nay tkn 
fore write 



On the PiMwifAi' Famuition at the Snrfiire where tuyt «/i#m 
HtnruHjeneouH Flnidn meet of a Fluul of tUf^rrv^t Pi- 
from eltlier. 

Let A, B, and C be three diflferent fluid phases of matter, wh 
satisfy all the conditions necessary for e<{uilibriuiu when tbcy a 
at plane surfaces. The components of A and B may be the mhv 
different, but C must have no componentu except such as hAmg 
A or B. Let us suppose masses of the phases A and B to be i 
by a very thin sheet of the phase C. This sheet will not 
be plane, but the sum of its principal curvatures musit be anu 1 
may treat such a system as consisting simply of masses of tbe pla 
A and B with a certain surface of discontinuity, for in o«ir pima 
discussion there has been nothing to limit the thickness or the atfi 
of the film separating homogeneous masses, except that its tkickai 
has generally been supposed to be small in comparison with in td 
of curvature. The value of the superficial tension for such • A 
will be o'Ao+<''Bc>i^ ^^ denote by these symbols the tensionicfi 
surfaces of contact of the phases A and C, and B and C. ms|mlii^ 
This not only appears from evident mechanical oonsideratioMi h 
may also be easily verified by e<{uations (502) and <93k the ini( 
which may be regarded as defining the quantity a. This ralw «i 
not be afiected by diminishing the thickness of the film, oiHil d 
limit is reached at which the interior of the film ceases to hsvt d 
properties of matter in mass. Now if o'ac+o'm: i^ greater thiari 
the tension of the ordinary surface between A and B, such a iim «i 
be at least practically unstable. (See page 240.) We cannot mffi 
that o-AB > ctao+ctbc' ^^^ ^his would make the «irdinar}' surface beCM 
A and B unstable and difficult to realize. If o-ab^^'ao'^^'k'- *^ "^ 
assume, in general, that this relation is not accidental, and tbn d 
onlinary surface of contact for A and B is of the kind which «t htf 
describeil. 

Let us now suppose the phases A and B to var}\ so as iiiS 
satisfy the conditions of e<|uilibrium at plane contact, but ao ihit li 
pressure of the phase C detenuined by the temi)erature and potcsB 



this work, the ani«miit ip' ~p'*)i^ will \m expended in pr«Mtn|; the covrluf^ i 
the rvst 111 opeiiiiiK Mid cl<«iug the onHee. Buth thr oprning and Um i 
reautod by the uftpilUr>' troAitin. If the iiriliov is cirvuUr. it miMt Imw, wkM «iri 
opMi, tb« rMliiu dotorminod by ei|iiAtiuo {MOl 
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of A and B shall become less than the pressure of A and B. A system 
eonsistmg of the phases A and B will be entirely stable with respect 
to the formation of any phase like C. (This case is not quite identical 
with that considered on page 104, since the system in question con- 
tains two different phases, but the principles involved are entirely 
the same.) 

With respect to variations of the phases A and B in the opposite 
direction we must consider two cases separately. It will be con- 
venient to denote the pressures of the three phases hy p^, p^, Pc^ aiid 
to regard these quantities aa functions of the temperature and 
potentials. 

If <rAB=o-Ao+<rBo for values of the temperature and potentials which 
^*Mi^ 2>A=2>B=l>o» it will not be possible to alter the temperature and 
potentials at the surface of contact of the phases A and B so that 
Pa^Pb> ^^^ Po>Pa9 fo^ t^6 relation of the temperature and potentials 
necessary for the equality of the three pressures will be preserved by 
the increase of the mass of the phase C. Such variations of the phases 
A and B might be brought about in separate masses, but if these 
were brought into contact, there would be an immediate formation 
of a mass of the phase C, with reduction of the phases of the adja<;ent 
masses to such as satisfy the conditions of equilibrium with that 
phase. 

But if (Tab < ctao+ctbo' ^^ c<^ vary the temperature and potentials 
Bothat j9a=j>b> aiid Po>PAt ^^^ it will not be possible for a sheet of 
the phase of C to form vm/mediately, i.e., while the pressure of C is 
aensibly equal to that of A and B; for mechanical work equal to 
^io+ctbc— «'AB P^r unit of surface might be obtained by bringing the 
system into its original condition, and therefore produced without 
any external expenditure, unless it be that of heat at the temperature 
<rf the system, which is evidently incapable of producing the work. 
The stability of the system in respect to such a change must therefore 
extend beyond the point where the pressure of C commences to be 
greater than that of A and B. We arrive at the same result if we use 
the expression (520) as a test of stability. Since this expression has 
* finite positive value when the pressures of the phases are all equal, 
the ordinary surface of discontinuity must be stable, and it must 
i^oire a finite change in the circimistances of the case to make it 
heoome unstable.* 



*It ifl tme that such a case as we are now considering is formally excluded in the 
diKuasion referred to, which relates to a plane surface, and in which the system is 
iii|»po0ed thoroughly stable with respect to the possible formation of any different 
hoiDogeiieoos masses. Yet the reader wiU easily convince himself that the criterion 
{B20) is perfectly valid in this case with respect to the possible formation of a thin sheet 
of the i^iase C, which, as we have seen, may be treated simply as a different kind of 
snrfiMe ci discontinuity. 
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In the preceding paragraph it is shown that the surface of oontaet 
of phases A and B is stable under certain circumstances, with respect 
to the formation of a thin sheet of the phase C. To complete the 
demonstration of the stability of the surface with respect to Uie 
formation of the phase C, it is necessary to show that this phaae 
cannot be formed at the surface in lentiform massea This is the 
more necessary, since it is in this manner, if at all, that the phase 
is likely to be formed, for an incipient sheet of phaae 
C would evidently be unstable when o-^b < o-Ac+fr^ 
and would immediately break up into lentifonn 
massea 

It will be convenient to consider first a lentifonn 
mass of phase C in equilibrium between masses of 
phases A and B which meet in a plane sur&ce. Let 
figure 10 represent a section of such a system through 
the centers of the spherical surfaces, the mass of phase 
A lying on the left of DEHTG, and that of phase B 
on the right of DEH'TG. Let the line joinmg tte 
centers cut the spherical surfaces in H' and H'', and the 
plane of the surface of contact of A and B in L Let 
the radii of EHT and EH'T be denoted by r', 7^\ and the s^menii 
IH', IH", by x\ x'\ Also let IE, the radius of the drele in 
which the spherical surfaces intersect, be denoted by 12. By • 
suitable application of the general condition of equilibrium we may 
easily obtain the equation 

^AQ—p TCTbo ^77 — = <rAB» V^V 

which signifies that the components parallel to EF of the tension 
(Tag flJ^d (Tbo &r® together equal to ctab* If we denote by TF the amount 
of work which must be expended in order to form such a lentifonn 
mass Ba we are considering between masses of indefinite extent havinj( 
the phases A and B, we may write 

W^M^N, (562) 

where M denotes the work expended in replacing the surface between 
A and B by the surfaces between A and C and B and C, and S 
denotes the work gained in replacing the masses of phases A and B 
by the mass of phase C. Then 

M^ (Tag ^ag "^ ^bg ^bg "" ^ab *ab> (563) 

where s^q, Sbgi ^ab denote the areas of the three surfaces conoaned; 
and 

JV=F'(|)o-1>a)+F"0)o-Pi,). (564) 
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where F' and V" denote the volumes of the masses of the phases 
A and B which are replaced. Now by (500), 

1>o-Pa=^, and po-p3=?^. (566) 

We have also the geometrical relations 

By substitution we obtain 



(566) 



r 

+ iir (Tbo ^"^' — f -wiJ* (Tbo — T7? — » (567) 

and by (561), 

^=*7r(rAorV+47r(rBo^'V'-i7ri2«(rAB. (568) 

Since 

2'7r/a;' = «Ao> 2'7r/V=«Bo» 7riP=«AB> 
we may write 

^ = H<rAo «Ao + ctbo «bo "" <rAB «ab)- (569) 

(The reader will observe that the ratio of M and N is the same as that 
of the corresponding quantities in the case of the spherical mass 
treated on pages 252-258.) We have therefore 

^= i(o'AO *A0 + <rBO ^BO "" O-AB ^Ab)- (^70) 

This value is positive so long as 

cr^o + ctbo > o'abj 
since «ao>«ab. a^^d «bo>«ab- 

But at the limit, when 

<^A0 + <^B0 = OTab* 

we see by (561) that 

^AO ~ ^AB > ftUd 8^Q = 8ab> 

and therefore W= 0. 

It should however be observed that in the immediate vicinity of 
the circle in which the three surfaces of discontinuity intersect, the 
physical state of each of these surfaces must be affected by the 
vicinity of the others. We cannot, therefore, rely upon the formula 
(570) except when the dimensions of the lentif orm mass are of sensible 
magnitude. 

We may conclude that after we pass the limit at which Pq becomes 
greater than p^ and p^ (supposed equal) lentif orm masses of phase C 
will not be formed until either a-^^cr^+a-BOf or Po—pA becomes so 
gieat that the lentif orm mass which would be in equilibrium is one 
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of insensible magnitude. (The diminotion of the nMlxi with ioenM 
values of />o— />a ^ indicated by equaticm (565 )l} Hesee, do bis 
phase C will be formed until one of these limits is reached, AMkm 
the demonstration relates to a jJnne surface between A and R i 
result must be applicable whenever the radii of cunratnre hati 
sensible magnitude, since the effect of such curvature majr be < 
regarded when the lentiform mass is suflSciently small 

The equilibrium of the lentiform mass of phase C is easily prv 
to be unstable, so that the quantity W affords a kind €d mmmn 
the stability of plane surfaces of contact of the phases A and E* 

Essentially the same principles apply to the more geoarml pvobl 
in which the phases A and B have moderately different jntmrnm 
that their surfaces of contact must be curved, but the radii of car 
ture have a sensible magnitude. 

In order that a thin film of the phase C may be in equKbri 
between masses of the phases A and B, the following equataoBS ■ 
be satisfied: — /^ . ^ \ « 

where c, and c, denote the principal curvatures ot the ttm, < 
centers of positive curvature lying in the mass having the phsM 
Eliminating c^+c^, we have 

<rBC (Pa -Pc) - ctac (Po -PiX 
or p^^^bc£a±^mc£m ,j; 

It is evident that if pc has a value greater than that detenaiaiJ I 
this equation, such a film will develop into a larger maas : if /y hfl 
less value, such a film will tend to diminish. Hence, when 

P^<^.Pa±oac£i^ ,j; 

the phases A and B have a stable surface of contact 



* If we repr««ent phAMt by the position of point« in rach a mAonrr %kmX maam 
phAMS (in the senw in which the term it used on pAge 96) atp uptfuUed b« tht ■ 
point, Mid allow uarwlvr*, for brevity, to apeak of the phai'« m hATinf the poBttMi 
the point« by which they Are reprraentod, we may my that three coesuAfvt f^M 
•itnAted where three leriee of pair* of c(M*iistrnt phaiee meet or intcrvect. If th* ^ 
phuee Are a11 fluid, or when the eflfeota of eolidity may he dure^gArded, two mmm tm 
be dictingniahed. Either the three •^ritft of c<M*iiiitent phaiee all laterwvt. ik 
when eAch of the three mirfaoc toniiiomi it leeii thAn the *um n^ the two iKhtfr^-^-r 
of the eerie* terminAtee where the two nthem intererct, — thtt i« where cor ^ 
tension is ec|aal to the sum of the otherm. The seriee of Mjeiisteot pbesv vu 
represented by lines or surfscv*. scconling as the phases have noe or tw^> l atkyi wl 
variable componenta Similar relations exist when the number <«f comprmeau m gfm 
except that they are not capable of gei»roetrioal rrpresentatinn without ■ u mi bmAA 
as that of oonstAnt ienperAtnre or pressure or oertAin coosUat potcntSAlA 
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Again, if more than one kind of surface of discontinuity is possible 

between A and B, for any given values of the temperatiure and 

potentials, it will be impossible for that having the greater tension to 

iisplace the other, at the temperature and with the potentials con- 

ddered. Hence, when Pq has the value determined by equation (571), 

and consequently 0-^0+ ctbo ^^ ^^^ value of the tension for the surfa^ce 

between A and B, it is impossible that the ordinary tension of the 

surface cr^ should be greater than this. If (rAB = o'Ac+o'Bc» when 

equation (571) is satisfied, we may presume that a thin film of the 

phase C actually exists at the surface between A and B, and that a 

variation of the phases such as would make Pq greater than the 

second member of (571) cannot be brought about at that surface, as it 

would be prevented by the formation of a larger mass of the phase C. 

But if <rA3<ia-Ao+o'Bo when equation (571) is satisfied, this equation 

does not mark the limit of the stability of the surface between 

A and B, for the temperature or potentials must receive a finite 

change before the film of phase C, or (as we shall see in the 

following paragraph) a lentiform mass of that phase, can be formed. 

The work which must be expended in order to form on the surface 
hetween indefinitely large masses of phases A and B a lentiform mass 
of phase C in equilibrium, may evidently be represented by the 

►^ = CTao ^AO ■!" ^BO ^BO — ^AB ^AB 

-PcVc+PaV^+PbVj,, (573) 

^here jS^q, S^q denote the areas of the surfa>ces formed between A and 
0,and B and C; S^b the diminution of the area of the surface between 
A and B ; Vq the volume formed of the phase C ; and F^, V^ the 
^inution of the volumes of the phases A and B. Let us now 
suppose (Taoj otbo, o-ASt Pa> Pb ^ remain constant and the external 
iKmndary of the surface between A and B to remain fixed, while po 
iucreases and the surfaces of tension receive such alterations as are 
necessary for equilibrium. It is not necessary that this should be 
physically possible in the actual system ; we may suppose the changes 
to take place, for the sake of argument, although involving changes 
in the fundamental equations of the masses and surfaces considered. 
Then, regarding W simply as an abbreviation for the second member 
of the preceding equation, we have 

dW^ CTao <^^ao + o^bc ^'S^bc — o-ab <^^ab 

-PodVo+pAdVA+PBdV^- Vodpc. (574) 

Bat the conditions of equilibrium require that 

ctac ^^ao ■!" <^B0 dS^Q — (Tab ^^ab 

-podVo+Pi.dV^+PsdVs=0. (576) 
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Now it is evident that Vc will diminish as /ic increanea. Ui « 
integrate the last e<|uation supposing /lo to increase from its orif^ 
value until T^ vanishes. This will give 

W" — If" s= a negative quantity. < S77i 

where W and W denote the initial and final values of IT. hm 
W'^0. Hence If' is positive. But this is the value of IT b tkt 
original system containing the lentifonn mass, and exp r e aws tkt 
work necessary to fonn the mass between the phases A and E b 
is therefore impossible that such a mass should form on a mUta 
between these phasea We must however obser\*e the same limiunm 
as in the less general case already discussed, — that /\:— />A' Ffh 
must not be so great that the dimensions of the lentifonn ma* an 
of insensible magnitude. It may also be obsen'ed that the ^-alne i 
these diflTerences may be so small that there will not be nxjin oo tk 
surface between the masses of phases A and B for a masa of phaw C 
sufficiently large for e4{uilibrium. In this case we may conMkr § 
mass of phase C which is in equilibrium upon the surfaee betwwa 1 
and B in virtue of a amMtniint applied to the line in which the tkm 
surfaces of discontinuity intersect, which will not allow tku liiw t» 
become longer, although not preventing it from becoming tborter 
We may prove that the value of IT is positive by such an intcgnUB 
as we have used before. 

SubstUtUioT} of PrrMimres far Pi^mtinh in Ftmdam^ntnl EqUiU^*^ 

fir SnrfareM. 

The fundamental equation of a surface which gives the ^'alor i 
the tension in tonus of the temperature and potentiaU neemft hf< 
adapted to the purposes of theoretical discu-ssion. t*specially when i> 
number of components is liirge or undeteniiined. But the rxprr- 
mental determination of the fumlanifiital eiiuations. or tht* applirat>« 
of any result indicated by theorj' to actual cases, will U* facil:Ut<^ 
by the use of other ({uantities in place of the potentials, whkh «2ull 
be capable of more direct measurement, and of which the naiiKr>-ai 
expression (when the m^cessary measurementN liavf been mad«*»^-»- 
depend upon less complex considerationa The numerical value • t » 
potential depends not only up)n the Mystt^m «>f unit»i employed, be 
also upon the arbitrary constants involved in the definition of :i^ 
energ}' and entropy of thr sulj^tance to which the potential nruU<^ 
or, it may Ix*, of tho elementary substances of which that nubAia^ 
is fonned. (Stn* page IMi.) This fact and the want of idmd* ^i 
direct measurement may give a certain vagueness to the idea of ^ 
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3tentials, and render the equations which involve them less fitted to 
ive a clear idea of physical relations. 

Now the fundamental equation of each of the homogeneous masses 
rhich are separated by any surface of discontinuity affords a relation 
«tween the pressure in that mass and the temperature and potentials. 
Ne are therefore able to eliminate one or two potentials from the 
hmdamental equation of a surfa>ce by introducing the pressures in 
the adjacent masses. Again, when one of these masses is a gas- 
mixture which satisfies Dalton's law as given on page 155, the 
potential for each simple gas may be expressed in terms of the tem- 
perature and the partial pressure belonging to that gas. By the 
introduction of these partial pressures we may eliminate as many 
potentials from the fundamental equation of the surfa<;e as there are 
ample gases in the gas-mixture. ^ 

An equation obtained by such substitutions may be regarded as a 
fnndamental equation for the surface of discontinuity to which it 
relates, for when the fundamental equations of the adjacent masses 
•re known, the equation in question is evidently equivalent to an 
equation between the tension, temperature, and potentials, and we 
most regard the knowledge of the properties of the adjacent masses 
•8 an indispensable preliminary, or an essential part, of a complete 
biowledge of any surface of discontinuity. It is evident, however, 
that from these fundamental equations involving pressures instead 
of potentials we cannot obtain by differentiation (without the use of 
the fundamental equations of the homogeneous masses) precisely the 
^ame relations as by the differentiation of the equations between the 
tensions, temperatures, and potentials. It will be interesting to 
inquire, at least in the more important cases, what relations may be 
t>btained by differentiation from the fundamental equations just 
described alone. 

If there is but one component, the fundamental equations of the 
two homogeneous masses afford one relation more than is necessary 
for the elimination of the potential. It may be convenient to regard 
the tension as a function of the temperature and the difference of the 
presstires. Now we have by (508) and (98) 

d(jp'-'Pl = (flv'flvldt+(y-yldfi,. 
Bence we derive the equation 

Ar= -(^8 7^Aflv-flyl)dt y^-v>d(p'^p''l (578) 

\ y— y / y — y 

ivhich indicates the differential coefficients of a- with respect to t and 
t/^p'\ For stirfaces which may be regarded as nearly plane, it is 
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evident that —, t, representH the diHlAnce from the surfaee - 

tension to a dividing surface located so as to make the sapctfic 
ilensity of the Hinfi^ie component vanish (being positive, wbeii tl 
latter surface is on the side speciiied by the double aeoentm. and th 
the coeflScient of dt (without the negative sign) repreMents the nipc 
iicial density of entropy &s determined by the latter dividing waHm 
i.e., the (|uantity denoted by 9^,) on page 235. 

AVIien there are two components, neither of which is coDliiicd 1 
the surface of discontinuity, we may regard the tension as a fonctk 
of the temperature and the pressures in the two homcigeneoiis idmm 
The values of the differential ccx^fficients of the tension with rwpn 
to thes^variables may be represented in a simple form if we cbru 
such suDstances for the components that in the particular stat« aa 
sidered each mass shall consist of a single component. TkL« w-: 
always be possible when the composition of the two maMhf^ b oc 
identical, and will evidently not affect the values of the differatta 
coefficients. We then have 

dp^fly'dt + ydfi^, 

dp'^ny'dt+y'dfi^, 

where the marks , and ^ are used instead of the usual ^ and ^ lo ind 
cate the identity of the component specified with the aQbsUott c 
the homogeneous masses specified by ' and '. EUiminating d^ m 
dfi^ we obtain 

cz<r = - (jfs - ^'> n^' - -: fly') dt - ''; dp - ^-: dp\ i 5:1 

We may generally neglect the difference of p' and />', and write 
The eipiation thus modified is strictly to be regarded as the eqcacu 

r r 

for a plane surface. It is evident that ' and :: represient the ^ 

y y 

tances from the surface of t<'n.sion of the two surfaces of which «■ 

r r 

would make F vanish, and the other T , that :+ : repraMU 

y y ^ 

the distance between the.se two surfaces, or the diminutiim *./»t«%« 
due to a unit of the surface of disc<»ntinuity. ami that the coeficM 
ot dt (without the negative sign) repres«*nts the exces** of entnf J ' 
a Hystoiii couNisting of a unit of the surface* of diMrontinuity «Tt 
a part of fsch of the iidjacfut nia.sHt\s a)M>vt* that which the mm 
matter would have if it existed in two homttgeneooa niawwet <d ti 
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same phases but without any surface of discontinuity. (A mass thus 
existing without any surface of discontinuity must of course be 
entirely surrounded by matter of the same phase.)* 

The form in which the values of (-tt) and f-pj are given in 

equation (580) is adapted to give a clear idea of the relations of 
these quantities to the particular state of the system for which they 
are to be determined, but not to show how they vary with the state 
of the system. For this purpose it will be convenient to have the 
values of these differential coefficients expressed with reference to 
ordinary components. Let these be specified as usual by ^ and 2- 
If we eliminate dfi^ and dfi^ ^i*om the equations 

- d<r = J/g d< + Ti d/Xi + Tj d/Hj, 

dp = fiydt + y^dfi^ + y^dfi^y 

dp = fiy'dt + y{dfi^ + y^dfi^y 



we obtain 



d<r^jdt+jdp, (681) 



r=-^-^% (a) 

and in like manner 

E,= ee-^;e/-^e/. (c) 

we may easily obtain, by means of equations (93) and (507)} 

E8=«H.+<r-pr. id) 

Now equation (580) may be written 

d<r=:-'E,idt+Vdp, (c) 

Differentiating {d), and comparing the result Mrith (e), we obtain 

dE^^tda^-pdV, (/) 

The quantities Eg and Hs might be caUed the superficial densities of energy and 
entropy quite as properly as those which we denote by eg and ijg. In fact, when the 
oompoeition of both of the homogeneous masses is invariable, the quantities £« and HJ 
are much more simple in their definition than eg and i;b, and would probably be more 
ttitaraUy suggested by the terms tuptrficial density of energy and of entropy. It would 
«lflo be natural in this case to regard the quantities of the homogeneous masses as 
determined by the total quantities of matter, and not by the surface of tension or any 
other dividing surface. But such a nomenclature and method could not readily be 
extended bo as to treat cases of more than two components with entire generality. 

In the treatment of surfaces of discontinuity in this paper, the definitions and 
iKMnenclature which have been adopted will be strictly adhered to. The object of this 
note is to suggest to the reader how a different method might be used in some cases 
with advantage, and to show the precise relations between the quantities which are 
naed in this paper and others which might be confounded with them, and which may 
be made more prominent when the subject is treated differently. 
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where 

^=yiV-yiV. (582) 

iB r, r, 

5= W Yx yi . (583) 

^ // // ft 

n\ vi y» 
C=ri(y,"-y,')+r^yi'-yi"). (584) 

It will be observed that A vanishes when the composition of the two 
homogeneous masses is identical, while B and C do not, in general, 
and that the value of A is negative or positive according as the ma» 
specified by ' contains the component specified by ^ in a greater or 
less proportion than the other mass. Hence, the values both of 

f-jrj and of f ^) become infinite when the difference in the com- 
position of the masses vanishes, and change sign when the greater 
proportion of a component passes from one mass to the other. This 
might be inferred from the statements on page 99 respecting co- 
existent phases which are identical in composition, from which it 
appears that when two coexistent phases have nearly the same 
composition, a small variation of the temperature or pressiu^ of the 
coexistent phases will cause a relatively very great variation in 
the composition of the phases. The same relations are indicated by 
the graphical method represented in figure 6 on page 125. 

With regard to gas-mixtures which conform to Dalton's law, we 
shall only consider the fundamental equation for plane surfaces, and 
shall suppose that there is not more than one component in the liquid 
which does not appear in the gas-mixture. We have already seen 
that in limiting the fundamental equation to plane surfaces we can 
get rid of one potential by choosing such a dividing surf€kce that the 
superficial density of one of the components vanishes. Let this be 
done with respect to the component peculiar to the liquid, if such 
there is; if there is no such component, let it be done with respect 
to one of the gaseous components. Let the remaining potentials be 
eliminated by means of the fundamental equations of the simple gases. 
We may thus obtain an equation between the superficial tension, the 
temperature, and the several pressures of the simple gases in the 
gas-mixture or all but one of these pressures. Now, if we eliminate 
dfi^y dfi^y etc. from the equations 

do- = - rim)^^^ - rj(„c?/zj - rs(i)d)t£s - etc., 

dp^ = flyidt + y^dlli, 

d/pz=n\zdt+ytidfi^, 
etc., 
where the suffix ^ relates to the component of which the surfiice- 
density has been made to vanish, and y2> Vs' ^^- denote the densities 
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of the gases specified in the gas-mixture, and p^, p^, etc., j/vs* ^vs> 
etc the pressures and the densities of entropy due to these several 
gases, we ohtain 



^ 72 73 / 



dt 



«?V)cZp^-Ik)cip3-etc. (585) 

72 73 

This equation aflTords values of the differential coeflScients of cr with 
respect to t, p^, p^, etc., which may be set equal to those obtained 
by differentiating the equation between these variables. 

Thermal and Mechanical Rdalions pertaining to the Extension of a 
Bwrface of Discontinuity, 

The fundamental equation of a surface of discontinuity with one 
or two component substances, besides its statical applications, is of 
use to determine the heat absorbed when the surface is extended 
under certain conditions. 

Let us first consider the case in which there is only a single 
component substance. We may treat the surface as plane, and 
place the dividing surface so that the surface density of the single 
component vanishes. (See page 234.) If we suppose the area of the 
surface to be increased by unity without change of temperature or 
of the quantities of liquid and vapor, the entropy of the whole will 
be increased by j/g^). Therefore, if we denote by Q the quantity of 
heat which must be added to satisfy the conditions, we shall have 

Q=tr,mu (586) 

and by (514), 

It will be observed that the condition of constant quantities of liquid 
and vapor as determined by the dividing surface which we have 
adopted is equivalent to the condition that the total volume shall 
remain constant. 

Again, if the surface is extended without application of heat, 
while the pressure in the liquid and vapor remains constant, the 
temperature will evidently be maintained constant by condensation 
of the vapor. If we denote by M the mass of vapor condensed per 
unit of surface formed, and by i^m' ^^^ ^u" the entropies of the liquid 
and vapor per unit of mass, the condition of no addition of heat 
will require that 

^(^m'-^mO^^sci). (588) 
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The increase of the volnme of liquid will be 

^5(1) (589) 



and the diminution of the volume of vapor 

f?fl(i) 



(590) 



Hence, for the work done (per unit of surface formed) by the 
external bodies which maintain the pressure, we shall have 

W^=-4^,(4--A (591) 

and, by (514) and (131), 

Trr_ _ da^ dt^ da- _ ^^ ^ /caov 

" ^ dt dp" ^ dp" dlogp' ^ ' 

The work expended directly in extending the film will of courae 
be equal to cr. 

Let us now consider the case in which there are two component 
substances, neither of which is confined to the surface. Since we 
cannot make the superficial density of both these substances vanisk 
by any dividing surface, it will be best to regard the surface of 
tension as the dividing surface. We may, however, simplify the 
formula by choosing such substances for components that each homo- 
geneous mass shall consist of a single component. Quantities relating 
to these components will be distinguished as on page 266. If the 
surface is extended until its area is increased by unity, while heat 
is added at the surface so as to keep the temperature constant, and 
the pressure of the homogeneous masses is also kept constant, the 
phase of these masses will necessarily remain unchanged, but the 
quantity of one will be diminished by F, , and that of the other by V,> 

r r f 

Their entropies will therefore be diminished by -iriY and -|iff', 

y y 

respectively. Hence, since the surface receives the increment of 
entropy /yg, the total quantity of entropy will be increased by 

r r 
y y 

which by equation (580) is equal to 

Therefore, for the quantity of heat Q imparted to the surface, w* 
shall have 
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We must notice the difference between this formula and (587). In 
)3) the quantity of heat Q is determined by the condition that the 
nperature and pressures shall remain constant. In (587) these 
iditions are equivalent and insufficient to determine the quantity 
heat. The additional condition by which Q is determined may be 
«t simply expressed by saying that the total volume must remain 
istant. Again, the differential coefficient in (593) is defined by 
isidering p as constant ; in the differential coefficient in (587) p 
mot be considered as constant, and no condition is necessary 

give the expression a definite value. Yet, notwithstanding the 
Ference of the two cases, it is quite possible to give a single 
monstration which shall be applicable to both. This may be done 

considering a cycle of operations after the method employed by 
• William Thomson, who first pointed out these relations.* 
The diminution of volume (per unit of surface formed) will be 

i the work done (per unit of surface formed) by the external 
lies which maintain the pressure constant will be 

mpare equation (592). 

The values of Q and W may also be expressed in terms of quan- 
ies relating to the ordinary components. By substitution in (593) 
d (595) of the values of the differential coefficients which are given 
' (581), we obtain 

Q=-<|, W^^p^, (596) 

here A, B, and C represent the expressions indicated by (582)-(584). 
will be observed that the values of Q and W are in general infinite 
r the surface of discontinuity between coexistent phases which 
ffer infinitesimally in composition, and change sign with the quantity 
When the phases are absolutely identical in composition, it is not 
general possible to counteract the effect of extension of the surface 
discontinuity by any supply of heat. For the matter at the surface 
11 not in general have the same composition as the homogeneous 
isses, and the matter required for the increased surface cannot be 
tained from these masses without altering their phase. The infinite 
lues of Q and W are explained by the fact that when the phases 
^ nearly identical in composition, the extension of the surface of 

See Proc. Roy. Soc,^ voL ix, p. 255 (June, 1858) ; or PhU, Mag,, ser. 4, vol. zvii, 
61. 
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discontinuity is accompanied by the vaporization or condensation 
of a very large mass, according as the liquid or the vapor is the richer 
in that component which is necessary for the formation of the surface 
of discontinuity. 

If, instead of considering the amount of heat necessary to keep the 
phases from altering while the surface of discontinuity is extended, 
we consider the variation of temperature caused by the extension of 
the surface while the pressure remains constant, it appears that this 
variation of temperature changes sign with yi''y2'""yi'yx'> ^ 
vanishes with this quantity, ie., vanishes when the composition of the 
phases becomes the same. This may be inferred from the statements 
on page 99, or from a consideration of the figure on page 125. When 
the composition of the homogeneous masses is initially absolatelf 
identical, the effect on the temperature of a finite extension or 
contraction of the surface of discontinuity will be the same, — either 
of the two will lower or raise the temperature according as tiie 
temperature is a maximum or minimum for constant pressure. 

The effect of the extension of a surface of discontinuity which is 
most easily verified by experiment is the effect upon the tensca 
before complete equilibrium has been reestablished throughout the 
adjacent masses. A fresh surface between coexistent phases may be 
regarded in this connection as an extreme case of a recently extended 
surface. When sufficient time has elapsed after the extension of s 
surface originally in equilibrium between coexistent phases, the 
superficial tension will evidently have sensibly its original value, 
unless there are substances at the surface which are either not found 
at ail in the adjacent masses, or are found only in quantities com- 
parable to those in which they exist at the surface. But a surface 
newly formed or extended may have a very different tension. 

This will not be the case, however, when there is only a single 
component substance, since all the processes necessary for equiUbrinm 
are confined to a film of insensible thickness, and will require no 
appreciable time for their completion. 

When there are two components, neither of which is confined 
to the surface of discontinuity, the reestablishment of equilibrium 
after the extension of the surface does not necessitate any processes 
reaching into the interior of the masses except the transmission of 
heat between the surface of discontinuity and the interior of the 
masses. It appears from equation (693) that if the tension of the 
surface diminishes with a rise of temperature, heat must be supplied 
to the surface to maintain the temperature uniform when the svabce 
is extended, i.e., the effect of extending the surface is to cool it ; but 
if the tension of any surface increases with the temperature, ihe 



EQUILIBRIUM OF HETEROGENEOUS SUBSTANCES. 273 

Feet of extending the surface will be to raise its temperature. In 
bher case, it will be observed, the immediate effect of extending the 
Lrface is to increase its tension. A contraction of the surface will 

course have the opposite effect. But the time necessary for the 
testablishment of sensible thermal equilibrium after extension or 
»ntraction of the surface must in most cases be very short. 
In regard to the formation or extension of a surface between two 
)existent phases of more than two components, there are two 
ctreme cases which it is desirable to notice. When the superficial 
3iisity of each of the components is exceedingly small compared with 
8 density in either of the homogeneous masses, the matter (as well 
) the heat) necessary for the formation or extension of the normal 
irface can be taken from the immediate vicinity of the surface 
ithout sensibly changing the properties of the masses from which it 
taken. But if any one of these superficial densities has a consider- 
ble value, while the density of the same component is very small in 
ich of the homogeneous masses, both absolutely and relatively to 
16 densities of the other components, the matter necessary for the 
>rmation or extension of the normal surface must come from a 
^nsiderable distance. Especially if we consider that a small 
ifference of density of such a component in one of the homogeneous 
lasses will probably make a considerable difference in the value of 
he corresponding potential {see eq. (217)}, and that a small difference 
a the value of the potential will make a considerable difference in 
he tension {see eq. (508)}, it will be evident that in this case a 
onsiderable time will be necessary after the formation of a fresh 
surface or the extension of an old one for the reestablishment of 
the normal value of the superficial tension. In intermediate cases, 
the reestablishment of the normal tension will take place with 
different degrees of rapidity. 

But whatever the number of component substances, provided that 
it is greater than one, and whether the reestablishment of equilibrium 
is slow or rapid, extension of the surface will generally produce 
increase and contraction decrease of the tension. It would evidently 
^ inconsistent with stability that the opposite effects should be 
'tKiuced. In general, therefore, a fresh surface between coexistent 
bases hsiS a greater tension than an old one.* By the use of fresh 
^rfaces, in experiments in capillarity, we may sometimes avoid the 
Sect of minute quantities of foreign substances, which may be 



^ When, however, homogeneous masses which have net coexistent phases are brought 
^to oontaot, the superficial tension may increase with the course of time. The 
^perfioial tension of a drop of alcohol and water placed in a large room will increase as 
^ potential for alcohol is equalized throughout the room, and is diminished in the 
'^^^ty of the surface of discontinuity. 

O.I. S 
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present without our knowledge or desire, in the fluids which meet at 
the surface investigated. 

When the establishment of equilibrium is rapid, the variation of 
the tension from its normal value will be manifested especially during 
the extension or contraction of the surface, the phenomenon resembling 
that of viscosity, except that the variations of tension arising from 
variations in the densities at and about the surface will be the same 
in all directions, while the variations of tension due to any property 
of the surface really analogous to viscosity would be greatest in 
the direction of the most rapid extension. 

We may here notice the different action of traces in the homogeneons 
masses of those substances which increase the tension and of those 
which diminish it. When the volume-<lensities of a component are 
very small, its surface-density may have a considerable positive valoe, 
but can only have a very minute negative one.* For the value 
when negative cannot exceed (numerically) the product of the 
greater volume-density by the thickness of the non-homogeneous 
film. Elach of these quantities is exceedingly small The smfaoe- 
density when positive is of the same order of magnitude as the 
thickness of the non-homogeneous film, but is not necessarily small 
compared with other surface-densities because the volume-densities 
of the same substance in the adjacent masses are smalL Now 
the potential of a substance which forms a very small part of a 
homogeneous mass certainly increases, and probably very rapidly, as 
the proportion of that component is increased. {See (171) and (217)l} 
The pressure, temperature, and the other potentifiJs, will not be 
sensibly affected. {See (98).} But the effect on the tension of this 
increase of the potential will be proportional to the surfaoe-densitjr, 
and will be to diminish the tension when the surface-density is 
positive. {See (508).} It is therefore quite possible that a veiy 
small trace of a substance in the homogeneous masses should greatly 
diminish the tension, but not possible that such a trace should 
greatly increase it.t 



* It is here supposed that we have chosen for components such substanoes as an 
incapable of resolution into other components which are independently variable in th0 
homogeneous masses. In a mixture of alcohol and water, for example, the compoitfati 
must be pure alcohol and pure water. 

fFrom the experiments of M. £. Duclaux {Annales de Chimie tt de Physique, set. i 
vol. xxi, p. 383), it appears that one per cent, of alcohol in water will diminiih tli» 
superficial tension to '933, the value for pure water being unity. The experiments do 
not extend to pure alcohol, but the difiference of the tensions for mixtures ai akobfli 
and water containing 10 and 20 per cent, water is comparatively small, the temiaoi 
being *322 and *336 respectively. 

According to the same authority (page 427 of the volume cited), one 3200th part ^ 
Castile soap will reduce the superficial tension of water by one-fourth ; one SOOch part 
of soap by one-half. These determinations, as well as those relating to alcohol and 



EQXniJBRIUM OF HETEROGENEOUS SUBSTANCES. 276 

Impermeable FUma. 

We have so far supposed, in treating of surfaces of discontinuity, 
lat they afford no obstacle to the passage of any of the component 
ibstances from either of the homogeneous masses to the other. The 
use, however, must be considered, in which there is a film of matter 
; the surface of discontinuity which is impermeable to some or all of 
le components of the contiguous masses. Such may be the case, 
>r example, when a film of oil is spread on a surface of water, even 
hen the film is too thin to exhibit the properties of the oil in mass. 
I such cases, if there is communication between the contiguous 
asses through other parts of the system to which they belong, such 
lat the components in question can pass freely from one mass to the 
lier, the impossibility of a direct passage through the film may be 
(garded as an immaterial circumstance, so far as states of equilibrium 
re concerned, and our formulas will require no change. But when 
lere is no such indirect communication, the potential for any 
»mponent for which the film is impermeable may have entirely 
ifiTerent values on opposite sides of the film, and the case evidently 
quires a modification of our usual method. 

A single consideration will suggest the proper treatment of such 
18^ If a certain component which is found on both sides of a film 
mnot pass from either side to the other, the fact that the part of the 
>mponent which is on one side is the same kind of matter with the 
3urt on the other side may be disregarded. All the general relations 
lUst hold true, which would hold if they were really different 
ibstancea We may therefore write fi^ for the potential of the 
3mponent on one side of the film, and fi^ for the potential of the 
Etme substance (to be treated as if it were a different substance) on 
he other side; m\ for the excess of the quantity of the substance 
m the first side of the film above the quantity which would be on 
ihat side of the dividing surface (whether this is determined by the 
surface of tension or otherwise) if the density of the substcuice were 
the same near the dividing surface as at a distance, and m| for a 
similar quantity relating to the other side of the film and dividing 

w&ter, are made by the method of drops, the weight of the drops of different liquids 
!&om the same pipette) being regarded as proportional to their superficial tensions. 

M. Athanase Dupr^ has determined the superficial tensions of solutions of soap by 
liflerent methods. A statical method gives for one part of common soap in 5000 of 
'Uer a superficial tension about one-half as great as for pure water, but if the tension 
^ measured on a jet close to the orifice, the value (for the same solution) is sensibly 
il^tical with that of pure water. He explains these different values of the superficial 
^)tioii of the same solution as well as the great effect on the superficial tensicm 
^ch a very smaU quantity of soap or other trifling impurity may produce, by the 
^Qdenoy of the soap or other substance to form a film on the surface of the liquid. 
^ AnRolts de Chimie tt de Physique, ser. 4, voL vii, p. 409, and vol. ix, p. 379.) 
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surface. On the same principle, we may use F^ and T^ to denote the 
values of m? and m| per unit of surface, and m^\ vn^, y/, y,' to 
denote the quantities of the substance and its densities in the two 
homogeneous masses. 

With such a notation, which may be extended to cases in which 
the film is impermeable to any number of components, the equations 
relating to the surface and the contiguous masses will evidenUy have 
the same form as if the substances specified by the different suffixes 
were all really difierent. The superficial tension will be a function 
of jj^ and juL^, with the temperature and the potentials for the 
other components, and — F^, — Fg will be equal to its differential 
coefficients with respect to /i^ and jjl^. In a word, all the general 
relations which have been demonstrated may be applied to this 
case, if we remember always to treat the component as a different 
substance according as it is found on one side or the other of the 
impermeable film. 

When there is free passage for the component specified by the 
suffixes 1 and 2 through other parts of the system (or through any 
flaws in the film), we shall have in case of equilibrium fJLi=fif» If 
we wish to obtain the fundamental equation for the surface when 
satisfying this condition, without reference to other possible states 
of the surface, we may set a single symbol for /i^ and ^ in the 
more general form of the fundamental equation. Cases may ooear 
of an impermeability which is not absolute, but which renders the 
transmission of some of the components exceedingly slow. In each 
cases, it may be necessary to distinguish at least two different 
fundamental equations, one relating to a state of approximate 
equilibrium which may be quickly established, and another relating 
to the ultimate state of complete equilibrium. The latter may be 
derived from the former by such substitutions as that just indicated. 

The Conditions of Internal Equilibrium for a System of Edero- 
geneous Fluid Masses without neglect of the Influence of the 
Sv/rfaces of Discontinuity or of Chravity. 

Let us now seek the complete value of the variation of the energy 
of a system of heterogeneous fluid masses, in which the influence of 
gravity and of the surfaces of discontinuity shall be included, and 
deduce from it the conditions of internal equilibrium for sudi a 
system. In accordance with the method which has been developed, 
the intrinsic energy (i.e. the part of the energy which is independent 
of gravity), the entropy, and the quantities of the several components 
must each be divided into two parts, one of which we regard as 
belonging to the surfaces which divide approximately homogeneous 
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[nasses, and the other as belonging to these masses. The elements 
>f intrinsic energy, entropy, etc., relating to an element of surface 
Da will be denoted by De®, 2V, Dm\ , 2>wi| , etc., and those relating 
x) an element of volume Dv, by De^, Dtf^, DrhJ, Dvil, etc. We 
jhall also use Dm^ or T Da and Drh^ or yZ)v to denote the total 
juantities of matter relating to the elements Da and Dv respectively. 
Chat is, 

Dm^=^TDa==Dm^i+Dm\+eic., (597) 

Drn7 = yDv = DmX+D7ril+etc. (598) 

rhe part of the energy which is due to gravity must also be divided 
nto two parts, one of which relates to the elements Dm^, and the 
)ther to the elements Dm^, The complete value of the variation of 
ihe energy of the system will be represented by the expression 

S/De^+S/D^+S/gz Dm7 + S/gz Dm», (699) 

n which g denotes the force of gravity, and z the height of the 
element above a fixed horizontal plane. 

It will be convenient to limit ourselves at first to the consideration 
)f reversible variations. This will exclude the formation of new 
nasses or surfaces. We may therefore regard any infinitesimal 
irariation in the state of the system as consisting of infinitesimal 
variations of the quantities relating to its several elements, and 
3ring the sign of variation in the preceding formula after the sign 
)f integration. If we then substitute for SDe^, SD^, SDrn7y SDm^, 
he values given by equations (13), (497), (597), (598), we shall have 
:or the condition of equilibrium with respect to reversible variations 
>f the internal state of the system 

ftSDf -fpSDv+f/iiSDntJ+fiuL^SIhril+etc. 
+/tSDff+fa'SD8+/juL^SDm\+f/i^SDm%+etc 

+/gSzDm^+/gzSDmX +/gzSDnil+ etc. 

-^fgSzDm^+fgzSDm^i +/gzSDm\+etc = 0. (600) 

Since equation (497) relates to surfaces of discontinuity which are 
nitially in equilibrium, it might seem that this condition, although 
dways necessary for equilibrium, may not always be sufficient. It 
B evident, however, from the form of the condition, that it includes 
Jie particular conditions of equilibrium relating to every possible 
leformation of the system, or reversible variation in the distribution 
>f entropy or of the several components. It therefore includes 
dl the relations between the different parts of the system which 
ure necessary for equilibrium, so far as reversible variations are 
x>ncemed. (The necessary relations between the various quantities 
relating to each element of the masses and surfaces are expressed 



278 EQUIUBRIUM OF HETEROGENEOUS 8UB8TANCBL 

by the fundamental equation of the mam or mirfaoe ooooprmd.ar mt 
be immediately derived from it See pp. 85-89 aod 22^231.) 

The variations in (GOO) are subject to the oondilioiw which um 
from the nature of the system and from the suppoaitioo that tki 
changes in the system are not such as to affect external bodica Thi 
supposition is necessary, unless we are to consider the variauaoi a 
the state of the external bodies, and is evidently allowable in 9M^ 
the conditions of e<]uilibrium which relate to the interior ^ tk 
system.* But before we consider the equations of conditioo ■ 
detail, we may divide the condition of equilibrium (600) into tk 
three conditions 

+etc = 0. (M 

For the variations which occur in any one of the three are erilcad; 
independent of those which occur in the other two, and the eqnstioi 
of condition will relate to one or another of these cot>diti« 
separately. 

The variations in condition (601 ) are subject to the eoodicioo tte 
the entropy of the whole system shall remain constant This mar b 
expressed by the equation 

To satisfy the condition thus limited it is necesaar}* and suflkie&t tki 

/ = const. t^^S 

throughout the whole system, which is the condition of tbrnx* 
equilibrium. 

The conditions of mi*chanical i»quilibrium. or thiis*» that n-!*:' * 
the possible deformation of the system, are contained in <602i «ixfi 
may also 1k» written 



• \W have ivHnrtinirs givfn a phynioal I'xprmiiim to a vuppimtum vi ihn k*i ■ 
|>n>)*lrinii in which thv ptx-uliAr c^oiulition *»f mattrr in the vicinity -irf i«rbr« i 
(linrtintinuity wm u*\np nrgU^tMi, hy rrganiinK tht* fly«trin m ■umnuMlcd hj * n^ ■* 
imprnnc«Mi* mvrlii|>. Hut the nmn* rxAct trcAtmrnt which «r arr mm %$> ^^« tl 
pn»)»lfm of <M|uih)inum would n-^juirr uii to tAke •romnt «rf thr in(!u«»cr -4 tbr #«•«« 
on the imme<iiAt4*ly Adjjux-nt mAtt4*r. Siiui- thin iuv«ilvi-« thr <tHiMti«-rmt»i«i ^4 mr^m 
of divcnntinuity )H'twr<«>n «iili(lii ami fluicin. am! wr wmh t*^ limit ourftrhtw at fnm 
to thr vonHidrratiivffi of the «M|uililinuin i»f fluid hiamm**, we whAll invr up the iw.«^ 
of an impcrmratile envelop, aimI n-^eiird the iiystem mm iHrtimleil ■iinpl% hy an -.a^sm 
■nrfai'e, which in iH>t a nurfai'e i>f di"o(tittinuity. The vahatioivi *4 the c^Mr^ mt.< 
tuch aa do iwit deform the unrface, nor affect the matter external ti» it. 
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It wiU be observed that this condition has the same form as if 
the different fluids were separated by heavy and elastic membranes 
without rigidity and having at every point a tension uniform in 
all directions in the plane of the surface. The variations in this 
formula, beside their necessary geometrical relations, are subject to 
liie conditions that the external surface of the system, and the lines 
in which the surfaces of discontinuity meet it, are fixed. The formula 
may be reduced by any of the usual methods, so as to give the 
particular conditions of mechanical equilibrium. Perhaps the following 
method will lead as directly as any to the desired result. 

It will be observed the quantities affected by S in (606) relate 
exclusively to the position and size of the elements of volume and 
surface into which the system is divided, and that the variations Sp 
and S<r do not enter into the formula either explicitly or implicitly. 
The equations of condition which concern this formula also relate 
exclusively to the variations of the system of geometrical elements, 
and do not contain either Sp or So-, Hence, in determining whether 
the first member of the formula has the value zero for every possible 
variation of the system of geometrical elements, we may assign to 
ip and So- any values whatever which may simplify the solution of 
the problem, without inquiring whether such values are physically 
possible. 

Now when the system is in its initial state, the pressure p, in each 
of the parts into which the system is divided by the surfaces of 
tension, is a function of the co-ordinates which determine the position 
of the element Dv, to which the pressure relates. In the varied state 
of the system, the element Dv will in general have a different position. 
Let the variation Sp be determined solely by the change in position 
of the element Dv. This may be expressed by the equation 

in which t^, -J-, -^ are determined by the function mentioned, 

and Sx, Sy, Sz by the variation of the position of the element Dv, 

Again, in the initial state of the system the tension or, in each of 
the different surfaces of discontinuity, is a function of two co-ordinates 
toi, w^, which determine the position of the element Ds, In the varied 
state of the system, this element will in general have a different 
position. The change of position may be resolved into a component 
lying in the surface and another normal to it. Let the variation Sar 
be determined solely by the first of these components of the motion of 
Da, This may be expressed by the equation 
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in which ;i— , ;%— are determined by the function mentioocd. m 

S»i, Sw^, hy the component of the motion of At which Um ia Ui 
plane of the surface. 

With this understanding, which is also to apply to op ifti m 
when contained implicitly in any expression, we shall pnjeecd to *Jhi 
reduction of the condition (606). 

With respect to any one of the volumes into which the lyMea i 
divided by the surfaces of discontinuity, we may write 

fp iDv^ Sfp Dv-fip Dv. 

But it is evident that 

SfpDv^fpSKD^, 

where the second integral relates to the surfaces of dmontiaai! 
bounding the volume considered, and SN denotes the 
component of the motion of an element of the surface, 
outward. Hence, 

JpSDv^/p SNDn^fip Dv. 

Since this equation is true of each separate volume into which th 
system is divided, we may write for the whole system 

fpS Dv^f{p-p')SN Ds^fip Dv, iW 

where p' and p" denote the pressures on opposite sides of the ckafl 
Dh, and 8N is measured toward the side specified by douMe accmnk 
Again, for each of the surfaces of discontinuity, taken separtteir 

/(rSDs^S/o'DH'-JStrD*. 
and 

S/a- DM^/(rir^^c^)SX Dm-^/ctSTDI, 

where c^ and c, denote the princi])al cur\aturt»« of ih* <xri* 
(positive, when the centers are on the side oppwito to tlut U'**? 
which SX is measured), Dl an element <>f the |H'rimetor of the y^ri»f^ 
and ST the component of the motion of this element which li^ is ^ 
plane of the surface and is i)er]>endicular to the |)eri meter ipnu^ 
when it extends the surface). Hence we have for the whole ^pua 

where the inte^^ration of the elementM Dl extends to all the liv» ' 
which the surface's of discontinuity meet, ami th«» sjTiiUJ 1 «iH>* 
a summation with n»s|)ect to the several surfaces which meet in «« 
a line. 

By (Hiuations (609) and (610), the jr^neral condition of mechAfitf 
ei|uilibrium is reduc^ed to the fonn 

-hp-p")oX D^-^/op />r-f/(T(rj + o,)o-V IPm 

+/i;((ToT)ZW-/cJ<r />^+/r/yo: Dv^hjlc: /K«0 



iUILIBRIUM OF HETEROGENEOUS SUBSTANCES. 281 

and combining terms, we have 

\z + &p) Dv +/[(JP" -P1 S^+ <r(^i + ^2) SN+9^ Sz - S<r] Da 

+fX{crST)Dl = 0. (611) 

this condition, it is evidently necessary that the coefficients 
and Dl shall vanish throughout the system, 
that the coefficient of Dv shall vanish, it is necessary and 
hat in each of the masses into which the system is divided 
faces of tension, p shall be a function pf z alone, such that 

' that the coefficient of Da shall vanish in all cases, it is 
and sufficient that it shall vanish for normal and for 
movements of the surffitce. For normal movements we 

S<r=0, and Sz^cosOSN, 

3notes the angle which the normal makes with a vertical 
first condition therefore gives the equation 

p'^p'' = cr(c^+c^)+gT cose, (613) 

t hold true at every point in every surface of discontinuity. 
:ion with respect to tangential movements shows that in 
^e of tension er is a function of z alone, such that 

da- 



dz 



=gT. (614) 



' that the coefficient of Dl in (611) shall vanish, we must 
'.very point in every line in which surfaces of discontinuity 
tor any infinitesimal displacement of the line, 

2(0- 57) = 0. (615) 

tion evidently expresses the same relations between the 
E the surfaces meeting in the line and the directions of 
Jars to the line drawn in the planes of the various surfaces, 
[ for the magnitudes and directions of forces in equilibrium 

tion (603), the variations which relate to any component are 
rded as having the value zero in any part of the system in 
', substance is not an actual component.* The same is true 

actual component has been defined for homogeneous masses on page 64, 
lition may be extended to surfaces of discontinuity. It will be observed 
tance is an actual component of either of the masses separated by a surface 
ity, it must be regarded as an actual component for that surface, as weU aa 
-8 at the surface but not in either of the contiguous masses. 
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with respect to the equations of condition, which are of the form 

fSDTal+fSIhni^^ 



etc. 



(616) 



(It is here supposed that the various components are independent, Le^, 
that none can be formed out of others, and that the parts of the 
system in which any component actually occurs are not entirely 
separated by parts in which it does not occur.) To satisfy tiie 
condition (603), subject to these equations of condition, it is necessary 
and sufficient that the conditions 



I, J 



fi^+gz=M^,\ (617> 

etc.. 



{M^ yM^ , etc. denoting constants,) shall each hold true in those partft 
of the system in which the substance specified is an actual oomponeat^ 
We may here add the condition of equilibrium relative to the possibb 
absorption of any substance (to be specified by the suffix «) by parts 
of the system of which it is not an actual component^ viz., that the 
expression fia+gz must not have a less value in such parts of the 
system than in a contiguous part in which the substance is an actual 
component. 

From equation (613) with (605) and (617) we may easily obtain 
the differential equation of a surface of tension (in the geometrical 
sense of the term), when p\ p'\ and <t are known in terms of the 
temperature and potentials. For q+Cg and Q may be expressed in 
terms of the first and second difi*erential coefficients of z with respect 
to the horizontal co-ordinates, and p\ p'\ o-, and V in terms of the 
temperature and potentials. But the temperature is constant, and for 
each of the potentials we may substitute — gz increased by a constant 
We thus obtain an equation in which the only variables are z and its 
first and second differential coefficients with respect to the horizontal 
co-ordinates. But it will rarely be necessary to use so exact a method 
Within moderate differences of level, we may regard y', y", and tr «8 
constant. We may then integrate the equation {derived from (612)} 

^p'-p")=gW'-y')dz, • 

which will give 

^'-p" = flr(y--y')«, (618) 

where is to be measured from the horizontal plane for which jp'=/' 
Substituting this value in (613), and neglecting the term containing 
r, we have 

c^+c,=?(z:rX)«, (619) 



( 
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lere the coefficient of 2^ is to be regarded as constant. Now the 
lae of z cannot be very large, in any surface of sensible dimensions, 
Jess y"— y' is very small. We may therefore consider this equation 
practically exact, unless the densities of the contiguous masses are 
^ry nearly equal. If we substitute for the sum of the curvatures 
B value in terms of the differential coefficients of z with respect to 
le horizontal rectangular co-ordinates, x and y, we have 

/ cfe*\cp0 ^dz^dz^ d^z (^ dz^\dPz 

, dz^dz^^ a- ^' ^^ > 

^^^-^di') 

With regard to the sign of the root in the denominator of the fraction, 
it is to be observed that, if we always take the positive value of 
the root, the value of the whole fraction will be positive or negative 
leoording as the greater concavity is turned upward or downward. 
But we wish the value of the fraction to be positive when the greater 
DODcavity is turned toward the mass specified by a single accent 
We should therefore take the positive or negative value of the root 
leoording as this mass is above or below the surface. 

The particular conditions of equilibrium which are given in the 
last paragraph but one may be regarded in general as the conditions 
of chemical equilibrium between the different parts of the system, 
since they relate to the separate components.* But such a designation 
is not entirely appropriate unless the number of components is greater 
than one. In no case are the conditions of mechanical equilibrium 
entirely independent of those which relate to temperature and the 
potentials. For the conditions (612) and (614) may be regarded as 
eoQsequences of (605) and (617) in virtue of the necessary relations 
(98) and (508). t 

The mechanical conditions of equilibrium, however, have an especial 
unportance, since we may always regard them as satisfied in any 
Kquid (and not decidedly viscous) mass in which no sensible motions 
^ observable. In such a mass, when isolated, the attainment of 
mechanical equilibrium will take place very soon; thermal and chemical 
^uilibrium will follow more slowly. The thermal equilibrium will 
S^nerally require less time for its approximate attainment tlian the 
chemical; but the processes by which the latter is prorluced will 
K^nerally cause certain inequalities of tem[ierature until a state of 
^mplete equilibrium is reached. 

*Coiioeming another kind of oooditicmii of chemical t/tinili^trium, which nrUt« Ut th« 
aoleciilar arrangement of the oomponenta, and wA, to their •erufihie «lmtn\mtum in 
9>ioe, see pages 13S-144. 

f Gompare page 146, where a nmilar prr>blem in InAXM with//ut regard Ut th« infltumo* 
f the furfaoea of diaoootimiity. 
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When a surface of discontinuity has more components than one 
which do not occur in the contiguous masses, the adjustment of the 
potentials for these components in accordance with equations (617) 
may take place very slowly, or not at all, for want of sufficient 
mobility in the components of the surface. But when this sur&oe 
has only one component which does not occur in the contigooos 
masses, and the temperature and potentials in these masses satisfy 
the conditions of equilibrium, the potential for the component peculiar 
to the surface will very quickly conform to the law expressed in (617), 
since this is a necessary consequence of the condition of mechanical 
equilibrium (614) in connection with the conditions relating to tem- 
perature and the potentials which we have supposed to be satiafiei 
The necessary distribution of the substance peculiar to the sor&oe 
will be brought about by expansions and contractions of the surface. 
If the surfa.ce meets a third mass containing this component and no 
other which is foreign to the masses divided by the surface, the 
potential for this component in the surface will of course be deter- 
mined by that in the mass which it meets. 

The particular conditions of mechanical equilibrium (612)-(615), 
which may be regarded as expressing the relations which must subsist 
between contiguous portions of a fluid system in a state of mechanical 
equilibrium, are serviceable in determining whether a given system 
is or is not in such a state. But the mechanical theorems which 
relate to finite parts of the system, although they may be deduced 
from these conditions by integration, may generally be more easily 
obtained by a suitable application of the general condition of 
mechanical equilibrium (606), or by the application of ordinaiy 
mechanical principles to the system regarded as subject to the forces 
indicated by this equation. 

It will be observed that the conditions of equilibrium relating to 
temperature and the potentials are not afiected by the surfaces of 
discontinuity. {Compare (228) and (234).}* Since a phase cannot 
vary continuously without variations of the temperature or the 
potentials, it follows from these conditions that the phase at any 
point in a fluid system which has the same independently variable 
components throughout, and is in equilibrium under the influence of 
gravity, must be one of a certain number of phases which are 
completely determined by the phase at any given point and the 
difference of level of the two points considered. If the phasee 



* If the fluid system is divided into separate masses by solid diaphragms which ttt 
permeable to all the components of the fluids independently, the oonditioDB of equi- 
librium of the fluids relating to temperature and the potentials will not be affiBCted. 
(Compare page 84. ) The propositions which follow in the above paragraph may be 
extended to this case. 



I 
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throughout the fluid system satisfy the general condition of practical 
stability for phases existing in large masses (viz., that the pressure 
shall be the least consistent with the temperature and potentials), 
they will l^ entirely determined by the phase at any given point and 
the differences of level (Compare page 149, where the subject is 
treated without regard to the influence of the surfaces of discon- 
tinuity.) 

Conditions of equilibrium relating to irreversible changes. — The 
conditions of equilibrium relating to the absorption, by any part of 
the system, of substances which are not actual components of that part 
have been given on page 282. Those relating to the formation of 
new masses and surfaces are included in the conditions of stability 
relating to such changes, and are not always distinguishable from 
them. They are evidently independent of the action of gravity. We 
have already discussed the conditions of stability with respect to 
the formation of new fluid masses within a homogeneous fluid and at 
the surface when two such masses meet (see pages 252-264), as well 
as the condition relating to the possibility of a change in the nature 
of a surface of discontinuity. (See pages 237-240, where the surface 
considered is plane, but the result may easily be extended to curved 
surfaces.) We shall hereafter consider, in some of the more import- 
ant cases, the conditions of stability with respect to the formation 
of new masses and surfaces which are peculiar to lines in which 
several surfaces of discontinuity meet, and points in which several 
such lines meet. 

Conditions of stability relating to the whole system. — Besides the 
conditions of stability relating to very small parts of a system, 
which are substantially independent of the action of gravity, and 
are discussed elsewhere, there are other conditions, which relate to 
the whole system or to considerable parts of ii To determine the 
question of the stability of a given fluid system under the influence 
of gravity, when all the conditions of equilibrium are satisfied as 
well as those conditions of stability which relate to small parts of 
the system taken separately, we may use the method described on 
page 249, the demonstration of which (pages 247, 248) will not 
require any essential modification on account of gravity. 

When the variations of temperature and of the quantities M^, M^, 
etc {see (617)} involved in the changes considered are so small that 
they may be neglected, the condition of stability takes a very simple 
form, as we have already seen to be the case with respect to a 
system uninfluenced by gravity. (See page 251.) 

We have to consider a varied state of the system in which the 
total entropy and the total quantities of the various components are 
unchanged, and all variations vanish at the exterior of the system, — 
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in which, moreover, the conditions of equilibrium relating to Um- 
perature and the potentials are satisfied, and the relations expressed 
by the fundamental equations of the masses and surfaces are to be 
regarded as satisfied, although the state of the system is not odb 
of complete equilibrium. Let us imagine the state of the system 
to vary continuously in the course of time in accordance with these 
conditions and use the symbol d to denote the simultaneous changes 
which take place at any instant. If we denote the total energy of 
the system by E, the value of dE may be expanded like that 
of SE in (599) and (600), and then reduced (since the values of 
^» A4+fl'^» fh+9^f ^^> ^^^ uniform throughout the system, and the 
total entropy and total quantities of the several components m 
constant) to the form 

dE^ -^/pdOv+fgdzDm^+fa-dDs+fgdzDm^ 

= -fp dDv +fg ydzDv +fa' dDs +/g T dz Da, (621) 

where the integrations relate to the elements expressed by the 
symbol D. The value of p at any point in any of the variow 
masses, and that of a- at any point in any of the various surfaott 
of discontinuity are entirely determined by the temperature and 
potentials at the point considered. If the variations of t and Jf^, 
M^, etc. are to be neglected, the variations of p and a- will be 
determined solely by the change in position of the point considerei 
Therefore, by (612) and (614), 

dp^'-gydz, da-^gVdz; 
and 

dE= --fpdDv-fdpDv+fadDs+fdcrDs 

= -^dfpDv+dfcrDa. (622) 

If we now integrate with respect to c?, commencing at the given state 
of the system, we obtain 

A^= -A/pDv + A/crDs, (623) 

where A denotes the value of a quantity in a varied state of the 
system diminished by its value in the given state. This is true for 
finite variations, and is therefore true for infinitesimal variations 
without neglect of the infinitesimals of the higher orders. The con- 
dition of stability is therefore that 

A/pDv-A/aDa < 0, (624) 

or that the quantity 

/pDv-^/aDa (62S) 

has a maximum value, the values of p and o-, for each different ma» 
or surface, being regarded as determined functions of z. (In ordinary 
cases a- may be regarded as constant in each surface of discontiniiityi 
and p as a linear function of z in each different mass.) It may easily 
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e shown (compare page 252) that this condition is always aujfficient 
>r stability with reference to motion of surfaces of discontinuity, 
^en when the variations of t, M^,M^j etc. cannot be neglected in the 
etermination of the neceaaa/ry condition of stability with respect to 
uch changes. 

)n the PoasibiZity of the Formation of a New 8v/rface of Discon- 
tinuity where several 8v/rfaces of Discontinuity meet 

When more than three surfaces of discontinuity between homo- 
geneous masses meet along a line, we may conceive of a new surface 
bemg formed between any two of the masses which do not meet in a 
surface in the original state of the system. The condition of stability 
with respect to the formation of such a surface may be easily obtained 
by the consideration of the limit between stability and instability, as 
exemplified by a system which is in equilibrium when a very small 
surface of the kind is formed. 

To fix our ideas, let us suppose that there are four homogeneous 
masses A, B, C, and D, which meet one another in four surfaces, 
which we may call A-B, B-C, C-D, and D-A, these surfaces all meeting 
along a line L. This is indicated in figure 11 by a section of the 






Fig. 11. Fig. 12. 

wirfaces cutting the line L at right angles at a point 0. In an 
infinitesimal variation of the state of the system, we may conceive of 
ft small surface being formed between A and C (to be called A-C), 
so that the section of the surfaces of discontinuity by the same plane 
takes the form indicated in figure 12. Let us suppose that the 
condition of equilibrium (615) is satisfied both for the line L in which 
the sorfa^ces of discontinuity meet in the original state of the system, 
•M for the two such lines (which we may call 1/ and L") in the 
varied state of the system, at least at the points 0' and 0" where 
they are cut by the plane of section. We may therefore form a 
qoadrilaterai of which the sides a^, fiy, yS, Sa are equal in numerical 
value to the tensions of the several surfaces A-B, B-C, C-D, D-A, 
tod are parallel to the normals to these surfaces at the point in 
the original state of the system. In like manner, for the varied state 
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of the system wc can construct two triangles ha\nng aimilar r^Uu-iSi 
to the surfaces of discontinuity meeting at O' and W. Bat tk 
directions of the nonnals to the surfaces A-B and B-C at < 9 and tc^ 
C-D and D-A at O" in the varied state of the system differ ia&njtrfr 
little from the directions of the corresponding normals at O ta U« 
initial state. We may therefore regard aff, fiy as two ^Oe* uf tk 
triangle representing the surfac(*s meeting at O'. and yi, «a w i«« 
sides of the triangle representing the surfaces meeting at O". Tbn^ 
fore, if we join ay. this line will represent the direction of thir nonui 
to the surface A-C, and the value of its tension. If the t«*a«i>v of i 
surface between such masses as A and C ha<l been greater than ihm 
represented by ay, it is evident that the initial state of the «r4f« 
of surfaces (repn'sented in figure 11) would have been stable mrtk 
respect to the possible formation of any such surface. If the u«aa 
had lieen less, the state of the system would have been at W«« 
practically unstable. To determine whether it is unstable in ikr 
strict sense of the tenn, or whether or not it is proptriy u> k 
regarded as in equilibrium, would ref|uire a more refin**«l aas^j^a 
tlian we have used.* 

The result which we have obtained may Ih* generalised as l<&m\ 
When more than three surfaces of discontinuity in a fluid mua 
meet in equilibrium along a line, with respect to the surfaces ui 
masses immediately adjacent to any point of this line, we may fon 
a polygon of which the angular points shall correspond in ivdcr %» 
the different masses separated by the surfaces of di.««untiniiitT. ui 

•We may hen* n.*inArk tliat a iifarer appmximation in the th«*»ry «»f <«{aili>ifr3a m^ 
utability might \n* attaine«l \ty taking iipii.*ial acTnuiit, in nur ^^-nenU niaau-vn t up 
line* in which Mirfaci*H of (liik*(intinuity meet. Thv«' hn«« mi^jht hr XrmiM a * 
manner outirely analdgcms t<i tliat in which we have trvatnl Aurfacm *ti fii»««:t.5sj:.i 
We might n'c<ignize hnt<ar (U*n«itii*e i*f cncrg}-. «»( entmpy. aiKl *il tbe arrtrL «* 
«tanct>ii which itccvLV altotit the line, alm> a c«TtAin linrAr trnuMfi. With i twf n^ » 
them; (|uantitic8 ami tht* tenipiTature an<l ptktentialn. rvlathUM wuukl ht>M anal^v^ 
thiMM. which have U<en denionHtrati^l for iiurfac*** nf <liM<«intinuity. <.Srr |i^ 29- ff- 
If the Huni tif the tenMinnn of the linen 1/ ami L*. mention«'d aU»ve. i« ^rr^ut um ur 
tensitm of the line L, thin line will lie in Htrictneiw Atahlr (although prarticalli .stfC*^ 
with re«p«*ct to the format if >n c»f a Hurface lietwev-n A and i\ when th« tro»c I m^ 
a nurfatx* in a little lew than that reprt*M.«nte«I hy the iliai^tmal «<>. 

The dilTen'nt use of the term //m#-/iVvi//y un*titUf in fli!fen*nt parta 4tf thw pap«r at^ 
not create oonfu^iou, aince the gi*neral mt-aning of thr term m in all omts ihr mm^ 
A nyntem iw callerl practically unntahle when a vrry nmall (not tir«^rManlT i^W^ivf? 
■mall) (linturhaoce or v*riati(m in its c<itMliti<in will finvluee a nmndrrkJtt^ -fc a V 
In thi* former part of thin iMfHT. in which the influence of ■urfarv« nf clx«x«tr«^ 
wan m*Kl«vt(Hl, a nyntem wiui n*^anlt^l an practically onntahlr when tuck * ?*^ 
wiiuM U* ppiflm'ed hy • amturlviini**' of tin* namr onlrr of magnttutlr ju ih^ ^vac*.'.^ 
n*latint{ t<i i%urfacen of fliwiiiitinuity Hhi<>h wtre nc*glect««l. liut where ■ariw* * 
(liiK^iiitinuity are ctmaideml. a nyntem in not rrganini an practically an«tat«r. k^ 
the (lintur)jatice which Hill pnnlui^' nuch a rvnult in \rry nmaU cunpaml w.U *-M 
•loantitiea relating to lurfacca of (lincxmtinuity uf any appmciaMe ma^itwW. 
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he sides to these surfaces, each side being perpendicular to the 
sorresponding sinrface, and equal to its tension. With respect to 
.he formation of new surfaces of discontinuity in the vicinity of the 
x)int especially considered, the system is stable, if every diagonal 
>f the polygon is less, and practically unstable, if any diagonal is 
^eater, than the tension which would belong to the surface of dis- 
continuity between the corresponding masses. In the limiting case, 
^hen the diagonal is exactly equal to the tension of the corresponding 
nirface, the system may often be determined to be unstable by the 
application of the principle enunciated to an adjacent point of the 
ine in which the surfaces of discontinuity meet But when, in 
he polygons constructed for all points of the line, no diagonal is in 
my case greater than the tension of the corresponding surface, but 
h certain diagonal is equal to the tension in the polygons constructed 
loT a finite portion of the line, farther investigations are necessary 
to determine the stability of the system. For this purpose, the 
method described on page 249 is evidently applicable. 

A similar proposition may be enunciated in many cases with 
respeet to a point about which the angular space is divided into 
solid angles by surfaces of discontinuity. If these surfaces are in 
equilibrium, we can always form a closed solid figure without re- 
entrant angles of which the angular points shall correspond to the 
several masses, the edges to the surfaces of discontinuity, and the 
sides to the lines in which these edges meet, the edges being per- 
pendicular to the corresponding surfaces, and equal to their tensions, 
imd the sides being perpendicular to the corresponding lines. Now 
if the solid angles in the physical system are such as may be sub- 
tended by the sides and bases of a triangular prism enclosing the 
vertical point, or can be derived from such by deformation, the 
figure representing the tensions will have the form of two triangular 
pyramids on opposite sides of the same base, and the system will 
^ stable or practically unstable with respect to the formation of 
A surface between the masses which only meet in a point, according 
^ the tension of a surface between such masses is greater or less 
thui the diagonal joining the corresponding angular points of the 
•olid representing the tensions. This will easily appear on consider- 
ation of the case in which a very small surface between the masses 
^ould be in equilibrium. 

^ Conditions of Stability for Fluids relating to the Formation 
of a New Phase at a Line in which Three Surfaces of Dis- 
continuity meet. 
With regard to the formation of new phases there are particular 

^^ditions of stability which relate to lines in which several surfaces 

O.I. T 
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of discontinuity meet. We may limit ourselves to the case in which 
there are three such surfaces, this being the only one of frequent 
occurrence, and may treat them as meeting in a straight line. It 
will be convenient to conmience by considering the equilibrium of a 
system in which such a line is replaced by a filament of a diiSerent 
phase. 

Let us suppose that three homogeneous fluid masses, A, B, and C 
are separated by cylindrical (or plane) surfaces, A-B, B-C, C-A, which 
at first meet in a straight line, each of the surface-tensions a-^s* 0*80 *^ca 
being less than the sum of the other two. Let us suppose that the 
system is then modified by the introduction of a fourth fluid mass D, 
which is placed between A, B, and C, and is separated from them by 
cylindrical surfaces DA, D-B, D-C meeting A-B, B-C, and C-A m 
straight lines. The general form of the surfaces is shown by figure 14^ 
in which the full lines represent a section perpendicular to all the 
surfaces. The system thus modified is to be in equilibrium, as welt 
as the original system, the position of the surfaces A-B, B-C, C-A 
being unchanged. That the last condition is consistent with equili- 
brium will appear from the following mechanical consideratioD& 






Fio. 14. 



Fio. 16. 



Fio. 16. 



Let Vfy denote the volume of the mass D per unit of length or the area 
of the curvilinear triangle abc. Equilibrium is evidently possible for 
any values of the surface tensions (if only o-ab* o-bo» o-ca satisfy thecaa- 
dition mentioned above, and the tensions of the three surfaces meet- 
ing at each of the edges of D satisfy a similar condition) with any 
value (not too large) of Vd, if the edges of D are constrained to remain 
in the original surfaces A-B, B-C, and C-A, or these surfaces extended, 
if necessary, without change of curvature. (In certain cases one of 
the surfaces D-A, D-B, D-C may disappear and D will be bounded 
by only two cylindrical surfacea) We may therefore regard the 
system as maintained in equilibrium by forces applied to the edges 
of D and acting at right angles to A-B, B-C, C-A. The same forca 
would keep the system in equilibrium if D were rigid. They must 
therefore have a zero resultant, since the nature of the mass D is im- 
material when it is rigid, and no forces external to the system would 
be required to keep a corresponding part of the original system in 
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iiilibrium. But it is evident from the points of application and 
-ections of these forces that they cannot have a zero resultant unless 
:h force is zero. We may therefore introduce a fourth mass D 
thout disturbing the parts which remain of the surfaces A-B, B-C, 
D. 

It will be observed that all the angles at a, b, c, and d in figure 14 
J entirely determined by the six surface-tensions <r^, ctbo, (Tqa, o-da* 
B> o-Do- (See (616).) The angles may be derived from the tensions 

the following construction, which will also indicate some important 
Dpertiea If we form a triangle a^y (figure 15 or 16) having sides 
ual to o-ABi ^Bo> <roAf ^^6 angles of the triangle will be supplements 
the angles at d. To fix our ideas, we may suppose the sides of the 
angle to be perpendicular to the surfaces at d. Upon ^y we may 
en construct (as in figure 16) a triangle jSyS' having sides equal 

ctbc* o-do, <tdb$ upon ya a triangle ya^ having sides equal to 
L> <^DA» ^DQ} ft^d upon a)8 a triangle a^S^'' having sides equal to 
B' <''DB> <''DA* These triangles are to be on the same sides of the lines 
/, ya, afi, respectively, as the triangle afiy. The angles of these 
angles will be supplements of the angles of the surfaces of discon- 
luity at a, 6, and c. Thus fiyS^ = dah, and ayS^'^dba, Now if S 
d S* fall together in a single point 8 within the triangle a/8y, S" 
11 fall in the same point, as in figure 15. In this case we shall have 
fS + ayS=ayP, and the three angles of the curvilinear triangle (idb 
11 be together equal to two right angles. The same will be true of 
e three angles of each of the triangles hdc, cda, and hence of the 
ree angles of the triangle abc. But if ^, S", S" do not fall together 

the same point within the triangle a^y, it is either possible to 
ing these points to coincide within the triangle by increasing some 

all of the tensions o-da* <^db> o'do> <^r to effect the same result by 
minishing some or all of these tensions. (This will easily appear 
len one of the points S, S\ S>" falls within the triangle, if we let the 
o tensions which determine this point remain constant, and the 
ird tension vary. When all the points ^, ^', ^" fall without 
e triangle a/8y, we may suppose the greatest of the tensions 
A» <^db» o-dc — the two greatest, when these are equal, and all three 
tien they all are equal — to diminish until one of the points ^, ^', S" 

brought within the triangle a)8y.) In the first case we may say 
at the tensions of the new surfaces are too small to be represented 
r the distances of an internal point from the vertices of the triangle 
presenting the tensions of the original surfaces (or, for brevity, 
at they are too small to be represented as in figure 15); in the 
cond case we may say that they are too great to be thus represented. 
. the first case, the sum of the angles in each of the triangles adb, 
!c, cda is less than two right angles (compare figures 14 and 16) ; 



292 EQUILIBRIUM OF HETEROGENEOUS SUBSTANCEa 

in the second ca8e» each pair of the triangles a^'\ fiy^, yaf will 
overlap, at least when the tensions (Tdai ^db> ^do ^^i^ oi^7 & ^^ ^ 
great to be represented as in figure 15, and the sum of the angles of 
each of the triangles adb, bdc, cda will be greater than two ri^t 
anglea 

Let us denote by v^,v^, Vq the portions of Vj^ which were origmally 
occupied by the masses A, B, C, respectively, by 9j^^, a]>B, «doi the 
areas of the surfaces specified per unit of length of the mass D, 
and by a^, 8^, a^j^, the areas of the surfaces specified which were 
replaced by the mass D per unit of its lengtL In numerical value, 
v^, Vb, Vq will be equal to the areas of the curvilinear trianglee 
bed, cad, ahd] and ^d^, ^db, ^do* ^ab> ^boi ^ca ^ ^^ lengths of. the 
lines be, ca, ah, cd, ad, M. Also let 

Wg = (Tda ^DA "!■ ^DB *DB + O^DO *D0 — ^AB *AB "~ 0"bo *B0 "" ^''CA ^GA» ("26) 

and Wy^pj^Vjy-p^Vj^'-p^Vj^^PQVQ. (627) 

The general condition of mechanical equilibrium for a system of 
homogeneous masses not influenced by gravity, when the exterior 
of the whole system is fixed, may be written 

2((r&)-2(p«Jt;) = 0. (628) 

(See (606).) If we apply this both to the original system consistiog 
of the masses A, B, and C, and to the system modified by the 
introduction of the mass D, and take the difference of the resolta; 
supposing the deformation of the system to be the same in each 
case, we shall have 

(Tda ^DA + ^DB ^DB "I" <^DC ^DC — <^AB ^AB — <^B0 <>^B0 

- 0-cA <feoA -Pd S^'d +Pa S'^a +Pb ivs +Po Svq = 0. (629) 
In view of this relation, if we differentiate (626) and (627) regarding 
all quantities except the pressures as variable, we obtain 

d Wg — » H y = 8d^ (Uti^^ + ^DB ^O'DB "I" *DC dcT-QQ 

— «AB^AB""*BO^BO""«CAAroA« (630) 

Let us now suppose the system to vary in size, remaining always 
similar to itself in form, and that the tensions diminish in the 
same ratio as lines, while the pressures remain constant Such 
changes will evidently not impair the equilibrium. Since all the 
quantities ^ba* o'da* *db> o"db> ®^ vary in the same ratio, 

»BA^<n)A = i^(<n)A*DA)> «DB^<n)B=i^(0'DB«DB). ©tC. (631) 

We have therefore by integration of (630) 

W^B — ^V = i (0"DA «DA + <rBB «DB + <ri)0 ^DC -- (Tab «AB — 0"B0 «B0 -- <roA«OA)i (632) 

whence, by (626), 
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The condition of stability for the system when the pressures and 
tensions are regarded as constant, and the position of the surfaces 
A-B, B-C, C-A as fixed, is that TTg— Wy shall be a minimum under 
the same oonditiona (See (549).) Now for any constant values of 
the tensions and of pj^, jPb>Po> ^^ ^^7 niake Vjy so small that when 
it varies, the system remaining in equilibrium (which will in general 
require a variation of Pd), we may neglect the curvatures of the 
lines day db, dc, and regard the figure abed as remaining similar 
to itself. For the total cwrvature (i.e., the curvature measured in 
d^rees) of each of the lines ab, be, ca may be regarded as constant, 
being equal to the constant difference of the sum of the angles of 
one of the curvilinear triangles adb, bdc, cda and two right angles. 
Therefore, when Vj^ is very small, and the system is so deformed 
that equilibrium would be preserved if po had the proper variation, 
but this pressure as well as the others and all the tensions remain 
constant, TTg will vary as the lines in the figure ahcd, and Wy as 
the square of these lines. Therefore, for such deformations, 

This shows that the system cannot be stable for constant pressures 
and tensions when Vjy is small and Wy is positive, since Wg—Wy 
will not be a minimum. It also shows that the system is stable 
when Wy is negative. For, to determine whether TTg— Wy is a 
minimum for constant values of the pressures and tensions, it will 
evidently be sufficient to consider such varied forms of the system 
as give the least value to TTg— Wy for any value of Vj^ in connection 
with the constant pressures and tensions. And it may easily be 
shown that such forms of the system are those which would 
preserve equilibrium if po ^^ ^he proper value. 

These results will enable us to determine the most important 
questions relating to the stability of a line along which three 
homogeneous fiuids A, B, C meet, with respect to the formation of 
a different fiuid D. The components of D must of course be such 
as are found in the surrounding bodies. We shall regard pj^ and 
o'DA* <^DB» o'DC as determined by that phase of D which satisfies 
the conditions of equilibrium with the other bodies relating to 
temperature and the potentials. These quantities are therefore 
determinable, by means of the fundamental equations of the mass 
D and of the surfaces D-A, D-B, D-C, from the temperature and 
potentials of the given system. 

Let us first consider the case in which the tensions, thus deter- 
mined, can be represented as in figure 15, and j9p has a value 
consistent with the equilibrium of a small mass such as we have 
been considering. It appears from the preceding discussion that 
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when t;D is sufficiently small the figure abed may be r egaidrf at 
rectilinear, and that its angles are entirely determined by in 
tensions. Hence the ratios of v^, v^, Vc, Vj,, for raffidently mmS 
values of Vd, are detennined by the tensions alone, and for «»- 
venience in calculating these ratios, we may suppose p^, P%- P^^ 
be equal, which will make the figure abed absolutely rectiliiMsr. 
and make 7>d equal to the other pressures, since it is soppoHd Um 
this quantity has the value necessary for equilibriom. We aaj 
obtain a simple expression for the ratios of t^, Vb. t'c* <^» >b icrvi 
of the tensions in the following manner. We shall write [I^BC^ 
[DCA], etc. to denote the areas of triangles having aides equal to 
the tensions of the surfaces between the masses specified. 

t^A • ^B ' • triangle bdc : triangle adc 
: : be sin bed : cu; sin aed 
: : sin bac sin bed : sin abe sin acd 
: : sin ySfi sin Safi : sin yia sin j/3a 
: : sin yS0 Sff : sin y^ Sa 
: : triangle ySfi : triangle yia 
::[DBC]:[DCA]. 

Hence, 

Va : t;, : VoiVj,: : [DBC] : [DCA] : [DAB] : [ABCl. |04» 

where 

may be written for [ABC], and analogous expressions for the oikr 
symbols, the sign ^ denoting the ponitive root of the neevsMnlj 
positive expression which follows. This proportion will huM tr» 
in any case of equilibrium, when the tensions satisfy the ocoditHi 
mentioned and Vp is sufficiently small. Now if p^sij^^p^ f^ 
will have the same value, and we shall have by (627) ITyb^ •■' 
by (633) W^^O. But when Vj^ is very small, the value of W^ a 
entirely determined by the tensions and ri>. Thervfore. wbrtK*«» 
the tensions satisfy the condition supposed, and r^ is very tcuu 
(whether pj^, p^, p^ are wjual or unecjual). 

0= \\\^ WV=7>DVD-/'AiA-iVB-iV'c. «'>^' 

which with (634) gives 

'^■" ii)He]'-fii)CAi+[i)AHj' • 

Since this is the only value <if />d for which (^|uilibrium is pMMbiK 
wh«fn the teiwions satisfy the condition supfK^Httl and t-p is rsaI 
it follows that when j>j, has a less value, the line wherv thr i\ii» 
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A, B, C meet is stable with respect to the formation of the fluid D. 
When po has a greater value, if such a line can exist at all, it must 
be at least practically unstable, i.e., if only a very small mass of 
the fluid D should be formed it would tend to increase. 

Let us next consider the case in which the tensions of the new 
surfaces are too small to be represented as in figure 16. If the 
pressures and tensions are consistent with equilibrium for any very 
small value of Vd, the angles of each of the curvilinear triangles 
adb, bdc, cda will be together less than two right angles, and the 
lines ab, be, ca will be convex toward the mass D. For given 
values of the pressures and tensions, it will be easy to determine 
the magnitude of v©. For the tensions will give the total curvatures 
<in degrees) of the lines ab, be, ca; and the pressures will give 
the radii of curvature. These lines are thus completely determined. 
In order that Vj^ shall be very small it is evidently necessary that 
j?D shall be less than the other pressures. Yet if the tensions of 
the new surfaces are only a very little too small to be represented 
.as in figure 15, Vj^ may be quite small when the value of po is only 
a little less than that given by equation (636). In any case, when 
the tensions of the new surfaces are too small to be represented as 
in figure 15, and t^D is small, TTy is negative, and the equilibrium 
of the mass D is stable. Moreover, Wg — Wy, which represents the 
work necessary to form the mass D with its surfaces in place of 
the other masses and surfaces, is negative. 

With respect to the stability of a line in which the surfaces A-B, 
B-C, C-A meet, when the tensions of the new surfaces are too 
small to be represented as in figure 15, we first observe that when 
the pressures and tensions are such as to make Vf^ moderately small 
but not so small as to be neglected (this will be when j^d is some- 
what smaller than the second member of (636), — more or less smaller 
according as the tensions differ more or less from such as are repre- 
sented in figure 15), the equilibrium of such a line as that supposed 
(if it is capable of existing at all) is at least practically unstable. 
For greater values of p^ (with the same values of the other pressures 
and the tensions) the same will be true. For somewhat smaller 
values of Pd, the mass of the phase D which will be formed will be 
so small, that we may neglect this mass and regard the surfaces 
A-B, B-C, C-A as meeting in a line in stable equilibrium. For still 
smaller values of Pd , we may likewise regard the surfaces A-B, B-C, 
C!-A as capable of meeting in stable equilibrium. It may be observed 
that when Vp, as determined by our equations, becomes quite insensible, 
the conception of a small mass D having the properties deducible 
from our equations ceases to be accurate, since the matter in the 
vicinity of a line where these surfaces of discontinuity meet must be 
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in a peculiar state of equilibrium not recognized bjr our equ 

But this cannot affect the validity of our conduflion with rwpect lo 

the stability of the line in question. 

The case remains to be considered in which the tentiotm of ckr 
new surfaces are too great to be represented as in figure 15. Lrt • 
suppose that they are not very much too great to be tho^ rvprawoM. 
When the pressures are such as to make Vd moderately umall i m mm 
of equilibrium) but not so small that the mass D to which it rrisut 
ceases to have the properties of matter in mass (this will he vika 
Pd is somewhat greater than the second member of (tKkii,— inorv <r 
less greater according as the tensions differ more or lem from »iir^ m 
are represented in figure 15), the line where the surfaces A-B h<, 
C-A meet will be in stable equilibrium with respect to the fonnstK« 
of such a mass as we have considered, since W^^ ll\ will be pantivt. 
The same will be true for less values of p^. For greater values of iv 
the value of W^^ Wy, which measures the stability with rvApect lo 
the kind of change considered, diminishes. It does not vanish. aeerW- 
ing to our equations, for finite values of ;>d. But these equaticos «it 
not to be trusted beyond the limit at which the mass I) ceaw« to b» 
of sensible magnitude. 

But when the tensions are such as we now suppose, we must tim 
consider the possible formation of a mass D within a closed ignxt a 
which the surfaces D-A, D-B, D-C meet together (with the Mirfim 
A-B, B-C\ C-A) in two opposite pointa If such a figure i« ui br a 
equilibrium, the six tensions must be such as can be repn^arnud \j 
the six distances of four points in space (see pages 2HH, 2HS«k.— «cve- 
dition which evidently agrees with the supiMwition which wr b^f 
made. If we denote by try the work gained in forming thr mai« I* ( 
such size and form as to be in et|uilibriuni) in plact^ of the other iu«m 
and by erg the work expended in forming the new surfac^A in pl*^ ^i 
the old, it may easily be shown by a method similar to that a««<i • 
page 25^2 that t'V=i*'V- From this we obtain m> — irv = iti\ T^ 
is evidently positive when p^ is greater tlian the other pmMirr^ 
But it diminishes with increase of />p. as easily appears fn4L u/ 

* S««e iKtto cm pA^C^ 'iKH. Wo may hen* iul<l that thu hm-Ar tmnum tiirrr Drr:«a^ 
may hAvt* a iit-gativv value. ThiH would U* the eauc viith n*)«prrt U» a hur j: «tr< 
threr lurfaov* cif dimHjntiriuity art* ri'gAnlt^l an moi'tin^. )*ut «hrrv nrTrrtbrkM ix* 
really rxiiita in Mtahlo (<(|uilil*rium a HUninit nf ditfcrrut |ihajir inrnt xhr i&rw «r 
nmiulinf; maamii. The* valui* «if thr liiH-ar toimiiMi for thr iiu|>|iianl l:nr, « «^ * 
nt*arly *h^w^\ u> tht* valui* of H'«- H\ for the M'tually nutini; ItUjnctit •>«*•« 
i*&ai't value of tht* liiienr teiuiioii it would lie iH'<*«'Miar>- t*t add thr lUBi (^ tfw ^"^^ 
tc'imioiiii fif thi* thn«t* ««dt;f'i( of the hUmciit.) We may n'i:ard twi> m«^'«:«^ 
aiihfriii^ t«»>;ether am an ftjimplf nf thiN ease. The reader wdl r^aiU c^/nsitKr i.^^ 
tliat 111 an exa<-t treatmnit of the «-<|uihKrium of nuih a cl4*uk>U )>ul>t4c «* a^ 
reci»^i/f a cvTtuin negative U-iiJiion in the hue «if iiilerwvtKiii i4 the ihtrr nftti* 
of diaL-vMitinuity. 
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equivalent expression ^Wg, Hence the line of intersection of the 
surfaces of discontinuity A-B, B-C, C-A is stable for values of pjy 
greater than the other pressures (and therefore for all values of 2>d) 
so long as our method is to be regarded as accurate, which will be so 
long as the mass D which would be in equilibrium has a sensible size. 
In certain cases in which the tensions of the new surfaces are much 
too large to be represented as in figure 16, the reasoning of the two 
last paragraphs will ce€tse to be applicable. These are cases in which 
the six tensions cannot be represented by the sides of a tetrahedron. 
It is not necessary to discuss these cases, which are distinguished by 
the different shape which the mass D would take if it should be 
formed, since it is evident that they can constitute no exception to 
the results which we have obtained. For an increase of the values 
of <rDA> o-pB* o-ixj cannot favor the formation of D, and hence cannot 
impair the stability of the line considered, as deduced from our equa- 
tions. Nor can an increase of these tensions essentially affect the 
fact that the stability thus demonstrated may fail to be realized when 
j>i> is considerably greater than the other pressures, since the a priori 
demonstration of the stability of any one of the surfaces A-B, B-C, C-A, 
taken singly, is subject to the limitation mentioned. (See pagea 
261, 262.) 

The Condition of Stability for Fluids relating to the Formation of 
a New Phase ai a Point where the Vertices of Fov/r Differen;t 
Masses meet. 

Let four different fluid masses A, B, C, D meet about a point, so as 
to form the six surfaces of discontinuity A-B, B-C, C-A, D-A, D-B, 
D-C, which meet in the four lines A-B-C, B-C-D, C-D-A, D-A-B, these 
lines meeting in the vertical point. Let us suppose the system stable in 

I other respects, and consider the conditions of stability for the vertical 

^ point with respect to the possible formation of a different fluid mass E. 
If the system can be in equilibrium when the vertical point has 
l^en replaced by a mass E against which the four masses A, B, C, D 
*l>ut, being truncated at their vertices, it is evident that E will have 
four vertices, at each of which six surfaces of discontinuity meet. 
(Thus at one vertex there will be the surfaces formed by A, B, C, 

\ *J^d E) The tensions of each set of six surfaces (like those of the 
six surfaces formed by A, B, C, and D) must therefore be such that 
they can be represented by the six edges of a tetrahedron. When 

I tile tensions do not satisfy these relations, there will be no particular 
Audition of stability for the point about which A, B, C, and D meet, 
^itxce if a mass E should be formed, it would distribute itself along 
^me of the lines or surfaces which meet at the vertical point, and it 



It 
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is therefore safficient to ccmsider the stability of these lines and sur- 
face& We shall suppose that the relations mentioned are satisfied. 

If we denote by Wy the work gained in forming the mass E (of 
such size and form as to be in equilibrium) in place of the portions 
of the other masses which are suppressed, and by TTg the work ex- 
pended in forming the new surfaces in place of the old, it may easily 
be shown by a method similar to that used on page 292 that 

Ws=^iWy, (637) 

whence ITg - TT^ = 1 TT^; (638) 

also, that when the volume E is small, the equilibrium of E will be 
stable or unstable according as TTg and Wy are negative or positive. 

A critical relation for the tensions is that which makes equilibrium 
possible for the system of the five masses A, B, C, D, E, when all 
the surfaces are plane. The ten tensions may then be represented in 
magnitude and direction by the ten distances of five points in space 
a, P, y, S, e, viz., the tension of A-B and the direction of its normal 
by the line afi, etc The point € will lie within the tetrahedron 
formed by the other points. If we write r^ for the volume of E, and 
Va> Vb> ^c* ^*d ^^^ ^^ volumes of the parts of the other masses which 
are suppressed to make room for E, we have evidently 

^v =1>bVb -PaVa -Pht'B -Ptot'c -JPdVd. (639) 

Hence, when all the surfaces are plane, Wy=0, and Wg = 0. Now 
equilibrium is always possible for a given small value of v^ with any 
given values of the tensions and of />^, Pb^Po* Pd- When the tensions 
satisfy the critical relation, irg = 0, if />a=1>b=1>c=JPd- But when 
t*£ is small and constant, the value of Wg must be independent of 
PkyP^y Pcy Pi>y si^ce the augles of the surfaces are determined by the 
tensions and their curvatures may be neglected. Hence, Fg = 0, and 
irv = 0, when the critical relation is satisfied and v^ small. This gives 

In calculating the ratios of r^^, t^, t'c, Vd* v^, we may suppose all the 
surfaces to be plane. Then E will have the form of a tetrahedron, 
the vertices of which may be caUed a, b, c, d (each vertex being 
named after the mass which is not found there), and r^, t;B> ^c* ^ ^^^ 
be the volumes of the tetrahedra into which it may be divided 
by planes passing through its edges and an interior point e. H^ 
volumes of these tetrahedra are proportional to those of the five 
tetrahedra of the figure a/SySe, as will easily appear if we recollect 
that the line ab is common to the surfaces C-D, D-E, E-C, and there- 
fore perpendicular to the surface common to the lines yS, S€, cy, i-c- 
to the surface ySc, and so in other cases (it will be observed that 
y, S, and € are the letters which do not correspond to a or b) ; also 
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t the surface abc is the surface D-E and therefore perpendicular 
Se, etc Let tetr abed, trian abc, etc. denote the volume of the 
-ahedron or the area of the triang^le specified, 8in(ab, be), 
(abc, dbc), sin (abc, ad), etc, the sines of the angles made by the 
ss and surfaces specified, and [BCUE], [CDEA], etc. the volumes 
tetrahedra having edges equal to the tensions of the surfaces 
ween the masses specified. Then, since we may express the 
ame of a tetrahedron either by \ of the product of one side, an 
;e leading to the opposite vertex, and the sine of the angle which 
se make, or by f of the product of two sides divided by the 
imon edge and multiplied by the sine of the included angle, 

v^:v^:: tetr bcde : tetr acde 

: : be sin (be, cde) : ac sin (ac, cde) 

: : sin (ba, ac) sin (be, cde) : sin (ab, be) sin (ac, cde) 

: : sin (ySc, fiSc) sin {aSe, al3) : sin (ySc, aSe) sin (fiSc, afi) 

tetr y^Se tetr ^aSe , tetr yaSe tetr g/SSe 

trian fiSe trian aSc ' trian aSc trian jSSe 

: : tetr y/Sic : tetr yaSe 

::[BCDE]:[CDI!:A]. 
jnce, 

v^:Vj,:Vo:Vj,:: [BCDE] : [CDEA] : [DEAB] : [EABC], (641) 

d (640) may be written 

^ [BCDEJpa + [CDE A]pB+ [DEAB]po+ [EABC]pi> .^.^. 
^■" [BCDE]-!- [CDEA] + [DEAB] + [EABC] * ^^^^ 

the value of p^ is less than this, when the tensions satisfy the critical 
ktion, the point where vertices of the masses A, B, C, D meet is 
able with respect to the formation of any mass of the nature of E. 
ut if the value of jOg is greater, either the masses A, B, C, D cannot 
eet at a point in equilibrium, or the equilibrium will be at least 
tictically unstable. 

When the tensions of the new surfaces are too small to satisfy the 
itical relation with the other tensions, these surfaces will be convex 
nrard E; when their tensions are too great for that relation, the 
rfaces will be concave toward E. In the first case, Wy is negative, 
d the equilibrium of the five masses A, B, C, D, E is stable, but the 
ailibrium of the four masses A, B, C, D meeting at a point is 
possible or at least practically unstable. This is subject to the 
litation that when p^ is suflSciently small the mass E which will 
•m will be so small that it may be neglected. This will only be 
3 case when pg is smaller — in general considerably smaller — than 
3 second member of (642). In the second case, the equilibrium 
the five masses A, B, C, D, E will be unstable, but the equilibrium 
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of the four maases A, B, C, D will be staUe onleM v^ (cakwlfri io 
the case of the five mames) is of insenflible mmgniiode. 1\ii «i 
only be the case when p^ \a greater — in general oooaidaimblj greMM^ 
than the second member of (642). 

Liquid FUmn, 

When a fluid exists in the form of a thin film between other §mk 
the great inequality of its extension in different direciiooa will ff§ 
rise to certain peculiar properties, even when its thicknen is mtMdm 
for its interior to have the properties of matter in masa. Tb» tn 
quent occurrence of such films, and the remarkable properties vkd 
they exhibit, entitle them to particular consideration. To fix oi 
ideas, we shall suppose that the film is liquid and that the eootigMi 
fluids are gaseous. The reader will observe oar reaolts art la 
dependent, so far as their general character is coneemed, npoo thi 
supposition. 

Let us imagine the film to be divided by surfaces perpeodkokr t 
its sides into small portions of which all the dimensioos are of tk 
same order of magnitude as the thickness of the film,— caeh poftw 
to be called elements of the film, — it is evident that far less tiflM «i 
in general be required for the attainment of approximate eqnilibna 
between the different parts of any such element and the ockcr tmJk 
which are immediately contiguous, than for the attainment of ef» 
librium between all the different elements of the film. Tbn« «fl 
accordingly be a time, commencing shortly after the formatioii of thi 
film, in which its neparatc elements may be regarded as aau<iraf 
the conditions of internal equilibrium, and of equilibrium with tkv 
contiguous gases, while they may not satisfy all the ronditkiO* 4 
equilibrium with each other. It i.M when the changes due tothi» v«i 
of complete e<f uilibriuiii take place S4> slowly tliat the film appr«n « 
be at rest. exc<^pt su far as it occoininodates itself to any rka&jv ■ 
the extenial conditions to which it is subject^nl. that the chararurKa 
profRTties of the tilin are most striking and most sharply drfinc*! 

Let us therefore consider the properties which will belong t«> s f^ 
sufficiently thick for its interior to have the properties of matttr ■ 
mass, in virtue of the appn)xiniate iKjuilibriuni of all itn elesvia 
taken separately, when the matter c<mtained in each el^mrot i 
regarded as invariable, with the exception of certain icnhi^aiHi 
which are components of the contiguous gas-masses and have thA 
pot^^ntials thereby deteriniiied. The occum»nce of a film which p« 
cis<»ly satisti«*s these c«>n(litioas may be exi*eptional. but the 
of this somewhat ideal cas^' will enable us to understand th« 
laws which determine the U'havior uf li«|uid films in generaL 
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Let MB first consider the properties which will belong to each 
dement of the film under the conditions mentioned. Let us suppose 
the element extended, while the temperature and the potentials 
which are determined by the contiguous gas-masses are unchanged. 
If tbe film has no components except those of which the potentials 
are maintained constant, there will be no variation of tension in its 
snrfacea The same will be true when the film has only one com- 
ponent of which the potential is not maintained constant, provided 
that this is a component of the interior of the film and not of its sur- 
face alone. If we regard the thickness of the film as determined by 
dividing surfaces which make the surface-density of this component 
vanish, the thickness will vary inversely as the area of the element 
cf the film, but no change will be produced in the nature or the ten- 
aon of its surfaces. If, however, the single component of which the 
potential is not maintained constant is confined to the surfaces of the 
film, an extension of the element will generally produce a decrease in 
the potential of this component, and an increase of tension. This will 
oertainly be true in those cases in which the component shows a ten- 
iencj to distribute itself with a uniform superficial density. 

When the film has two or more components of which the potentials 
ire not maintained constant by the contiguous gas-masses, they will 
not in general exist in the same proportion in the interior of the 
film as on its surfaces, but those components which diminish the 
tensions will be found in greater proportion on the surfaces. When 
the film is extended, there will therefore not be enough of these 
Bobstances to keep up the same volume- and surface-densities as 
before, and the deficiency will cause a certain increase of tension. 
The value of the elasticity of the filTn (i.e., the infinitesimal increase 
of the united tensions of its surfaces divided by the infinitesimal 
increase of area in a unit of surface) may be calculated from the 
quantities which specify the nature of the film, when the funda- 
mental equations of the interior mass, of the contiguous gas-masses, 
and of the two surfaces of discontinuity are known. We may 
illustrate this by a simple example. 

Let us suppose that the two surfaces of a plane film are entirely 
aUke, that the contiguous gas-masses are identical in phase, and 
that they determine the potentials of all the components of the 
fihn except two. Let us call these components S^ and 8^, the latter 
denoting that which occurs in greater proportion on the surface 
than in the interior of the film. Let us denote by y^ and y, the 
densities of these components in the interior of the film, by X 
the thickness of the film determined by such dividing surfaces as 
make the surface-density of 8^ vanish (see page 234), by r,(i) the 
SPrfaoe-density of the other component as determined by the same 
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surfaces, by o- and s the tension and area of one of thea 
and by K the elasticity of the film when extended imdcr 
supposition that the total quantities of S^ and >', in the fmr. 
the film extended are invariable, as also the temperalore aod 
potentials of the other components. From the definition of £ 
have 

n 
and from the conditions of the extension of the film 

" '^ Xyi Xy,-h2r„ii 

Hence we obtain 

Xyi; = -yi^x-x^yi* 

(Xy.+2r,jy^= -y,^/X-Xe/y,-i//r„,.: 
and eliminating d\, 

-'yi ^m!^ = - Xyi<iy.+ Xy. ''y. - 2y,''r«n. 



If we set 




we have 


yi 


and 


2r„„^=-Xy,<ir-2./r«„ 



ti 



With this eciuation we may eliminate (l^ from (t>i-S). We m*} 
eliminate d<r by the necessary relation (see (514)) 

This will give 
or 






where the differential ccM»f!icit'ntH an» ^> W determined lin l^J* 
ditions that the temiMTHture ami all tht* |M>tential^ t*xcirpt a. u 
are constant, and that the pressure in tlu* interinr t>f th^ 
shall remain e<|ual to that in the oontiguom* gas-maMv-M. Thr 1 
condition may lie expnvHsvtl by tht* iH{uation 

< y 1 - y i' ^'i^i + < y t - y«' )''/'t = O- 

in which y^' and y,' denote' thi* densities of S^ and N, in tbr 
tiguous gaM-maHNe.s. (St»*» (J'Hy.) When the tension of the 9«u 
of the film and the pressures in its interior and in the caotia 



Therefore, 
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ras- masses are known in terms of the temperature and potentials, 
Kjuation (650) will give the value of J? in terms of the same 
rariables together with X. 

If we write G^ and G^ for the total quantities of 8^ and 8^ per 
mit of area of the film, we have 

G^i = Xy„ (652) 

G^,=Xy2+2r,a,. (663) 

jrhere the differential coefficients in the second member are to be 
letermined as in (650), and that in the first member with the 
wlditional condition that G^ is constant. Therefore, 

the last differential coefficient being determined by the same condi- 
tions as that in the preceding equation. It will be observed that the 
value of E will be positive in any ordinary case. 

These equations give the elasticity of any element of the film 
when the temperature and the potentials for the substances which 
are found in the contiguous gas-masses are regarded as constant, 
and the potentials for the other components, fi^ and fi^, have had 
time to equalize themselves throughout the element considered. The 
increase of tension immediately after a rapid extension will be greater 
than that given by these equations. 

The existence of this elasticity, which has thus been established 
from a priori considerations, is clearly indicated by the phenomena 
which liquid films present. Yet it is not to be demonstrated simply 
by comparing the tensions of films of different thickness, even when 
they are made from the same liquid, for difference of thickness does 
not necessarily involve any difference of tension. When the phases 
within the films as well as without are the same, and the surfaces of 
the films are also the same, there will be no difference of tension. 
Nor will the tension of the same film be altered, if a part of the 
interior drains away in the course of time, without affecting the 
surfaces. In case the thickness of the film is reduced by evapor- 
ation, the tension may be either increased or diminished. (The 
evaporation of the substance 8^, in the case we have just considered, 
would diminish the tension.) Yet it may easily be shown that 
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extensiOQ increAses the leosaaa of a film and ooDtnction diminiBhes 
it. When a plane film is held Tertically, the tension of the upper 
portions most evidently be greater than that of the lower. The 
tensions in everv part of the film mav be redoced to equality by 
turning ic into a horizontal position. By restoring the original 
position we may restore the original tensions, or nearly sa It is 
evident that the same element of the film is capable of supporting 
very unet^ual tensions. Nor can this be always attributed to vijcoeitf 
of the film. For in many Ga.<«es. if we hold the film nearly horizontal, 
and elevate first one side and then another, the lighter portions of 
the film will dart fr>m one side to the other, so as to show a very 
striking mobility in the film. The ditferences of tension which cause 
these rapid mo^cements are only a very small fraction of the difierenoe 
of tension in the upper and lower portions of the film when held 
vertically. 

If we account for the power of an element of the film to support 
an increase of tension by viscosity, it will be necessary to suppose 
that the viscosity offers a resistance to a deformation of the film in 
which its surface is enlarged and its thickness diminished, which is 
enormously great in comparison with the resistance to a deformation 
in which the film is extended in the direction of one tangent and 
contracted in the direction of another, while its thickness and the 
areas of its surfaces remain constant This is not to be readily 
admitted as a physical explanation, although to a certain extent the 
phenomena resemble those which would be caused by such a singular 
viscosity. (See page 274. > The only natural explanation of the 
phenomena is that the extension of an element of the film, which 
is the immediate result of an increase of external force applied to 
its perimeter, causes an increase of its tension, by which it is brought 
into true equilibrium with the external forces. 

The phenomena to which we have referred are such as are apparent 
to a very ctursorj' observation. In the following experiment, which 
is described by M. Plateau,* an increased tension is manifested in a 
film while contracting after a previous extension. The warmth of a 
finger brought near to a bubble of soap- water with glycerine, which 
is thin enough to show colors, causes a spot to appear indicating 
a diminution of thickness. When the finger is removed, the spot 
returns to its original color. This indicates a contraction, which 
would be resisted by any viscosity of the film, and can only be due 
to an excess of tension in the portion stretched, on the return of its 
original temperature. 

We have so far supposed that the film is thick enough for its 

*Staiiqw txpirimeutale ti thSorique des liquides soumis aux temlesforeea moUcMhintt 
vol. i, p. 294. 
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interior to have the properties of matter in mass. Its properties are 
then entirely determined by those of the three phases and the two 
Borfaces of discontinuity. From these we can also determine, in part 
at least, the properties of a film at the limit at which the interior 
eeases to have the properties of matter in mass. The elasticity of 
the film, which increases ¥dth its thinness, cannot of course vanish 
at that limit, so that the film cannot become unstable with respect 
to extension and contraction of its elements immediately after passing 
that limit 

Yet a certain kind of instability will probably arise, which we may 
here notice, although it relates to changes in which the condition of 
the invariability of the quantities of certain components in an 
element of the film is not satisfied. With respect to variations in the 
diairibution of its components, a film will in general be stable, when 
its interior has the properties of matter in mass, with the single 
exception of variations affecting its thickness without any change of 
phase or of the nature of the surfaces. With respect to this kind 
of change, which may be brought about by a current in the interior of 
the film, the equilibrium is neutral. But when the interior ceases to 
have the properties of matter in mass, it is to be supposed that the 
equilibrium will generally become unstable in this respect For it is 
not likely that the neutral equilibrium will be unaffected by such a 
change of circumstances, and since the film certainly becomes unstable 
when it is su£Sciently reduced in thickness, it is most natural to 
auppoee that the first effect of diminishing the thickness will be in the 
direction of instability rather than in that of stability. (We are here 
ecmsidering liquid films between gaseous masses. In certain other 
eases, the opposite supposition might be more natural, as in respect to 
a film of water between mercury and air, which would certainly 
become stable when sufficiently reduced in thicknesa) 

Let us now return to our former suppositions — that the film is thick 
enough for the interior to have the properties of matter in mass, and 
that the matter in each element is invariable, except with respect to 
those substances which have their potentials determined by the 
ecmtiguous gas-masses — and consider what conditions are necessary 
for equilibrium in such a case. 

In consequence of the supposed equilibrium of its several elements. 
Inch a film may be treated as a simple surface of discontinuity 
between the contiguous gas-masses (which may be similar or different), 
trhenever its radius of curvature is very large in comparison with its 
thickness, — a condition which we shall always suppose to be fulfilled. 
With respect to the film considered in this light, the mechanical 
Kxnditions of equilibrium will always be satisfied, or very nearly so, 
18 soon as a state of approximate rest is attained, except in those 
G. I. u 



306 EQUIUBRIUM OF HETEBOOEKEOUS 8UB8TA1RSIL 

cases in which the film exhibits m decided visoosity. Thai m. tht 
relations (618), (614), (615) will hold true, when by a w 
the tension of the film r^^arded as a simple sorfaoe of 
(this is equivalent to the sani of the tensions of the two 
the film), and by F its mass per unit of area diminished by ihe ■■■ 
of gas which would occupy the same space if the film ahovU b 
suppressed and the gases should meet at its surface of tfwifi Ikii 
mjurface of tension of the film will evidently divide the 
between the surfaces of tension for the two sorfaoes of the 
taken separately, in the inverse ratio of their temdooa. For 
purposes, we may regard F simply as the mass of the film per wmk d 
area. It will be observed that the terms containing F in (61S» mi 
(614) are not to be neglected in our present applicataoti of thw 
equations. 

But the mechanical conditions of equilibrium for the fill 
as an approximately homogeneous mass in the form of a thin 
bounded by two surfaces of discontinuity are not neeessarfly 
when the film is in a state of apparent rest In fact, theee 
cannot be satisfied (in any place where the foree of gravity 
appreciable intensity) unless the film is horiaontaL For the { 
in the interior of the film cannot satisfy simultaneoualy 
(612), which requires it to vary rapidly with the height 
condition (613) applied separately to the different aorfaeea* 
makes it a certain mean between the pressures in the 
gas-masses. Nor can these conditions be deduced from the 
condition of mechanical equilibrium (606) or (611), without 
that the interior of the film is free to move independeotly of lk» 
surfaces, which is contrary to what we have supposed. 

Moreover, the potentials of the various components of the Im 
will not in general satisfy conditions (617), and cannot (whoi tk 
temperature is unifonii) unless the film in horixootaL For if that 
conditions were satisfied, equation (612) would follow as a oaoatqmmoL 
(See page 283.) 

We may here remark that such a film as we are considering euHl 
form any exception to the principle indicated on page 284— Iki 
when a surface of discontinuity whidi satisfies the coo diti oi if 
mechanical equilibrium has only one component which is 
in the contiguous masses, and these masses satisfy all the 
of equilibrium, the potential for the component mentioned mtut i 
the law expressed in (617). as a conse<|uence of the coDditiga d 
mechanical equilibrium (61 4X Therefore, as we have just ««a tki 
it is impossible that all the potentials in a liquid film which m wdL 
horiasontal should confonn to (617) when the temperature is uulaim 
it follows that if a li(|uid film exhibits any penoslenc^ whkk m 
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Dot due to viscosity, or to a horizontal position, or to differences of 
bonperature, it most have more than one component of which the 
potential is not determined by the contiguous gas-masses in accordance 
irith (617). 

The difficulties of the quantitative experimental verification of the 
properties which have been described would be very great, even in 
eases in which the conditions we have imagined were entirely 
fulfilled. Yet the general effect of any divergence from these 
oonditions will be easily perceived, and when allowance is made for 
such divergence, the general behavior of liquid films will be seen to 
agree with the requirements of theory. 

The formation of a liquid film takes place most symmetrically 
vhen a bubble of air rises to the top of a mass of the liquid. The 
motion of the liquid, as it is displaced by the bubble, is evidently 
inch as to stretch the two surfaces in which the liquid meets the air, 
where these surfaces approach one another. This will cause an 
increase of tension, which will tend to restrain the extension of the 
rarfooes. The extent to which this effect is produced will vary with 
bhe nature of the liquid Let us suppose that the case is one in 
iHiich the liquid contains one or more components which, although 
Kmstituting but a very small part of its mass, greatly reduce its 
tension. Such components will exist in excess on the surfaces of the 
liquid. In this case the restraint upon the extension of the surfaces 
will be considerable, and as the bubble of air rises above the general 
level of the liquid, the motion of the latter will consist largely of a 
nmning out from between the two surfaces. But this running out of 
the liquid will be greatly retarded by its viscosity as soon as it is 
reduced to the thickness of a film, and the effect of the extension of 
the surfaces in increasing their tension will become greater and 
more permanent as the quantity of liquid diminishes which is 
available for supplying the substances which go to form the increased 
mrfaces. 

We may form a rough estimate of the amount of motion which is 
possible for the interior of a liquid film, relatively to its exterior, by 
eelcolating the descent of water between parallel vertical planes at 
Which the motion of the water is reduced to zero. If we use the 
Coefficient of viscosity as determined by Helmholtz and Piotrowski,* 
We obtain F=581i)«, (656) 

Where V denotes the mean velocity of the water (Le., that velocity 

• S Utu rn g t he riehU der Wiener AhadenUe [mcU?iemcU,-naturwM8, OasBe), B. xl, 8. 807. 
Eba OAloolatioii of formula (056) and that of the factor (|) applied to the formula of 
hiifiilltfi. to adapt it to a current between plane surfaces, have been made by means 
if Um geDeiml equations of the motion of a viscous liquid as given in the memoir 
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which, if it were uniform throughout the whole space between the 
fixed plcmes, would give the same discharge of water as the actoal 
variable velocity) expressed in millimeters per second, and D denotes 
the distance in millimeters between the fixed planes, which is 
supposed to be very small in proportion to their other dimensions. 
This is for the temperature of 24*5* C. For the same temperature, 
the experiments of Poiseuille * give 

F=337i)« 

for the descent of water in long capillary tubes, which is equivalent to 

F=899D« (657) 

for descent between parallel planes. The numerical coefficient in this 
equation differs considerably from that in (656), which is derived from 
experiments of an entirely different nature, but we may at least 
conclude that in a film of a liquid which has a viscosity and specific 
gravity not very different from those of water at the temperatnre 
mentioned the mean velocity of the interior relatively to 'the surfaces 
will not probably exceed 1000 D*. This is a velocity of -l"" per 
second for a thickness of -01"", 06™™ per minute for a thickness of 
*001 (which corresponds to the red of the fifth order in a film of 
water), and •036"™ per hov/r for a thickness of -0001"" (which 
corresponds to the white of the first order). Such an internal current 
is evidently consistent with great persistence of the film, especiidly in 
those cases in which the film can exist in a state of the greatest 
tenuity. On the other hand, the above equations give so laige a 
value of V for thicknesses of 1™™ or -1™™, that the film can evidently 
be formed without carrying up any great weight of liquid, and any 
such thicknesses as these can have only a momentary existence. 

A little consideration will show that the phenomenon is essentially 
of the same nature when films are formed in any other way, as by 
dipping a ring or the mouth of a cup in the liquid and then 
withdrawing it. When the film is formed in the mouth of a pipe, it 
may sometimes be extended so as to form a large bubble. Since the 
elasticity (i.e., the increase of the tension with extension) is greater in 
the thinner parts, the thicker parts will be most extended, and the 
effect of this process (so far as it is not modified by gravity) will be 
to diminish the ratio of the greatest to the least thickness of the 
film. During this extension, as well as at other times, the increased 
elasticity due to imperfect communication of heat, etc., will serve to 
protect the bubble from fracture by shocks received from the air or 
the pipe. If the bubble is now laid upon a suitable support, the 
condition (613) will be realized almost instantly. The bubble will 



^ Ibid. , p. 653 ; or M^moires des Savants itrangera, vol. ix, p. 532. 
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then tend toward conformity with condition (614), the lighter portions 
rising to the top, more or less slowly, according to the viscosity of the 
film. The resulting difference of thickness between the upper and 
the lower parts of the bubble is due partly to the greater tension 
to which the upper parts are subject, and partly to a difference in 
the matter of which they are composed. When the film has only 
two components of which the potentials are not determined by the 
contiguous atmosphere, the laws which govern the arrangement of the 
elements of the film may be very simply expressed. If we call these 
components 8^ and S^ the latter denoting (as on page 301) that 
which exists in excess at the surface, one element of the film will tend 
toward the same level with another, or a higher, or a lower level, 
according as the quantity of 8^ bears the same ratio to the quantity 
of 8^ in the first element as in the second, or a greater, or a less ratio. 

When a film, however formed, satisfies both the conditions (613) 
and (614), its thickness being sufficient for its interior to have the 
properties of matter in mass, the interior will still be subject to the 
slow current which we have already described, if it is truly fluid, 
however great its viscosity may be. It seems probable, however, 
that this process is often totally arrested by a certain gelatinous 
consistency of the mass in question, in virtue of which, although 
practically fluid in its behavior with reference to ordinary stresses, 
it may have the properties of a solid with respect to such very 
small stresses as those which are caused by gravity in the interior 
of a very thin film which satisfies the conditions (613) and (614). 

However this may be, there is another cause which is often more 
potent in producing changes in a film, when the conditions just 
mentioned are approximately satisfied, than the action of gravity on 
its interior. This will be seen if we turn our attention to the edge 
where the film is terminated. At such an edge we generally find a 
liquid mass, continuous in phase with the interior of the film, which 
is bounded by concave surfaces, and in which the pressure is therefore 
less than in the interior of the film. This liquid mass therefore 
exerts a strong suction upon the interior of the film, by which its 
thickness is rapidly reduced. This effect is best seen when a film 
which has been formed in a ring is held in a vertical position. Unless 
the film is very viscous, its diminished thickness near the edge causes 
a rapid upward current on each side, while the central portion slowly 
descends. Also at the bottom of the film, where the edge is nearly 
horizontal, portions which have become thinned escape from their 
position of unstable equilibrium beneath heavier portions, and pass 
upwards, traversing the central portion of the film until they find a 
position of stable equilibrium. By these processes, the whole film is 
rapidly reduced in thickness. 
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The energy of the suction which produces these effects may be 
inferred from the following considerations. The pressure in the 
slender liquid mass which encircles the film is of coarse variaUe, 
being greater in the lower portions than in the upper, but it is 
everywhere less than the pressure of the atmosphere. Let us take 
a point where the pressure is less than that of the atmosphere by an 
amount represented by a column of the liquid one centimeter in height 
(It is probable that much greater differences of pressure occur.) At a 
point near by in the interior of the film the pressure is that of the 
atmosphere. Now if the difference of pressure of these two points 
were distributed uniformly through the space of one centimeter, the 
intensity of its action would be exactly equal to that of gravity. 
But since the change of pressure must take place very suddenly 
(in a small fraction of a millimeter), its effect in producing a current 
in a limited space must be enormously great compared with that of 
gravity. 

Since the process just described is connected with the descent of 
the liquid in the mass encircling the film, we may regard it as 
another example of the downward tendency of the interior of the 
film. There is a third way in which this descent may take plaee, 
when the principal component of the interior is volatile, viz., 
through the air. Thus, in the case of a film of soap-water, if we 
suppose the atmosphere to be of such humidity that the potential for 
water at a level mid- way between the top and bottom of the film has 
the same value in the atmosphere as in the film, it may easily be 
shown that evaporation will take place in the upper portions and 
condensation in the lower. These processes, if the atmosphere were 
otherwise undisturbed, would occasion currents of diffusion and other 
currents, the general effect of which would be to carry the moisture 
downward. Such a precise adjustment would be hardly attainable, 
and the processes described would not be so rapid as to have a 
practical importance. 

But when the potential for water in the atmosphere differs con- 
siderably from that in the film, as in the case of a film of soap- water 
in a dry atmosphere, or a film of soap- water with glycerine in a moist 
atmosphere, the effect of evaporation or condensation is not to be 
neglected. In the first case, the diminution of the thickness of the 
film will be accelerated, in the second, retarded. In the case of the 
film containing glycerine, it should be observed that the water con- 
densed cannot in all respects replace the fluid carried down by the 
internal current but that the two processes together will tend to 
wash out the glycerine from the film. 

But when a component which greatly diminishes the tension of the 
film, although forming but a small fraction of its mass (therefore 
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existing in excess at the surface), is volatile, the effect of evaporation 
and condensation may be considerable, even when the mean value of 
the potential for that component is the same in the film as in the sur- 
rounding atmosphere. To illustrate this, let us take the simple case 
of two components Sy^ and S^, as before. (See page 301.) It appears 
from equation (508) that the potentials must vary in the film with 
the height z, since the tension does, and from (98) that these varia- 
tions must (very nearly) satisfy the relation 



Vi 



^+ys^=0, (658) 



dz^^^dz 



yi and y^ denoting the densities of 8^ and 8^ in the interior of the 
film. The variation of the potential of 8^ as we pass from one level 
to another is therefore as much more rapid than that of £f^, as its 
density in the interior of the film is less. If then the resistances 
restraining the evaporation, transmission through the atmosphere, 
and condensation of the two substances are the same, these processes 
will go on much more rapidly with respect to 8^. It will be observed 

that the values of —^ and -r-^ will have opposite signs, the tendency 

of S^ being to pass down through the atmosphere, and that of 8^ to 
pass up. Moreover, it may easily be shown that the evaporation or 
condensation of 8^ will produce a very much greater effect than the 
evaporation or condensation of the same quantity of 8y^. These effects 
are really of the same kind. For if condensation of 8^ takes place at 
the top of the film, it will cause a diminution of tension, and thus 
occasion an extension of this part of the film, by which its thickness 
will be reduced, as it would be by evaporation of 8^. We may infer 
that it is a general condition of the persistence of liquid films, that the 
substance which causes the diminution of tension in the lower parts of 
the film must not be volatile. 

But apart from any action of the atmosphere, we have seen that a 
film which is truly fluid in its interior is in general subject to a con- 
tinual diminution of thickness by the internal currents due to gravity 
and the suction at its edge. Sooner or later, the interior will some- 
where cease to have the properties of matter in mass. The film will 
then probably become unstable with respect to a flux of the interior 
(see page 305), the thinnest parts tending to become still more thin 
(apart from any external cause) very much as if there were an attrac- 
tion between the surfa^^es of the film, insensible at greater distances, 
but becoming sensible when the thickness of the film is sufficiently 
reduced. We should expect this to determine the rupture of the film, 
and such is doubtless the case with most liquida In a film of soap- 
water, however, the rupture does not take place, and the processes 
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which go on can be watched. It is apparent even to a Tery m] 
observation that a Hhu of which the tint is af^yroadiing ike hhck 
exhibitfl a remarkable instability. The continnous change of tnt * 
interrupted by the breaking out and rapid eztenaioo of black ffo^ 
Tliat in the formation of these black spots a neparmtioo of dHfami 
substances takes place, and not simply an eztensioo of a part of tkt 
film, is shown by the fact that the film is made thicker at tKe t^gt d 
these spots. 

This is very distinctly seen in a plane vertical film, whm a aafb 
black spot breaks out and spreads rapidly over a coooidcrabie ana 
which was before of a nearly uniform tint approaching the hiaek. Iki 
edge of the black spot as it spreads is marked as it were by a 
bright beads, which unite together on touching, and thaa 
larger, glide down across the bands of color below. Under favenhb 
circumstances, there is often quite a shower of these bright ipai 
They are evidently small spots very much thicker — apparently mtm 
times thicker — than the part of the film out of which they aie tagmak 
Now if the formation of the black spots were due to a 
tension of the film, it is evident that no such a pp e a rmee 
be presented. The thickening of the edge of the film eannat b 
accounted for by contractum. For an extension of the opper partka 
of the film and contraction of the lower and thicker portion. viA 
descent of the intervening portions, would be far leas rsaialad If 
viscosity, and far more favored by gravity than such nTtrmaf mA 
contractions as would produce the appearances described. Bai At 
rapid formation of a thin spot by an internal current wonU oat 
an accumulation at the edge of the spot of the material foraaf 
the interior of the film, and necessitate a tliickenin>: of the din a 
that place. 

That which is most difficult to account for in the formatMe d 
the black spots is the arrest of the process by which the film fim 
thinner. It seems most natural to account for thix, if putmU^. tv 
passive resistance to motion due to a ver>' viscous or gtiatamm 
condition of the film. For it does not seem likely that the tk 
after becoming unstable by the flux of matter from its interior, voii 
l)ecome stable (without the support of such resistance) by aeootat 
ance of the same process. C>n the other hand, gelatinous propnta 
are very marked in soap- water which contains somewhat won «f 
than is \)OHt for the fonnation of films, and it is entirely Mts* 
that, even when such pn>{)erties are wanting in the interior ol • 
mass or thick Him of a li(|uid, they may still exist in the imiM^ 
vicinity of the surface (where we know that the soap or wm ^ 
its components exists in excess), or through(»ut a film which » * 
thin tliat the interior lias ceased to have the properties of mtOtt 



\ 
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n mass.* But these considerations do not amount to any a priori 
>robabilit7 of an arrest of the tendency toward an internal current 
)etween adjacent elements of a black spot which may differ slightly 
n thickness, in time to prevent rupture of the film. For, in a thick 
ilm, the increase of the tension with the extension, which is necessary 
or its stability with respect to extension, is connected with an excess 
>f the soap (or of some of its components) at the surface as compared 
¥ith the interior of the film. With respect to the bla<;k spots, 
Jthough the interior has ceased to have the properties of matter in 
nass, and any quantitative determinations derived from the surfaces 
>f a mass of the liquid will not be applicable, it is natural to account 
:or the stability with reference to extension by supposing that the 
lame general difference of composition still exists. If therefore we 
looount for the arrest of internal currents by the increasing density 
)f soap or some of its components in the interior of the film, we 
nust still suppose that the characteristic difference of composition 
in the interior and 8urfa<;e of the film has not been obliterated. 

The preceding discussion relates to liquid films between masses of 
Taa Similar considerations will apply to liquid films between other 
liquids or between a liquid and a gas, and to films of gas between 
[oasses of liquid. The latter may be formed by gently depositing a 
liquid drop upon the surface of a mass of the same or a different 
liquid. This may be done (with suitable liquids) so that the con< 
tinuity of the air separating the liquid drop and mass is not broken, 
but a film of air is formed, which, if the liquids are similar, is a 
counterpart of the liquid film which is formed by a bubble of air 
rising to the top of a mass of the liquid. (If the bubble has the 
same volume as the drop, the films will have precisely the same 
form, as well as the rest of the surfaces which bound the bubble 
and the drop.) Sometimes, when the weight and momentum of 
the drop carry it through the surface of the mass on which it falls, 
it appears surrounded by a complete spherical film of air, which is 
the counterpart on a small scale of a soap-bubble hovering in air.t 
Since, however, the substance to which the necessary differences of 



* The experiments of M. Plateau (chapter VII of the work already oited) show that 
this u the case to a very remarkable degree with respect to a solution of saponine. 
With respect to soap-water, however, they do not indicate any greater superficial 
viaoonty than belongs to pure water. But the resistance to an internal current, such 
as we are considering, is not necessarily measured by the resistance to such motions 
as those of the experiments referred to. 

t These spherical air-films are easily formed in soap- water. They are distinguish- 
able from ordinary air-bubbles by their general behavior and by their appearance. 
The two oonoentric spherical surfaces are distinctly seen, the diameter of one appearing 
to be about three-quarters as large as that of the other. This is of course an optical 
illusion, depending upon the index of refraction of the liquid. 
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tension in the film are mainly due is a component of the liquid 
masses on each side of the air film, the necessary dififerences of the 
potential of this substance cannot be permanently maintained, and 
these films have little persistence compared with films of soap-water 
in air. In this respect, the case of these air-films is analogous to 
that of liquid films in an atmosphere containing substances by which 
their tension is greatly reduced. Compare pages 310, 311. 

Sv/rfdces of Discontinuity between Solids and Fluids. 

We have hitherto treated of surfaces of discontinuity on the 
supposition that the contiguous masses are fluid. This is by far the 
most simple case for any rigorous treatment, since the masses aie 
necessarily isotropic both in nature and in their state of strain. In 
this case, moreover, the mobility of the masses allows a satisfactory 
experimental verification of the mechanical conditions of equilibriimL 
On the other hand, the rigidity of solids is in general so great, that 
any tendency of the surfaces of discontinuity to variation in area or 
form may be neglected in comparison with the forces which aie 
produced in the interior of the solids by any sensible strains, so 
that it is not generally necessary to take account of the surfaces of 
discontinuity in determining the state of strain of solid massea But 
we must take account of the nature of the surfaces of discontinaify 
between solids and fiuids with reference to the tendency toward soli- 
dification or dissolution at such surfaces, and also with reference to 
the tendencies of different fluids to spread over the surfaces of solids. 

Let us therefore consider a surface of discontinuity between a fluid 
and a solid, the latter being either isotropic or of a continuous crystal- 
line structure, and subject to any kind of stress compatible witii a 
state of mechanical equilibrium with the fluid. We shall not exclude 
the case in which substances foreign to the contiguous ma^es are 
present in small quantities at the surface of discontinuity, but we 
shall suppose that the nature of this surface (i.e., of the non-homo- 
geneous film between the approximately homogeneous masses) is 
entirely determined by the nature and state of the masses which it 
separates, and the quantities of the foreign substances which may be 
present. The notions of the dividing swrfdce, and of the superficial 
denmties of energy, entropy, and the several components, which we 
have used with respect to surfaces of discontinuity between fluids 
(see pages 219 and 224), will evidently apply without modification to 
the present case. We shall use the suffix ^ with reference to the 
substance of the solid, and shall suppose the dividing surface to be 
determined so as to make the superficial density of this substanee 
vanish. The superficial densities of energy, of entropy, and of the 
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ofcher component substances may then be denoted by our usual 
symbols (see page 235), 

^8(i)> %(!)> Tjd), Fsd), etc. 
Let the quantity cr be defined by the equation 

<r = 6g„) - <j;b(i) - /«2r,(i, - /tisrsc) - etc., (659) 

in which i denotes the temperature, and fk^, fi^, etc. the potentials 
for the substances specified at the surface of discontinuity. 

As in the case of two fluid masses (see page 257), we may regard 
o* as expressing the work spent in forming a unit of the surface of 
discontinuity — ^under certain conditions, which we need not here 
specify — but it cannot properly be regarded as expressing the tension 
of the surface. The latter quantity depends upon the work spent in 
gtretching the surface, while the quantity <r depends upon the work 
spent in fcnnning the surface. With respect to perfectly fluid masses, 
i^ese processes are not distinguishable, unless the surface of discon- 
tinuity has components which are not found in the contiguous masses, 
and even in this case (since the surface must be supposed to be formed 
out of matter supplied at the same potentials which belong to the 
matter in the surface) the work spent in increasing the surface 
infinitesimally by stretching is identical with that which must be 
spent in forming an equal infinitesimal amount of new surface. But 
when one of the masses is solid, and its states of strain are to be 
distinguished, there is no such equivalence between the stretching of 
the surface and the forming of new surface.* 

* This will appear more distinotly if we consider a particular case. Let us consider 
a thin plane sheet of a crystal in a vacuum (which may be regarded as a limiting case 
of a very attenuated fluid), and let us suppose that the two surfaces of the sheet are 
alike. By applying the proper forces to the edges of the sheet, we can make all stress 
Tanish in its interior. The tensions of the two surfaces are in equilibrium with these 
forces, and are measured by them. But the tensions of the surfaces, thus determined, 
may evidently have different values in dififerent directions, and are entirely dififerent 
from the quantity which we denote by <r, which represents the work required to form 
a unit of the surface by any reversible process, and is not connected with any idea of 
direction. 

In certain cases, however, it appears probable that the values of <r and of the 
niperfioial tension will not greatly dififer. This is especially true of the numerous 
bodies which, although generaUy (and for many purposes properly) regarded as solids, 
are really very viscous fluids. Even when a body exhibits no fluid properties at its 
aetnal temperature, if its surface has been formed at a higher temperature, at which 
the body was fluid, and the change from the fluid to the solid state has been by 
insensible gradations, we may suppose that the value of a coincided with the superficial 
tension until the body was decidedly solid, and that they will only differ so far as they 
may be differently affected by subsequent variations of temperature and of the stresses 
applied to the soUd. Moreover, when an amorphous solid is in a state of equilibrium 
with a solvent, although it may have no fluid properties in its interior, it seems not 
improbikble that the particles at its surface, which have a greater degree of mobility, 
■ay so arrange themselves that the value of a wiU coincide with the superficial tension, 
as in the case of fluids. 
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With these preliminary notions, we now proceed to diacoas ih» 
condition of equilibrium which relates to the dissolving of a solid at 
the surface where it meets a fluid, when the thermal and mechanictl 
conditions of equilibrium are satisfied. It will be necessaiy for as to 
consider the case of isotropic and of crystallized bodies separately, 
since in the former the value of or is independent of the direction of 
the surface, except so far as it may be influenced by the state of strain 
of the solid, while in the latter the value of cr varies greatly with the 
direction of the surface with respect to the axes of crystallization, and 
in such a manner as to have a large number of sharply defined 
minima* This may be inferred from the phenomena which crystal- 
line bodies present, as will appear more distinctly in the following 
discussion. Accordingly, while a variation in the direction of an 
element of the surface may be neglected (with respect to its efifect on 
the value of cr) in the case of isotropic solids, it is quite otherwise 
with crystals. Also, while the surfaces of equilibrium between flmds 
and soluble isotropic solids are without discontinuities of direction, 
being in general curved, a crystal in a state of equilibrium with a 
fluid in which it can dissolve is bounded in general by a broken 
surface consisting of sensibly plane portions. 

For isotropic solids, the conditions of equilibrium may be deduced 
as f ollowa If we suppose that the solid is unchanged, except that an 
infinitesimal portion is dissolved at the surface where it meets the 
fluid, and that the fluid is considerable in quantity and remains 
homogeneous, the increment of energy in the vicinity of the sorfaoe 
will be represented by the expression 

/[6v'-ev"+(ci+C2)eBu)] SNDs 
where Dft denotes an element of the surface, SN the variation in its 
position (measured normally, and regarded as negative when the solid 
is dissolved), c^ and c^ its principal curvatures (positive when their 
centers lie on the same side as the solid), €g^i) the surface-density of 
energy, €v' and €y' the volume-densities of energy in the solid and 
fluid respectively, and the sign of integration relates to the elements 
Ds. In like manner, the increments of entropy and of the quantities 
of the several components in the vicinity of the surface will be 

Ayi-ynSNDs, 

etc. 
The entropy and the matter of difierent kinds representd by these 

* The differential ooeffioients of <r with respeot to the direotion-oosines of the mutut 
appear to be disooQtinnous functions of the Utter quantities. 
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expressions we may suppose to be derived from the fluid mass. 
These expressions, therefore, with a change of sign, will represent 
the increments of entropy and of the quantities of the components 
in the whole space occupied by the fluid except that which is 
immediately contiguous to the solid. Since this space may be 
regarded as constant, the increment of energy in this space may be 
obtained (according to equation (12)) by multiplying the above 
expression relating to entropy by — ^, and those relating to the 
components by — /ij", —/tig, etc.,* and taking the sum. If to this 
we add the above expression for the increment of energy near the 
surface, we obtain the increment of energy for the whole system. 
Now by (93) we have 

By this equation and (659), our expression for the total increment of 
energy in the system may be reduced to the form 

AeY-tflY-/i^y^+p"+{Ci+c^<r] SNDa. (660) 

In order that this shall vanish for any values of SN, it is necessary 
that the coefficient of SNDa shaU vanish. This gives for the con- 
dition of equilibrium 

yu " = gv'-^^'+J^''+(^i+^g)q^ ^ (661) 

This equation is identical with (387), with the exception of the term 
containing cr, which vanishes when the surface is plane.t 

We may also observe that when the solid has no stresses except an 
isotropic pressure, if the quantity represented by or is equal to the true 
tension of the surface, p"+(c^+C2)<r will represent the pressure in 
the interior of the solid, and the second member of the equation will 
represent (see equation (93)) the value of the potential in the solid 
for the substance of which it consists. In this case, therefore, the 
equation reduces to 

that is, it expresses the equality of the potentials for the substance of 



*The potential ft^" is marked by double accents in order to indicate that its value 
is to be determined in the fluid mass, and to distinguish it from the potential /ij' 
relating to the solid mass (when this is in a state of isotropic stress), which, as we 
ihaU see, may not always have the same value. The other potentials /t^, etc., have 
the same values as in (659), and consist of two classes, one of which relates to sub- 
■tanoes which are components of the fluid mass (these might be marked by the double 
aooenta), and the other relates to substances found only at the surface of discontinuity. 
The expressions to be multiplied by the potentials of this latter class all have the 
value zero. 

tin equation (387)» the density of the solid is denoted by F, which is therefore 
equivalent to 7/ in (661). 
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the solid in the two msaees — the same oonditioa which would sobost 
if boUi masses were fluid. 

Moreover, the compressibility of all solids is so small that, although 
o* may not represent the true tension of the surface, nor p^+ic^+c^a^ 
the true pressure in the solid when its stresses are isoto>pic, the quan- 
tities €y and 9y' if calculated for the pressure p'^+(c^+c^a' with 
the actual temperature will have sensiUy the same values as if calcu- 
lated for the txne pressure of the solid. Hence, the second member 
of equation (661), when the stresses of the solid are sensiUy isotropie, 
is sensibly equal to the potential of the same body at the same ton- 
perature but with the pressure p''\'{c^'\'C^a', and the condition d 
equilibrium with respect to dissolving for a solid of isotropic stresses 
may be expressed with sufficient accuracy by saying tiiat the potential 
for the substance of the solid in the fluid must have this value. Li 
like manner, when the solid is not in a state of isotropic stress, the 
difference of the two pressures in question will not sensibly affect 
the values of e/ and ^y', and the value of the second member of the 
equation may be calculated as if p'+ic^+c^a represented the true 
pressure in the solid in the direction of the normal to the snr&oe. 
Therefore, if we had taken for granted that the quantity o* represents 
the tension of a surface between a solid and a fluid, as it does whoi 
both masses are fluid, this assumption would not have led us into any 
practical error in determining the value of the potential fi^' which is 
necessary for equilibrium. On the other hand, if in the case of any 
amorphous body the value of <r differs notaUy from the true soi&oe- 
tension, the latter quantity substituted for o* in (661) will make the 
second member of the equation equal to the true value of fi^', when 
the stresses are isotropic, but this will not be equal to the value of fi^ 
in case of equilibrium, unless r^+rj = 0. 

When the stresses in the solid are not isotropic, equation (661) 
may be r^arded as expressing the condition of equilibrium with 
respect to the dissolving of the solid, and is to be distinguished from 
the condition of equilibrium with respect to an increase of solid 
matter, since the new matter would doubtless be deposited in a state 
of isotropic stress. (The case would of course be different with 
crystalline bodies, which are not considered here.) The value of 
/i/ necessary* for equilibrium with respect to the formation of new 
matter is a little les8 than that necessary for equilibrium with resped 
to the dissolving of the solid. In r^ard to the actual behavior of 
the solid and fluid, all that the theory enables us to predict with 
certainty is that the solid will not dissolve if the value of the poteo- 
tial /f^' is greater than that given by the equation for the solid with 
its distorting stresses, and that new matter will not be formed if the 
value of /tj' is less than the same equation would give for the case of 
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solid with isotropic stressea* It seems probable, however, that 
he fluid in contact with the solid is not renewed, the system will 
erally find a state of equilibrium in which the outermost portion 
^e solid will be in a state of isotropic stress. If at first the solid 
old dissolve, this would supersaturate the fluid, perhaps until a 
«e is reached satisfying the condition of equilibrium with the 
tssed solid, and then, if not before, a deposition of soUd matter in a 
;e of isotropic stress would be likely to commence and go on until 

fluid is reduced to a state of equilibrium with this new solid 
iter. 

lie action of gravity will not affect the nature of the condition of 
ilibrium for any single point at which the fluid meets the solid, but 
vUl cause the values of p" and fi^" in (661) to vary according to 
laws expressed by (612) and (617). If we suppose that the outer 
b of the solid is in a state of isotropic stress, which is the most 
lortant case, since it is the only one in which the equilibrium is in 
ry sense stable, we have seen that the condition (661) is at least 
ribly equivalent to this : — that the potential for the substance of 

solid which would belong to the solid mass at the temperature t 

the pressure p"+{c-i+C2)<r must be equal to fi^'\ Or, if we denote 
[p') the pressure belonging to solid with the temperature t and the 
mtial equal to /i/', the condition may be expressed in the form 

(p')=p''+(ci+c^)<r. (662) 

V if we write y" for the total density of the fluid, we have by (612) 

dp"= ^gy'dz, 
(98) dip') = y,'d^,". 

by (617) dfi^'=-gdz; 

!nce d{p') = ~9 yi'dz. 

ordingly we have 

d(p')-dp"=giy"-y{)dz, 

(j>')-p"=9(y"-yr>. 

eing measured from the horizontal plane for which {p')=p'\ 
istituting this value in (662), we obtain 

c^+c^=.SJy-:iJ^z, (663) 



rhe possibility that the new solid matter might differ in composition from the 
nal solid is here left out of account. This point has been discussed on pages 
2, but without reference to the state of strain of the solid or the influence of 
curvature of the surface of discontinuity. The statement made above may be 
ralized so as to hold true of the formation of new solid matter of any kind on 
Buriaoe as follows :— that new solid matter of any kind will not be formed upon 
surface (with more than insensible thickness), if the second member of (661) cal- 
bed for such new matter is greater than the potential in the fluid for such matter. 
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precisely as if both masses were fluid, and <r denoted the tenaoD 
of their common surface, and {p') the true pressure in the mass 
specified. (Compare (619).) 

The obstacles to an exact experimental realization of these relatiODS 
are very great, principally from the want of absolute uniformity in 
the internal structure of amorphous solids, and on account of the 
passive resistances to the processes which are necessary to bring 
about a state satisfying the conditions of theoretical equilibrium, 
but it may be easy to verify the general tendency toward diminution 
of surface, which is implied in the foregoing equationa* 

Let us apply the same method to the case in which the solid 
is a crystal. The surface between the solid and fluid will now 
consist of plane portions, the directions of which may be regarded 
as invariable. If the crystal grows on one side a distance ditT, 
without other change, the increment of energy in the vicinity of 
the surface will be 

(e/ - €v")» SN+ ^(esd)' I' cosec w - €g(„ V cot w)SN, 

* It seems probable that a tendency of this kind plays an important part in mM 
of the phenomena whioh have been observed with respect to the freedng togetJier 
of pieces of ice. (See especially Professor Faraday's "Note on Regelatioii ** in tiie 
Proceediiigs of the Royal Society , voL x, p. 440 ; or in the PhUosopkkal Jiagaam, 
4th ser., vol. xxi, p. 146.) Although this is a body of crystalline straotnre, ind 
the action which takes place is doubtless influenced to a certain extent by tiie 
directions of the axes of crystallization, yet since the phenomena have not been 
observed to depend upon the orientation of the pieces of ice we nmy oonohide thtt 
the effect, so far as its general character is concerned, is such as might take place 
with an isotropic body. In other words, for the purposes of a general explanatHin 
of the phenomena we may neglect the differences in the values of <riw (the suffixei 
are used to indicate that the symbol relates to the surface between ice and water) 
for different orientations of the axes of crystallization, and also neglect the influeoce 
of the surface of discontinuity with respect to crystalline structure, which must be 
formed by the freezing together of the two masses of ice when the axes of ciyiUl- 
lization in the two masses are not similarly directed. In reality, this surface— or 
the necessity of the formation of such a surface if the pieces of ice freeze together- 
must exert an influence adverse to their union, measured by a quantity tf-n, wbkh k 
determined for this surface by the same principles as when one of two oontigooQi 
masses is fluid, and varies with the orientations of the two systems of orystaUognpUfi 
axes relatively to each other and to the surface. But under the circumstances d 
the experiment, since we may neglect the possibility of the two sjrstema of axei 
having precisely the same directions, this influence is probably of a tolerably coostsnt 
character, and is evidently not suflioient to alter the general nature of the result 
In order wholly to prevent the tendency of pieces of ice to freeze together, when 
meeting in water with curved surfaces and without pressure, it would be neoessuy 
that <rii^2<riw» except so far as the case is modified by passive resistances to ofaai^ 
and by the inequality in the values of an and tf-pr for different directions of the sxh 
of crystallization. 

It will be observed that this view of the phenomena is in harmony with the 
opinion of Professor Faraday. With respect to the union of pieoee of ice as a 
indirect consequence of pressure, see page 108 of volume xi of the Proetednigi 9f 
the BoycU Society; or the PhUosophiccU Magazine, 4th ser., voL xxiii, p. 407. 
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Inhere e^ and ey^' denote the volume-densities of energy in the 
crystal and fluid respectively, s the area of the side on which the 
crystal grows, egd) ^^ surface-density of energy on that side, 6g(,/ 
the sur&ce-density of energy on an adjacent side, w the external 
ingle of these two sides, V their common edge, and the symbol 2^ 
% summation with respect to the different sides adjacent to the 
Brst. The increments of entropy and of the quantities of the several 
components will be represented by analogous formuke, and if we 
lednce as on pages 316, 317 the expression for the increase of 
eEoergy in the whole system due to the growth of the crystal 
without change of the total entropy or volume, and set this expres- 
sion equal to zero, we shall obtain for the condition of equilibrium 

(tf^'-f^'_^-y^'+p>iJV'+r(<rrcosec«'-(ri'cot«0«^'=0, (664^ 

where a and </ relate respectively to the same sides as eg(,) and egd/ 
in the preceding formula. This gives 

„ 6v' — ^Ihr'+p" , Z'CorTcOSeCa)' — orj' cot «') //>/»r\ 

/Ltj = -, * 1 —-7 . (000) 

It will be observed that unless the side especially considered is 
small or narrow, we may neglect the second fraction in this 
equation, which will then give the same value of /x/" as equation 
(887), or as equation (661) applied to a plane surface. 

Since a similar equation must hold true with respect to every 
other side of the crystal of which the equilibrium is not affected 
by meeting some other body, the condition of equilibrium for the 
erystalline form (when unaffected by gravity) is that the expression 

y (prT cosec w — aV cot (a) /fififi\ 

shall have the same value for each side of the crystal. (By the 
value of this expression for any side of the crystal is meant its 
value when <r and a are determined by that side and the other 
q[iiantities by the surrounding sides in succession in connection with 
the first side.) This condition will not be affected by a change in 
the size of a crystal while its proportions remain the same. But 
the tendencies of similar crystals toward the form required by this 
condition, as measured by the inequalities in the composition or the 
temperature of the surrounding fluid which would counterbalance 
them, will be inversely as the linear dimensions of the crystals, as 
appears from the preceding equation. 

K we write v for the volume of a crystal, and ^{aa) for the sum 
cf the areas of all its sides multiplied each by the corresponding 
value of (T, the numerator and denominator of the fraction (666X 
multiplied each by iN, may be represented by SZ(trH) and iv 

G.I. X 
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reepeetively. The value of the fncdon is therefixe equal to (hat 
of the difEocnlial coefficient 

~dr 

as determiiied by the displacement of a particular side while the 
other sides are fixed. The condition of equilibrium for tihe form 
of a crystal (when the influence of gravity may be n^lected) is 
that the value of this difierraitial coeffid^it must be independent 
of the particular side which is supposed to be displaced. For a 
constant volume of the crystal, Z(a«) has therefore a fninimnTn value 
when the condition of equilibrium is satisfied, as may easily be 
proved more directly. 

When there are no foreign substances at the surfaces of the 
crystal, and the surrounding fluid is indefinitely ert^ided, the 
quantity Y,{ars) represents the work required to form the snr&oeB 
of the crystal, and the coefficient of sSN in (664) witii its sign 
reversed represents tiie work gained in forming a mass of volnme 
unity like the crystal but regarded as without surfaces. We may 
denote the work required to form the crystal by 

'^s"" 'Mr* 
ITg denoting the work required to form tiie surfaces {Le., Y,{<r9% 
and Wy the work gained in forming the mass as distinguished from 
the surfaces. Equation (664) may then be written 

-iFv+2((r&)=0. (667) 

Now (664) would evidently continue to hold true if the crystJ 
were diminished in size, remaining similar to itself in form and 
in nature, if the values of or in all the sides were supposed to 
diminish in the same ratio as the linear dimensions of the ciystaL 
The variation of W^ would then be determined by the relation 

dTrB=dS(<r«) = fS(<rd«), 

and that of Wy by (667). Hence, 

and, since TFg and Wy vanish together, 

W^^iWy, 

W^--Wy = \W^ = \Wy, (668) 

— ^the same relation which we have before seen to subsist with 
respect to a spherical mass of fluid as well as in otiier casea (S^ 
pages 257, 261, 298.) 

The equilibrium of the crystal is unstable with respect to variations 
in size when the surrounding fluid is indefinitely extended, but it 
may be made stable by limiting the quantity of the fluid. 
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To take account of the influence of gravity, we must give to fi^' 
and 'p" in (665) their average values in the side considered. These 
coincide (when the fluid is in a state of internal equilibrium) with 
their values at the center of gravity of the side. The values of 
y/> ^v^ 9v' ^^^^7 ^ regarded as constant, so far as the influence of 
gravity is concerned. Now since by (612) and (617) 

and 
we have 

d(yi>r-p")=fl'(y"-yi')<i«- 

&)mparing (664), we see that the upper or the lower faces of the 
crystal will have the greater tendency to grow (other things being 
equal), according as the crystal is lighter or heavier than the fluid. 
When the densities of the two masses are equal, the effect of gravity 
on the form of the crystal may be neglected. 

In the preceding paragraph the fluid is regarded as in a state 
of internal equilibrium. If we suppose the composition and tem- 
perature of the fluid to be uniform, the condition which will make 
the effect of gravity vanish will be that 

when the valae of the differential coefficient is determined in 
accordance with this supposition. This condition reduces to 

/"to" -J-' 
which, by equation (92), is equivalent to 

(/^y -K (669) 

The tendency of a crystal to grow will be greater in the upper 
or lower parts of the fluid, according as the growth of a crystal 
At constant temperature and pressure will produce expansion or 
<X)qitraction. 

Again, we may suppose the composition of the fluid and its entropy 
per unit of mass to be uniform. The temperature will then vary with 
t^he pressure, that is, with z. We may also suppose the temperature 
^f different crystals or different parts of the same crystal to be deter- 
>Uined by the fluid in contact with them. These conditions express a 
^tate which may perhaps be realized when the fluid is gently stirred. 
Cowing to the differences of temperature we cannot regard ey' and i\^' 

*A safBxed m is used to represent all the symbols nii, m^, eto., except sooh as 
^^y oooar in the diflforential ooeffioient. 
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<:^"r =-. (670) 

is aero, this eqnatkm expreBsei 

in % considerable quantiiy of 

nor contraction, when the 

and no heat is supplied or taken 

Tbe mann gr in vfaieh cryslals actually grow or dissolve is often 
prxDQpanjdet^nninedby other differences of phase in the sarronndiiig 
ftaki than those iriiidi have been considered in the preceding para- 
grsphu This is espedallj the case when the crystal is growing or 
disHdving rapidly. When the great mass of the fluid is consideraUy 
supersaturated, the action of the crystal keeps the part immediately 
contiguous to it nearer the state of exact saturation. The farthest 
projecting parts of the crystal will therefore be most exposed to the 
action of the supersaturated fluid, and will grow most rapidly. The 
same parts of a crystal will dissolve most rapidly in a fluid con- 
siderably below saturation.* 

But even when the fluid is supersaturated only so much as is 
necessary in order that the crystal shall grow at all, it is not to be 
expected that the form in which ^{crs) has a minimum value (or 
such a modification of that form as may be due to gravity or to the 
influence of the body supporting the crystal) will always be the 
ultimate result. For we cannot imagine a body of the internal 
structure and external form of a crystal to grow or dissolve by an 
entirely continuous process, or by a process in the same sense con- 
tinuous as condensation or evaporation between a liquid and gas^ or 
the corresponding processes between an amorphous solid and a floid 
The process is rather to be regarded as periodic, and the formula (664) 

«See 0. Lehmann, **Ueber das Waohsthom der KrystaUe," ZeUsekr^fibr Krytiti' 
logmphie und Mintraloffie^ Bd. i, 8. 453 ; or the review of the paper in YfMmum't 
BeMttUr, Bd. ii, a 1. 
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cannot properly represent the true value of the quantities intended 
unless SN is equal to the distance between two successive layers of 
molecules in the crystal, or a multiple of that distance. Since this 
can hardly be treated as an infinitesimal, we can only conclude with 
certainty that sensible changes cannot take place for which the 
expression (664) would have a positive value* 

* That it is neoeesary that oertain relations shaU be preoisely satisfied in order that 
equilibrium may subsist between a liquid and gas with respect to evaporation, is 
explained (see Clausius, ''Ueber die Art der Bewegnng, welohe wir Warme nennen," 
Poffg. AmLf Bd. o, 8. 353 ; or Ahhand, uber die mechan, Wdrmetheoriet XIV) by suppos- 
ing that a passage of individual molecules from the one mass to the other is continuaUy 
taking place, so that the slightest circumstance may give the preponderance to the 
passage of matter in either direction. The same supposition may be applied, at least 
in many cases, to the equilibrium between amorphous solids and fluids. Also in the 
ease of crystals in equilibrium with fluids, there may be a passage of individual mole- 
ooles from one mass to the other, so as to cause insensible fluctuations in the mass of 
Uie solid. If these fluctuations are such as to cause the occasional deposit or removal 
of a whole layer of particles, the least cause would be sufficient to make the probability 
of ooe kind of change prevail over that of the other, and it would be necessary for 
equilibrium that the theoretical conditions deduced above should be precisely satisfied. 
Bat this supposition seems quite improbable, except with respect to a very small side. 

The foUowing view of the molecular state of a cr3rstal when in equilibrium with 
rapeot to growth or dissolution appears as probable as any. Since the molecules at 
the oomers and edges of a perfect crystal would be less firmly held in their places 
than those in the middle of a side, we may suppose that when the condition of 
tliearetioal equilibrium (665) is satisfied several of the outermost layers of molecules 
OQ each side of the crystal are incomplete toward the edges. The boundaries of these 
imperfect layers probably fluctuate, as individual molecules attach themselves to the 
Qiystal or detach themselves, but not so that a layer is entirely removed (on any side 
of ooDsiderable size), to be restored again simply by the irregularities of the motions 
of the individual molecules. Single molecules or small groups of molecules may 
indeed attach themselves to the side of the crystal but they will speedily be dislodged, 
and if any molecules are thrown out from the middle of a surface, these deficiencies 
win also soon be made good ; nor wiU the frequency of these occurrences be such as 
greatly to affect the general smoothness of the surfaces, except near the edges where 
the snrfacee faU off somewhat, as before described. Now a continued growth on any 
side of a crystal is impossible unless new layers can be formed. This wiU require a 
value of f^i" which may exceed that given by equation (665) by a finite quantity. 
Sinoe the difficulty in the formation of a new layer is at or near the commencement 
of the formation, the necessary value of fii" may be independent of the area of the 
side, except when the side is very small. The value of ft^" which is necessary for the 
growth of the crystal wiU however be different for different kinds of surfaces, and 
prabaUy will generaUy be greatest for the surfaces for which o- is least. 

On the whole, it seems not improbable that the form of very minute cxystals in 
sqnilibriam with solvents is principaUy determined by equation (665), (i.e., by the 
condition that Z(^s) shall be a minimnm for the volume of the crystal except so far 
as the ease is modified by gravity or the contact of other bodies), but as they grow 
kiger (in a solvent no more supersaturated than is necessary to make them grow at 
•H), the deposition of new matter on the different surfaces will be determined more by 
the nature (orientation) of the surfaces and less by their size and relations to the 
•OROiinding surfaces. As a final result, a large crystal, thus formed, will generaUy 
lie boonded by those surfaces alone on which the deposit of new matter takes place 
least readily, with small, perhaps insensible truncations. If one kind of surfaces 
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Let OS now exmmine the special oonditaoo of eqoilibrhia wkc 
relates to a line at which three different maww meet* when cat < 
more of these masses is solid. If we apply the method of psgfs SI 
317 to a system containing sach a line, it is evident that we ttm 
obtain in the expression corresponding to (660X beside the l a i ef B 
relating to the surfaces, a term of the form 

/l{<r6T)Dl 
to be interpreted as the fumilar term in (611), except so far i» tl 
definition of a has been modified in its extension to solid msf ■ I 
order that this term shall be incapable of a negative value il 
necessazy that at ever}* point of the line 

2(<rir)go icn 

for any possible displacement of the line. Those displaeemcnti sit i 
be regarded as possible which are not prevented by the solidity of d 
masses, when the interior of every solid mass is regarded as iaospik 
of motion. At the surfaces between solid and fluid msssfw, the p 
cesses of solidification and dissolution will be possible in some tarn 
and impossible in others. 

The simplest case is when two masses are fluid and the third i 
solid and insoluble. Let us denote the solid by S, the flmh b 
A and B, and the angles filled by these fluids by a and S rvpi 
tively. If the surface of the solid is continuous at the line what i 
meets the two fluids, the condition of equilibrium reduces to 

CTab cos a = (Tbs — O"!!* <*^ 

If the line where these masses meet is at an edge of the sobi th 
condition of equilibrium is that 

and a-^^cot^fi^o'j^^a'^'J 

which reduces to the preceding when a + i8=«x. Since the dtf(u» 

ment of the line can take place by a purely mechanical pn^cvst. Ui 



mtiafying thif condition cannot form a cloned figure, th« ery^al viU hr bi« 
two or thrM kinds of mirfaccA determined by the aune ouoditioa. 1V» ia^ < 
•urfAC« thiM determined will pru^jably generally be th<Me for which r hM Xhr ■■ 
values. But the relative development of the difierent kinds of aidca, ertn if tamti 
fied by gravity or the ountact of other budiea, will not be rach as U> Make I m* 
minimum. The growth of the cryHal will finally be confined to •tdm xd a ma^ ksl 
It does not appear that any part of the operation <if removing a larvr vi »wih 
prea(.*nta any eapecial difficulty to marked aa that of oiMnmcocuig a twm kiv; i 
the values of /a,' which will just all«»w the differmt itagva uf the pr uf v ^ 
must be slightly different , and therefure, ft»r the omtinued disfcilnng s4 xhm trm 
the value of m/' must be less (by a finite quantity) than that givm by ««{«»(»« Si 
It seemn probable that this would be especially true of th«w aides fiw wftjc^ t I 
the least values. The effect of dissolving a crystal (even when tt la «kar ss «is 
as possible) is therefore to prtjduce a Uwm which probably diffen 
theorstioal equilibrium in a direoiioo opposite to thai of a grvwian crysCAL 
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mdition is capable of a more satisfactory experimental verification 
lan those conditions which relate to processes of solidification and 
ssolution. Yet the frictional resistance to a displacement of the line 
enormously greater than in the case of three fiuids, since the 
lative displacements of contiguous portions of matter are enormously 
'eater. Moreover, foreign substances adhering to the solid are not 
sily displaced, and cannot be distributed by extensions and con- 
Gkctions of the surface of discontinuity, as in the case of fluid masses, 
ence, the distribution of such substances is arbitrary to a greater 
:tent than in the case of fluid masses (in which a single foreign 
betance in any surface of discontinuity is uniformly distributed, 
id a greater number are at least so distributed as to make the 
Qsion of the surface uniform), and the presence of these substances 
ill modify the conditions of equilibrium in a more irregular manner. 
If one or more of three surfaces of discontinuity which meet in a 
le divides an amorphous solid from a fluid in which it is soluble, 
ich a surface is to be regarded as movable, and the particular con- 
tions involved in (671) will be accordingly modified. If the soluble 
(lid is a crystal, the case will properly be treated by the method 
sed on pages 320, 321. The condition of equilibrium relating to the 
He will not in this case be entirely separable from those relating to 
16 adjacent surfaces, since a displacement of the line will involve a 
isplacement of the whole side of the crystal which is terminated at 
lis line. But the expression for the total increment of energy in the 
rstem due to any internal changes not involving any variation in 
le total entropy or volume will consist of two parts, of which one 
elates to the properties of the masses of the system, and the other 
lay be expressed in the form 

<S2((r«), 

le summation relating to all the surfaces of discontinuity. This 
idicates the same tendency towards changes diminishing the value 
I 2((r«), which appears in other cases.* 



* The freezing together of wool and ice may be mentioned here. The f aot that a fiber 
wool which remains in oontact with a block of ice under water will become attached 
) it aeems to be strictly analogous to the fact that if a solid body be brought into such 
positioin that it just touches the free surface of water, the water will generally rise up 
Kmt the point of oontact so as to touch the solid over a surface of some extent. The 
nditioin of the latter phenomenon is 

bere the suffixes g, a> And w refer to the solid, to air, and to water, respectively. In 
ce manner, the condition for the freezing of the ice to the wool, if we neglect the 
ilotropic properties of the ice, is 

[lere the suffixes b» w> a&d i relate to wool, to water, and to ice, respectively. See 
roc Boy, 8oc, voL x, p. 447; or PhU, Mag.^ 4th ser., vol. xxi, p. 151. 
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Cfeneral BeUdians. — ^For any constant state of strain of the surface 
of the solid we may write 

d€^(i}^tdthiu+fhdrtM+fhdr^)+eU^> (674) 

since this relation is implied in the definition of the quantities involved 
From this and (659) we obtain 

d<T= -flBa>«"-r,(i,d/M,-r,(i,d/M,-etc, (675) 

which is subject, in strictness, to the same limitation — that the state 
of strain of the surface of the solid remains the same. Bat this 
limitation may in most cases be neglected. (If the qoantiiy o* repre- 
sented the tme tension of the surface, as in the case of a surface 
between fluids, the limitation would be wholly unnecessary.) 

Anoiker method and notation. — We have so far supposed tiiat 
we have to do with a non-homogeneous film of matter between 
two homogeneous (or very nearly homogeneous) masses, and that 
the nature and state of this film is in all respects determined by the 
nature and state of these masses together with the quantities of the 
foreign substances which may be present in the film. (See page 314) 
ProUems relating to processes of solidification and dissolution ae^ 
hardly capaUe of a satisfactory solution, except on this suppositioo, 
which appears in general allowable with respect to the surfaces 
produced by these processea But in considering the equilibrium of 
fluids at the sur&ce of an unchangeable solid, such a limitation ia 
neither necessary nor convenient. The following method of treatbg 
the subject wiU be found more simple and at the same time mxe 
generaL 

Let us suppose the superficial density of energy to be determined 
by the excess of energy in the Weinity of the surface over that which 
would belong to the solid, if (with the same temperature and state 
of strain) it were bounded by a vacuiun in place of the fluid, and to 
the fluid, if it extended with a uniform volume-density of energy just 
up to the surface of the solid, or, if in any case this does not suffi- 
ciently define a surface, to a surface determined in some definite way 
by the exterior particles of the solid. Let us use the symbol (eg) to 
denote the superficial energy thus defined. Let us suppose a superficial 
density of entropy to be determined in a manner entirely analogous, 
and be denoted by (lyg). In like manner also, for all the components 
of the fluid, and for all foreign fluid substances which may be present 
at the surface, let the superficial densities be determined, and denoted 
by (r,), (Fj), etc. These superficial densities of the fluid components 
relate solely to the matter which is fluid or movable. All matter 
which is immovably attached to the solid mass is to be regarded as a 
part of the same. Moreover, let 9 be defined by the equation 

f=(«8)-<('»8)-/^(r^-A^(r,)-etc. (676) 



EQUIUBBIUM OF HETEROGENEOUS SUBSTANCES. 329 
hese quantities wiU satisfy the following general relations : — 

d(€s)=td(fis)+/i2d(T^+/i^d(T^)+eUi., (677) 

d^=^-(fls)dt-{T^d^-'(r^d,i^^etc. (678) 

1 strictness, these relations are subject to the same limitation as 
574) and (675). But this limitation may generally be neglected. 
1 fact, the values of ;, (eg), etc. must in general be much less affected 
Y variations in the state of strain of the surface of the solid than 
lose of or, 6g(|), etc. 

The quantity y evidently represents the tendency to contraction in 
lat portion of the surface of the fluid which is in contact with the 
>lid. It may be called the attperfidal tension of the fluid in contact 
iih the solid. Its value may be either positive or negative. 

It will be observed for the same solid surface and for the same 
imperature but for different fluids the values of cr (in all cases to 
hich the definition of this quantity is applicable) will differ from 
lose of y by a constant, viz., the value of or for the solid surface in 
vacuum. 

For the condition of equilibrium of two different fluids at a line on 
le surface of the solid, we may easily obtain 

crABC08a = yBg — 9^, (679) 

[ie suffixes, etc, being used as in (672), and the condition being 
abject to the same modification when the fluids meet at an edge of 
lie solid 

It must also be regarded as a condition of theoretical equilibrium 
b the line considered (subject, like (679), to limitation on accoimt of 
assive resistances to motion), that if there are any foreign substances 
1 the surfaces A-S and B-S, the potentials for these substances shall 
Ave the same value on both sides of the line; or, if any such sub- 
tance is found only on one side of the line, that the potential for 
hat substance must not have a less value on the other side ; and that 
he potentials for the components of the mass A, for example, must 
lave the same values in the surface B-C as in the mass A, or, if they 
re not actual components of the surface B-C, a value not less than 
a A. Hence, we cannot determine the difference of the surface- 
ensions of two fluids in contact with the same solid, by bringing 
hem together upon the surface of the solid, unless these conditions 
jne satisfied, as well as those which are necessary to prevent the 
dixiiig of the fluid masses. 

The investigation on pages 276-282 of the conditions of equilibrium 
or a fluid system under the influence of gravity may easily be 
xtended to the case in which the system is bounded by or includes 
olid masses, when these can be treated as rigid and incapable of 
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disBolotioxL The general condition of mechAnieal eqmlifariini 
be of the form 

-//> iJ>^ +y'sry fc ^+/cr iD9 +/gr iz Db 

+/gizDm+/9Sl>$+/g{T)6zD9^0. <« 

where the first four integrals relate to the fluid mamnr and tl 
surfaces which di\nde them, and have the same fagnifieatkn m ; 
equation (606), the fifth integral relates to the movable solid ibmh 
and the sixth and seventh to the surfaces between the aobb m 
fluids, (F) denoting the sum of the quantities (F^ (F^ etc: It fbam 
be observed that at the surface where a fluid meets a iv^lid ea and i 
which indicate respectively the displacements of the solid aad tl 
fluid, may have different values, but the componenta of them di 
placements which are normal to the surface most be eqaaL 

From this equation, among other particular oonditioofl of eqw 
brium, we may derive the following : — 

(compare (614)), which expresses the law governing the difluibabfl 
of a thin fluid film on the surface of a solid, when there are do pMBi 
resistances to its motion. 

By applying equation (680) to the case of a vertical cylindiical tri 
containing two different fluids, we may easily obtain the weU-kwv 
theorem that the product of the perimeter of the internal soriaBe 1; 
the difference ('—('' of the superficial tensions of the upper and bw 
fluids in contact with the tube is equal to the excess of weight of ih 
matter in the tube above that which would be there, if the bomlM] 
between the fluids were in the horizontal plane at which th«-ir ptm 
sures would be e<|ual. In this theorem, we may either incloif 3 
exclude the weight of a film of fluid matter adhering to tbr t^'m 
Tlie proposition is usually applied to the column of fluid i» ^^ 
lxawtH.'n the horizontal plane for which p'=p' and the actual b«od«i 
between the two fluidn. Tlie superficial tensions ^ and t" aie then i 
l)e nieaHuri^l in the vicinity of this column. But we may also tocM 
the weight of a film adhering to the internal surface of xh* lA 
For example, in the case of water in e<|uilibrium with its own vtp 
in a tube, the weight of all the water-sulistance in the tube abo%« tk 
plane p=p'\ diminiHluHl by that of the water-vapor which v<iQjd i 
the same space*, is equal to the perimeter multiplied by the difl ifi w 
in the values of c At the top of the tul»e and at the plane p'»/** 1 
the height of the tube is infinite, the value of t at the top \aiu:<fac 
and the weight of the film of water adhering to the tube and «i U 
niiiHrt of liquid water alxjve the plane /''=^>" diminished by the wHjp 
of va[)or which would fill the same s|Mice is etjual in niunerioal ^-ah 
but of opposite sign to the product of the perimeter uf tlie in&en 
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BEorface of the tube multiplied by ^'\ the superficial tension of liquid 
water in contact with the tube at the pressure at which the water 
and its vapor would be in equilibrium at a plane surface. In this 
sense, the total weight of water which can be supported by the tube 
per unit of the perimeter of its surface is directly measured by the 
value of — f for water in contact with the tube. 



Modification of the Conditions of Equilibrium by Electromotive 
Force.— Theory of a Perfect Electro-Ohemical Apparatus. 

We know by experience that in certain fluids (electrolytic con- 
ductors) there is a connection between the fluxes of the component 
substances and that of electricity. The quantitative relation between 
these fluxes may be expressed by an equation of the form 

2)e=^-+^+etc,-^-^-etc., (682) 

where De^ Dm^, etc. denote the infinitesimal quantities of electricity 
and of the components of the fluid which pass simultaneously through 
any same surface, which may be either at rest or in motion, and 
Oft, Ob, etc, Og, Qh, etc denote positive constants. We may evidently 
regard Dm^, Dm^, etc., Dnig, Dm^, etc. as independent of one another. 
For, if they were not so, one or more could be expressed in terms of 
the others, and we could reduce the equation to a shorter form in 
which all the terms of this kind would be independent. 

Since the motion of the fluid as a whole will not involve any 
electrical current, the densities of the components specified by the 
suffixes must satisfy the relation 

5^+25>+etc=2i+25»+etc (683) 

«• Ob Qg Oh 

These densities, therefore, are not independently variable, like the 

densities of the components which we have employed in other cases. 

We may account for the relation (682) by supposing that electricity 

(positive or negative) is inseparably attached to the diflerent kinds of 

molecules, so long as they remain in the interior of the fluid, in such a 

way that the quantities Og^, at, etc of the substances specified are each 

charged with a unit of positive electricity, and the quantities Ug, a^^, 

etc of the substances specified by these suffixes are each charged with 

a unit of negative electricity. The relation (683) is accounted for by 

the fact that the constants Oi^, a,, etc are so small that the electrical 

charge of any sensible portion of the fluid varying sensibly from 

the law expressed in (683) would be enormously great, so that 

the formation of such a mass would be resisted by a very great 

force. 
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It will be observed that the choice of the substances which we 
regard as the components of the fluid is to some extent arbitrary, aod 
that the same physical relations may be expressed by different 
equations of the form (682), in which the fluxes are expressed witii 
reference to different sets of components. If the compcments chosoi 
are such as represent what we believe to be the actual molecular 
constitution of the fluid, those of which the fluxes appear in the 
equation of the form (682) are called the ioTis, and the constants of 
the equation are called their dectro-cheTnical equivalents. For oar 
present purpose, which has nothing to do with any theories of mole- 
cular constitution, we may choose such a set of components as may be 
convenient, and call those wna, of which the fluxes appear in tiie 
equation of the form (682), without farther limitation. 

Now, since the fluxes of the independently variable components of 
an electrolytic fluid do not necessitate any electrical currents, all tie 
conditions of equilibrium which relate to the movements of these 
components will be the same as if the fluid were incapable of the 
electrolytic process. Therefore all the conditions of equilibrium which 
we have found without reference to electrical considerations, will 
apply to an electrolytic fluid and its independently variable com- 
ponents. But we have still to seek the remaining conditions of 
equilibrium, which relate to the possibility of electrolytic conduction. 

For simplicity, we shall suppose that the fluid is without internal 
surfaces of discontinuity (and therefore homogeneous except so far as 
it may be slightly affected by gravity), and that it meets metallic 
conductors (electrodes) in different parts of its surface, being oUier- 
wise bounded by non-conductors. The only electrical currents which 
it is necessary to consider are those which enter the electrolyte at 
one electrode and leave it at another. 

If all the conditions of equilibriiun are fulfilled in a given state of 
the system, except those which relate to changes involving a flux of 
electricity, and we imagine the state of the system to be varied by 
the passage from one electrode to another of the quantity of electricity 
Se accompanied by the quantity Sm^ of the component specified, 
without any flux of the other components or any variation in the 
total entropy, the total variation of energy in the system will be 
represented by the expression 

(F"- F0<S6+(/x;'-/x;)<Jm.+(Y'- Y")<J^, 

in which V\ V" denote the electrical potentials in pieces of the same 
kind of metal connected with the two electrodes, V, Y", the gravita- 
tional potentials at the two electrodes, and /x/, /i/', the intrinsic 
potentials for the substance specified. The first term represents 
the increment of the potential energy of electricity, the second the 
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increment of the intrinsic energy of the ponderable matter, and the 
third the increment of the energy due to gravitation.* But by (682) 

It is therefore necessary for equilibrium that 

r-- r +a.«'-/x;- r'+ Y0=o. (684) 

To extend this relation to all the electrodes we may write 

T^'+a««- Y')= F''+a,«'- Y'')= r"+a.(/i;"-r'')=etc (685) 

For each of the other cations (specified by ^ etc) there will be a 

MTnilar condition, and for each of Uie anions a condition of the form 
T'_^(^'.Y')= F''-a,(/i;'-YO=T^"'-a,(/ig"-Y'0=etc (686) 
When the effect of gravity may be neglected, and there are but two 

electrodes, as in a galvanic or electrolytic cell, we have for any cation 

F'-r=a.(/i.'-/i,''), (687) 

and for any anion 

F"-F'=a,(/i,"-Ai,'). (688) 

where V'^V denotes the electromotive force of the combination. 
That is:— 

Wlien all tke coTiditiona of equUibrivmi a/re ftdfiUed in a galvcmic 
or dectrolytic cell, the electromotive force is equal to the difference 
in the values of the potential for any ion or apparent ion al the 
su/rfoLcea of the electrodes multiplied by the electro-chemdcal equivalent 
of thai ion, the greater potential of an anion being at the aa/me 
deetrode as the greater electrical potential, and the reverse being 
true of a cation. 

Let us apply this principle to different cases. 

(L) If the ion is an independently variable component of an 
electrode, or by itself constitutes an electrode, the potential for the 
ion (in any case of equilibrium which does not depend upon passive 
resistances to change) will have the same value within the electrode 
as on its surface, and will be determined by the composition of 
the electrode with its temperature and pressure. This might be 
illustrated by a cell with electrodes of mercury containing certain 
quantities of zinc in solution (or with one such electrode and the 
other of pure zinc) and an electrolytic fluid containing a salt of 
zinc, but not capable of dissolving the mercury.t We may regard 

* It i0 here supposed that the gravitational potential may be regarded as constant for 
each electrode. When this is not the case the expression may be applied to small parts 
of the electrodes taken separately. 

flf the electrolytic fluid dissolved the mercury as well as the zinc, equilibrium 
ooold only subsist when the electromotive force is asero, and the composition of the 
deotrodes identicaL For when the electrodes are formed of the two metals in 
different proportions, that which has the greater potential for zinc will have the lees 
potential for mercury. (See equation (98).) This is inconsistent with equilibrium, 
aooofding to the principle mentioned above, if both metals can act as cations. 
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a cell in which hydrogen acts as an ion between electrodes of 
palladium charged with hydrogen as another illustration of the same 
principle, but the solidity of the electrodes and the consequent 
resistance to the diffusion of the hydrogen within them (a procesB 
which cannot be assisted by convective currents as in a liquid mass) 
present considerable obstacles to the experimental verification of the 
relation. 

(II.) Sometimes the ion is soluble (as an independently variable 
component) in the electrolytic fluid. Of course its condition in 
the fluid when thus dissolved must be entirely different from its 
condition when acting &i an ion, in which case its quantiiy is not 
independently variable, as we have already seen. Its diffusion in 
the fluid in this state of solution is not necessarily connected wiUi 
any electrical current, and in other relations its properties may be 
entirely changed. In any discussion of the internal properties of 
the fluid (with respect to its fundamental equation, for example), it 
would be necessary to treat it as a different substance. (See 
page 63.) But if the process by which the charge of electricHy 
passes into the electrode, and the ion is dissolved in the electrolyte 
is reversible, we may evidently regard the potentials for the substance 
of the ion in (687) or (688) as relating to the substance thus dissdved 
in the electrolyte. In case of absolute equilibrium, the densiiy of 
the substance thus dissolved would of course be uniform throughoot 
the fluid (since it can move independently of any electrical current)^ 
so that by the strict application of our principle we only obtam the 
somewhat barren result that if any of the ions are soluble in 
the fluid without their electrical charges, the electromotive force 
must vanish in any case of absolute equilibriiun not dependent upon 
passive resistances. Nevertheless, cases in which the ion is thnfl 
dissolved in the electrolytic fluid only to a very small extent, and 
its passage from one electrode to the other by ordinary diffusion is 
extremely slow, may be regarded as approximating to the case in 
which it is incapable of diffusion. In such cases, we may regard 
the relations (687), (688) as approximately valid, although the 
condition of equilibrium relating to the diffusion of the dissolvel 
ion is not satisfied. This may be the case with hydrogen and oxygea 
as ions (or apparent ions) between electrodes of platinum in some 
of its forms. 

(III.) The ion may appear in mass at the electrode. If it be a 
conductor of electricity, it may be regarded as forming an electrode 
as soon as the deposit has become thick enough to have the properties 
of matter in masa The case therefore will not be different from tha* 
first considered. When the ion is a non-conductor, a continuous thick 
deposit on the electrode would of course prevent the possibility of tf 
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electrical current. But the case in which the ion being a non- 
oomdnctor is disengaged in masses contiguous to the electrode but 
not entirely covering it, is an important one. It may be illustrated 
by hydrogen appearing in bubbles at a cathode. In case of perfect 
equilibrium, independent of passive resistances, the potential of the 
km in (687) or (688) may be determined in such a mass. Yet the 
eiicmnstances are quite unfavorable for the establishment of perfect 
equilibrium, unless the ion is to some extent absorbed by the electrode 
or electrolytic fluid, or the electrode is fluid For if the ion must pass 
immudiatdy into the non-conducting mass, while the electricity passes 
into the electrode, it is evident that the only possible terminus of an 
eieetrolytic current is at the line where the electrode, the non-conduct- 
ing mass, and the electrolytic fluid meet, so that the electrolytic 
process is necessarily greatly retarded, and an approximate ceasing of 
the current cannot be regarded as evidence that a state of approximate 
equilibrium has been reached. But even a slight degree of solubility 
of the ion in the electrolytic fluid or in the electrode may greatly 
HjuniTiifth the resistance to the electrolytic process, and help toward 
producing that state of complete equilibrium which is supposed in the 
theorem we are discussing. And the mobility of the surface of a 
liquid electrode may act in the same way. When the ion is absorbed 
by the electrode, or by the electrolytic fluid, the case of course comes 
imder the heads which we have already considered, yet the fact that 
the ion is set free in mass is important, since it is in such a mass that 
the determination of the value of the potential will generally be most 
easily made. 

(IV.) When the ion is not absorbed either by the electrode or by 
the electrolytic fluid, and is not set free in mass, it may still be 
deposited on the surface of the electrode. Although this can take 
place only to a limited extent (without forming a body having the 
properties of matter in mass), yet the electro-chemical equivalents of 
all substances are so small that a very considerable flux of electricity 
may take place before the deposit will have the properties of matter 
in mass. Even when the ion appears in mass, or is absorbed by the 
electrode or electrolytic fluid, the non-homogeneous film between the 
electrolytic fluid and the electrode may contain an additional portion 
of it. Whether the ion is confined to the surface of the electrode or 
noty we may regard this as one of the cases in which we have to 
recognize a certain superficial density of substances at surfaces of 
discontinuity, the general theory of which we have already considered. 

The deposit of the ion will affect the superficial tension of the 
electrode if it is liquid, or the closely related quantity which we have 
denoted by the same symbol cr (see pages 314-331) if the electrode is 
solid. The effect can of course be best observed in the case of a liquid 
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electrode. But whether the electrodes arc liquid or aolkL if 

external electromotive force V-^V" applied to an electroljtk i 

bination is varied, when it is too weak to prodoee a 

and the electrodes are thereby brought into a new state of 

in which they make equilibriam with the altered value of the «ki 

motive force, without change in the nature of the electitMka or ol 

electrolytic fluid, then by (508) or (675) 

Ar'^-r/d/i.', 

and by (687), 

rf(r.F")--a.(d/i.'-d/i.-)L 
Hence 

If we suppose that the state of polarisation of only one of the d 
trodes is affected (as will be the case when its sorfaoe is very ■ 
compared with that of the other), we have 

d<r'-~*-d(r-F'X it 

a. 

The superficial tension of one of the electrodes is then a funccioa 
the electromotive force. 

This principle has been applied by M. Lippmann to the coom m vA 
of the electrometer which bears his name.* In applying tifltti 
(689) and (690) to dilute sulphuric add between ekctrodfli 
mercury, as in a Lippmann's electrometer, we may suppose dial 
Hufiix refers to hydrogen. It will be most convenient to t<oppv 
dicidivy Hurfuce to be so placed an to make the surface-drnstT 
mercury zera (See page 2SA.) Tlie matter which exists* in es< 
or deficiency at the surface may then l)e exprewwd by Uie Mirfi 
densities of sulphuric acid, of water, and of hydrogen. Th* n 
of the lant may be detennint^ from equation (690). Accui^liaf 
M. Lippmann 8 determinations, it is negative when the sorfAcir « 
its natural state (i.e., the state to which it tends when no rsuf 
electromotive force is applied), since ©•' increases with T"— V. W 
r"— V is iN|ual to ninr-tenths of the electromotive force of a Vkm 
cell, the electrode to which K" relates rvmaining in iu natural < 
the tension or of the surface of the other electrtxle has a maxia 
value, and there is no excess or deficiency of hydrogen at that miH 
This is the condition towanl which a surface tends when it is ext«i 
while no ttux of electricity taktts place. The flux of electricity 
unit of new surface formed, which will maintain a morface i 

*See hift mrmoir : ** R«*Uti<jnii rntrr lea phenoiB^tiec «l«etrHfQ«» •( 
Anmaits dt CkimU H Ht Ph^tnqw^ 0" v^rie. t. v, p. 4M. 



BQXnLIBRIUM OF HETEROGENEOUS SUBSTANCES. 337 

ustant oondition while it is extended, is represented by -^ in 

DQerical value, and its direction, when F/ is negative, is from the 
rcnry into the acid 

We have so far supposed, in the main, that there are no passive 
istances to change, except such as vanish with the rapidity of the 
xjesses which they resist The actual condition of things with 
pect to passive resistances appears to be nearly as follows. There 
is not appear to be any passive resistance to the electrolytic process 

which an ion is transferred from one electrode to another, except 
sh as vanishes with the rapidity of the process. For, in any case 
equilibrium, the smallest variation of the externally applied electro- 
Jtive force appears to be sufficient to cause a (temporary) electrolytic 
rrent. But the case is not the same with respect to the molecular 
Anges by which the ion passes into new combinations or relations, 

when it enters into the mass of the electrodes, or separates itself 

mass, or is dissolved (no longer with the properties of an ion) in 
e electrolytic fluid. In virtue of the passive resistance to these 
acesses, the external electromotive force may often vary within wide 
lits, without creating any current by which the ion is transferred 
)m one of the masses considered to the other. In other wdrds, the 
lue of F'— V" may often differ greatly from that obtained from 
J7) or (688) when we determine the values of the potentials for the 
I as in cases I, II, and IIL We may, however, regard these equa- 
•ns as entirely valid, when the potentials for the ions are determined 

the surface of the electrodes with reference to the ion in the 
idition in which it is brought there or taken away by an electrolytic 
rrent, without any attendant irreversible processes. But in a 
mplete discussion of the properties of the surface of an electrode it 
ij be necessary to distinguish (both in respect to surface-densities 
d to potentials) between the substance of the ion in this condition 
d the same substance in other conditions into which it cannot pass 
rectly) without irreversible processes. No such distinction, how- 
sr, is necessary when the substance of the ion can pass at the 
pface of the electrode by reversible processes from any one of the 
iditions in which it appears to any other. 

The formulae (687), (688) afford as many equations as there are ions, 
lese, however, amount to only one independent equation additional 
those which relate to the independently variable components of the 
ictrolytic fluid. This appears from the consideration that a flux of 
y cation may be combined with a flux of any anion in the same 
"eetion so as to involve no electrical current, and that this may be 
yarded as the flux of an independently variable component of the 
ctrolytic fluid 

G.I. Y 
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General Praperiiea of a Perfect Electnhehemieal Appunaim 

When an electrical current paHses through a gmlvanic or cm 
lytic cell, the state of the cell is altered. If no changea take pU 
the cell except during the passage of the current, and ail chi 
which accompany the current can be reversed by ntverna^ 
current, the cell may be called a perfect electro-chemical appa 
The electromotive force of the cell may be detenniovd \j% 
equations which have just been given. But some of the )C^ 
relations to which such an apparatus is subject may be cnavrtu 
stated in a form in which the ions are not explicitly luentkNued 

In tlie most general case, we may regard the cell aj* Mkhy 
external action of four different kinds. (1) The supply of trbct 
at one electrode and the withdrawal of the same quantity ai 
other. (2) The supply or withdrawal of a certain quantity uf 
(3) The action of gravity. (4) The motion of the surfaees eoct 
the apparatus, as when its volume is increased by the libetatic 



The increase of the energy in the cell is necessarily e<|aal U> 
which it receives from external sources. We may express thi* tg 
equation 

in which de denotes the increment of the intrinsic energy of tht 
de the quantity of electricity which passes through it, V sad 
the electrical potentials in masses of the same kind of mfial 
nected with the anode and cathode respectively, dQ the beat rKs 
from external Ixxlies, dW^ the work done by gravity, and >iVf 
work done by the pressures which act on the exttfmal siurfsof o( 
apparatus. 

The conditions under which we suppoev the proc«94«ni ^ i 
place are such that the increase of the entn>py of the apfans; 
equal to the entropy which it receives from ext^-mal ««»urc*^ 
only external source of entropy is the heat which is c«>tuti.u&>i 
to the cell by the summnding Ixxlii^s. If Wf writr %m i-f 
increment of entropy in the cell, and t for the tem|H'ratun*. w< ' 

Eliminating dQ, w«» obtain 

d€ = (V -'V")d^'k-tdfi^dW^-^dn\, 
or 



r r'_ d€ dfl dWrdWt 
df de dr dr 



It is worth while to noti<*e that if we give up the cnoiliti>« «: 
reversibility of the processes, so that the cell is n«) kjogrf f4ip 
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be a perfect electro-chemical apparatus, the relation (691) will 
1 subsist. But, if we still suppose, for simplicifcy, that all parts 
the cell have the same temperature, which is neceasomly the case 
Ji a perfect electro-chemical apparatus, we shall have, instead 
(692), 

dn^^, (695) 

1 instead of (693), (694) 

{V"-^V')dei^^de+tdfi+dWQ'{'dWj.. (696) 

The values of the several terms of the second member of (694) 
: a given cell, will vary with the external influences to which 
) cell is subjected. If the cell is enclosed (with the products of 
ctrolysis) in a rigid envelop, the last term will vanish. The term 
ating to gravity is generally to be neglected. If no heat is 
>plied or withdrawn, the term containing dri will vanish. But 
the calculation of the electromotive force, which is the most 
portant application of the equation, it is generally more convenient 
suppose that the temperature remains constant. 
The quantities expressed by the terms containing dQ and dti in 
a), (693), (694), and (696) are frequently neglected in the con- 
eration of cells of which the temperature is supposed to remain 
istant. In other words, it is frequently assumed that neither 
Bit nor cold is produced by the passage of an electrical current 
rough a perfect electro-chemical combination (except that heat 
lich may be indefinitely diminished by increasing the time in 
lich a given quantity of electricity passes), and that only heat 
1 be produced in any cell, unless it be by processes of a secondary 
ture, which are not immediately or necessarily connected with 
3 process of electrolysis. 

It does not appear that this assumption is justified by any sufficient 
ison. In fact, it is easy to find a ca.se in which the electromotive 

:ce is determined entirely by the term ^ ;^ in (694), all the other 

ins in the second member of the equation vanishing. This is true 
a Grove's gas battery charged with hydrogen and nitrogen. In 
U case, the hydrogen passes over to the nitrogen, — a process which 
es not alter the energy of the cell, when maintained at a constant 
uperature. The work done by external pressures is evidently 
thing, and that done by gravity is (or may be) nothing. Yet an 
metrical current is produced. The work done (or which may be 
He) by the current outside of the cell is the equivalent of the work 
r of a part of the work) which might be gained by allowing the 
see to mix in other ways. This is equal, as has been shown by 
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Lord Rayleigh/ to the work which may be giuned by allowing each 
gas separately to expand at constant temperature from its initial 
volume to the volume occupied by the two gases together. Hie 
same work is equal, as appears from equations (278), (279) on page 
156 (see also page 159), to the increase of the entropy of the syston 
multiplied by the temperature. 

It is possible to vary the construction of the cell in such a way 
that nitrogen or other neutral gas will not be necessary. Let the 
cell consist of a U-shaped tube of sufficient height, and have pure 
hydrogen at each pole under very unequal pressures (as of one and two 
atmospheres respectively) which are maintained constant by prop^ly 
weighted pistons, sliding in the arms of the tube. The difference of 
the pressures in the gas-masses at the two electrodes must of coone 
be balanced by the difference in the height of the two columns df 
acidulated water. It will hardly be doubted that such an appaiatos 
would have an electromotive force acting in the direction of a current 
which would carry the hydrogen from the denser to the rarer masB. 
Certainly the gas could not be carried in the opposite direction hy 
an external electromotive force without the expenditure of as much 
(electromotive) work as is equal to the mechanical work neceasaiy 
to pump the gas from the one arm of the tube to the other. And 
if by any modification of the metallic electrodes (which remain 
unchanged by the passage of electricity) we could reduce the passive 
resistances to zero, so that the hydrogen could be carried reveraiUy 
from one mass to the other without finite variation of the electro- 
motive force, the only possible value of the electromotive force wooM 

be represented by the expression t-?, as a, very close approximation. 

It will be observed that although gravity plays an essential part 
in a cell of this kind by maintaining the difference of pressure in 
the masses of hydrogen, the electromotive force cannot possibly be 
ascribed to gravity, since the work done by gravity, when hydrogen 
passes from the denser to the rarer mass, is negative. 

Again, it is entirely improbable that the electrical currents caused 
by differences in the concentration of solutions of salts (as in a cell 
containing sulphate of zinc between zinc electrodes, or sulphate of 
copper between copper electrodes, the solution of the salt being of 
unequal strength at the two electrodes), which have recently been 
investigated theoretically and experimentally by MM. Helmholtz and 
Moser,t are confined to cases in which the mixture of solutions of 
different degrees of concentration will produce heat. Yet in cases in 
which the mixture of more and less concentrated solutions is not 



* Philosophical Magazine, vol. xlix, p. 311. 

iAnnalen der Physik und Chemie, Neue Folge, Band iii, February, 1878. 
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attended with evolution or absorption of heat, the electromotive force 
must vanish in a cell of the kind considered, if it is determined 
simply by the diminution of energy in the cell. And when the 
mixture produces cold, the same rule would make any electromotive 
force impossible except in the direction which would tend to increase 
the difference of concentration. Such conclusions would be quite 
irreconcilable with the theory of the phenomena given by Professor 
Helmholtz. 

A more striking example of the necessity of taking account of the 
variations of entropy in the cell in a priori determinations of electro- 
motive force is afforded by electrodes of zinc and mercury in a 
solution of sulphate of zinc. Since heat is absorbed when zinc is 
dissolved in mercury,* the energy of the cell is increased by a transfer 
of zinc to the mercury, when the temperature is maintained constant. 
Tet in this combination, the electromotive force acts in the direction of 
the current producing such a transfer.! The couple presents certain 
anomalies when a considerable quantity of zinc is united with the 
mercury. The electromotive force changes its direction, so that this 
case is usually cited as an illustration of the principle that the electro- 
motive force is in the direction of the current which diminishes the 
energy of the cell, i.e., which produces or allows those changes which 
are accompanied by evolution of heat when they take place directly. 
But whatever may be the cause of the electromotive force which has 
been observed acting in the direction from the amalgam through the 
electrolyte to the zinc (a force which according to the determinations 
of M. Gaugain is only one twenty-fifth part of that which acts in the 
reverse direction when pure mercury takes the place of the amalgam), 
these anomalies can hardly affect the general conclusions with which 
alone we are here concerned. If the electrodes of a cell are pure 
zinc and an amalgam containing zinc not in excess of the amount 
which the mercury will dissolve at the temperature of the experiment 
without losing its fluidity, and if the only change (other than thermal) 
accompanying a current is a transfer of zinc from one electrode to 
the other, — conditions which may not have been satisfied in all the 
experiments recorded, but which it is allowable to suppose in a 
theoretical discussion, and which certainly will not be regarded as 
inconsistent with the fact that heat is absorbed when zinc is dissolved 
in mercury,— it is impossible that the electromotive force should be 
in the direction of a current transferring zinc from the amalgam to 
the electrode of pure zinc. For, since the zinc eliminated from the 
amalgam by the electrolytic process might be re-dissolved directly. 



* J. Regnauld, Comptes BeTidus, t. li, p. 778. 
t Gaugain, ChmpUs Bendue, t. xlii, p. 490. 
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such a direction of the electromotive force would involve the pos- 
sibility of obtaining an indefinite amount of electromotive work, and 
therefore of mechanical work, without other expenditure than that of 
heat at the constant temperature of the cell. 

None of the cases which we have been considering involve com- 
binations by definite proportions, and, except in the case of the oeD 
with electrodes of mercury and zinc, the electromotive forces are 
quite small. It may perhaps be thought that with respect to thoee 
cells in which combinations take place by definite proportions the 
electromotive force may be calculated with substantial aocuraey from 
the diminution of the energy, without regarding the variatiai of 
entropy. But the phenomena of chemical combination do not in 
general seem to indicate any possibility of obtaining from the combin- 
ation of substances by any process whatever an amount of mechanical 
work which is equivalent to the heat produced by the direct union of 
the substances. 

A kilogramme of hydrogen, for example, combining by combnstioD 
under the pressure of the atmosphere with eight kilogrammes of 
oxygen to form liquid water, yields an amount of heat which may be 
represented in round numbers by 34000 calories.* We may suppose 
that the gases are taken at the temperature of 0"" C, and that the 
water is reduced to the same temperature. But this heat cannot he 
obtained at any temperature desired. A very high temperature has 
the effect of preventing to a greater or less extent, the combination of 
the elementa Thus, according to M. Sainte-Claire Deville,! the tem- 
perature obtained by the combustion of hydrogen and oxygen cannot 
much if at all exceed 2600° C, which implies that less than one-half 
of the hydrogen and oxygen present combine at that temperature. 
This relates to combustion under the pressure of the atmosphere. 
According to the determinations of Professor Bunsen^ in regard 
to combustion in a confined space, only one-third of a mixture of 
hydrogen and oxygen will form a chemical compound at the tem- 
perature of 2860° C. and a pressure of ten atmospheres, and only a 
little more than one-half when the temperature is reduced by the 
addition of nitrogen to 2024° C, and the pressure to about three 
atmospheres exclusive of the part due to the nitrogen. 

Now 10 calories at 2500° C. are to be regarded as reversibly con- 
vertible into one calorie at 4° C. together with the mechanical work 
representing the energy of 9 caloriea If, therefore, all the 34000 
calories obtainable from the union of hydrogen and oxygen under 
atmospheric pressure could be obtained at the temperature of 

* See Riihlmann's Handbuch der mechanischen Wdrmetheorie, Bd. ii, p. 290. 
iComptes Rendus, t. Ivi, p. 199; and t. Ixiv, 67. 
J Pogg. Ann,, Bd. cxxjci (1867), p. 161. 
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2500** C, and no higher, we should estimate the electromotive work 
performed in a perfect electro-chemical apparatus in which these 
elements are combined or separated at ordinary temperatures and 
under atmospheric pressure as representing nine-tenths of the 34000 
calories, and the heat evolved or absorbed in the apparatus as 
representing one-tenth of the 34000 calories. * This, of course, would 
give an electromotive force exactly nine-tenths as great as is obtained 
on the supposition that all the 34000 calories are convertible into 
electromotive or mechanical work. But, according to all indications, 
the estimate 2500° C. (for the temperature at which we may regard 
all the heat of combustion as obtainable) is far too high,t and 
we must regard the theoretical value of the electromotive force 
necessary to electrolyze water as considerably less than nine-tenths 
of the value obtained on the supposition that it is necessary for 
the electromotive agent to supply all the energy necessary for the 
process. 

The case is essentially the same with respect to the electrolysis of 
hydrochloric acid, which is probably a more typical example of the 
process than the electrolysis of water. The phenomenon of dissocia- 
tion is equally marked, and occurs at a much lower temperature, more 
than half of the gas being dissociated at 1400*^ Cl And the heat 
which is obtained by the combination of hydrochloric acid gas with 
water, especially with water which already contains a considerable 
quantity of the acid, is probably only to be obtained at tempera- 
tures comparatively low. This indicates that the theoretical value 
of the electromotive force necessary to electrolyze this acid (i.e., 
the electromotive force which would be necessary in a reversible 
electro-chemical apparatus) must be very much less than that which 
could perform in electromotive work the equivalent of all the heat 
evolved in the combination of hydrogen, chlorine and water to form 
the liquid submitted to electrolysis. This presumption, based upon 



* These numbers are not subject to correction for the pressure of the atmosphere, 
ainoe the 34000 calories relate to combustion under the same pressure. 

t Unless the received ideas concerning the behavior of gases at high temperatures 
are quite erroneous, it is possible to indicate the general character of a process 
(involving at most only such difficulties as are neglected in theoretical discussions) by 
which water may be converted into separate masses of hydrogen and oxygen without 
other expenditure than that of an amount of heat equal to the difference of energy of 
Uie matter in the two states and supplied at a temperature far below 2500** G. The 
essential parts of the process would be.(l) vaporizing the water and heating it to a 
temperature at which a considerable part will be dissociated, (2) the partial separation 
of the hydrogen and oxygen by filtration, and (3) the cooling of both gaseous masses 
until the vapor they contain is condensed. A little calculation will show that in a 
continuous process all the heat obtained in the operation of cooling the products of 
filtration could be utilized in heating fresh water. 

J Sainte-Claire Deville, Comptts Jtendus, t. Ixiv, p. 67. 
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the phenomena exhibited in the direct combination of the substances, 
is corroborated by the experiments of M. Favre, who has observed an 
absorption of heat in the cell in which this acid was electrolyaeA* 
The electromotive work expended must therefore have been less than 
the increase of energy in the cell. 

In both cases of composition in definite proportions which we have 
considered, the compound has more entropy than its elements, and 
the difference is by no means inconsiderable. This appears to be the 
rule rather than the exception with respect to compounds which have 
less energy than their elements. Yet it would be rash to assert that 
it is an invariable rule. And when one substance is substituted for 
another in a compound, we may expect great diversity in the relati(»)8 
of energy and entropy. 

In some cases there is a striking correspondence between the electro- 
motive force of a cell and the rate of diminution of its energy per unit 
of electricity transmitted, the temperature remaining constant A 
Darnell's cell is a notable example of this correspondence. It may 
perhaps be regarded as a very significant case, since of all cells in 
common use, it has the most constant electromotive force, and most 
nearly approaches the condition of reversibility. If we apply onr 
previous notation (compare (691)) with the substitution of finite for 
infinitesimal differences to the determinations of M. Favre,t estimating 
energy in calories, we have for each equivalent (32*6 kilogrammes) of 
zinc dissolved 

(F"_ F')A6 = 24327^, A6= -26394«i-, AQ= -1067-^. 

It will be observed that the electromotive work performed by the cell 
is about four per cent, less than the diminution of energy in the celU 
The value of AQ, which, when negative, represents the heat evolved 
in the cell when the external resistance of the circuit is very great, 
was determined by direct measurement, and does not appear to have 
been corrected for the resistance of the cell This correction would 
diminish the value of — AQ, and increase that of (F"— F')A6, which 
was obtained by subtracting — AQ from — Ae. 

It appears that under certain conditions neither heat nor cold 
is produced in a Grove s cell. For M. FavTc has found that with 
different degrees of concentration of the nitric acid sometimes heat 



• See M&moirts dts Savants Etrangers, sdr. 2, t. xxv, no. 1, p. 142 ; or CompUs Rtmdtiy 
t. Ixxiii, p. 973. The figures obtained by M. Favre will be given hereafter, in connec- 
tion with others of the same nature. 

tSee M^, Savants Etrany.y loc. cit., p. 90 ; or Comptes Bendus, t. hrix, p. 35, where 
the numbers are slightly different. 

X A comparison of the experiments of different physicists has in some cases given i 
much closer correspondence. See Wiedemann's Oalvanismtuft etc. , 2^ Auflage, BA ii, 
§§1117, 1118. 
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nd sometimes cold is produced.* When neither ia produced, of course 
he electromotive force of the cell is exactly equal to its diminution 
►f energy per imit of electricity transmitted. But such a coincidence 
9 far less significant than the fact that an absorption of heat has been 
observed. With acid containing about seven equivalents of water 
HN0g+7H0) [HNOj+SiHjO], M. Favre has found 

(F--.F')A6= 46781"^, A6= -41824«^-, AQ = 4967«^; 
Old with acid containing about one equivalent of water 
(HNOe+HO)[HN03+iH30], 
(r-«r)A6 = 49847«^-, A6=-52714«S AQ=-2867«^. 
ii the first example, it will be observed that the quantity of heat 
kbsorbed in the cell is not small, and that the electromotive force is , 
learly one-eighth greater than can be accounted for by the diminution 
►f energy in the cell 

This absorption of heat in the cell he has observed in other cases^ 
n which the chemical processes are much more simple. 

For electrodes of cadmium and platinum in hydrochloric acid his 
xperiments givet 

(7"- F0A6 = 9266«^S A6= -.8268«»-, 

ATTprr -290«^, AQ = 1288-»-. 

n this case the electromotive force is nearly one-sixth greater than 
an be accounted for by the diminution of energy in the cell with the 
irork done against the pressure of the atmosphere. 

For electrodes of zinc and platinum in the same acid one series of 
xperiments gives t 

(F"- F)A6 = 16960«^-, A6= -16189«^, 

A TTp = - 290^ , AQ = lOSl**- ; 

lid a later series, § 

(F"- F)A«=16738«S Ae= -17702«^, 

ATrp= -290~^, AQ= -674~>-. 

In the electrolysis of hydrochloric acid in a cell with a porous 
tartition, he has found || 

(F'- F")A6 = 34826«»^ AQ = 2113^, 

* MSm Savants Etrang.t loo. oit., p. 93; or Chmples Bendus, t. Ixix, p. 37, and 
. Ixxiii, p. 893. 

iComptes Bendus, t. Ixviii, p. 1305. The total heat obtained in the whole oirouit 
nolading the cell) when all the electromotive work is turned into heat, was ascertained 
y direct experiment. This quantity, 7968 calories, is evidently represented by 
F"- V')Ae-AQ, also by -Ac + AfT,. (See(691).) The value of ( K* - T') Ac is obtained 
y adding AQ, and that of - Ae by adding ~ A fTp , which is easily estimated, being 
etermined by the evolution of one kilogramme of hydrogen. 

§ Jfitfm. Savants Eirang.y loo. cit., p. 145. 
\\Ibid,y p. 142. 
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whence 

A6-ATfp=36938. 

We cannot assign a precise value to ATTp, since the quantity of 
chlorine which was evolved in the form of gas is not stated. But 
the value of — ATfp must lie between 290***- and 580^, probably 
nearer to the former. 

The great difference in the results of the two series of experiments 
relating to electrodes of zinc and platinum in hydrochloric add is 
most naturally explained by supposing some difference in the con- 
ditions of the experiment, as in the concentration of the acid, or in 
the extent to which the substitution of zinc for hydrogen took place.* 
That which it is important for us to observe in all these cases is that 
there are conditions under which heat is absorbed in a galvanic or 
electrolytic cell, so that the galvanic cell has a greater electromotiye 
force than can be accounted for by the diminution of its energy, and 
the operation of electrolysis requires a less electromotive force than 
would be calculated from the increase of energy in the cell, — especially 
when the work done against the pressure of the atmosphere is taken 
into account. 

It should be noticed that in all these experiments the quantity 
represented by AQ (which is the critical quantity with respect to 
the point at issue) was determined by direct measurement of the heat 
absorbed or evolved by the cell when placed alone in a calorimeter. 
The resistance of the circuit was made so great by a rheostat placed 
outside of the calorimeter that the resistance of the cell was r^arded 
as insignificant in comparison, and no correction appears to have been 
made in any case for this resistance. With exception of the error 
due to this circumstance, which would in all cases diminish the heat 
absorbed in the cell (or increase the heat evolved), the probable error 
of AQ must be very small in comparison with that of (F'— 7")Ae, 
or with that of Ae, which were in general determined by the com- 
parison of different calorimetrical measurements, involving very much 
greater quantities of heat. 

In considering the numbers which have been cited, we should 
remember that when hydrogen is evolved as gas the process is in 
general very far from reversible. In a perfect electrochemical 



*It should perhaps be stated that in his extended memoir published in 1877 in the 
M6mcnrts des Savants EtraiigerSy in which he has presumably ooUeoted those resolti 
of his experiments which he regards as most important and most aoourate, M. Farre 
does not mention the absorption of heat in a cell of this kind, or in the similar cell in 
which cadmium takes the place of zinc. This may be taken to indicate a decided 
preference for the later experiments which showed an evolution of heat. Whateter 
the ground of this preference may have been, it can hardly destroy the signifiouoe 
of the absorption of heat, which was a matter of direct observation in repeated experi- 
ments. See Comptes BendtiSf t. Ixviii, p. 1305. 
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apparatus, the same changes in the cell would yield a much greater 
amount of electromotive work, or absorb a much less amount. In 
either case, the value of AQ would be much greater than in the 
imperfect apparatus, the difference being measured perhaps by 
thousands of calories.* 

It often occurs in a galvanic or electrolytic cell that an ion which 
is set free at one of the electrodes appears in part as gas, and is in 
part absorbed by the electrolytic fluid, and in part absorbed by the 
electrode. In such cases, a slight variation in the circumstances, 
which would not sensibly affect the electromotive force, would cause 
all of the ion to be disposed of in one of the three ways mentioned, 
if the burrent were sufficiently weak. This would make a con- 
siderable difference in the variation of energy in the cell, and the 
electromotive force cannot certainly be calculated from the variation 
of energy alone in all these cases. The correction due to the work 
performed against the pressure of the atmosphere when the ion 
is set free as gas will not help us in reconciling these differencea 
It wiU appear on consideration that this correction will in general 
increase the discordance in the values of the electromotive force. 
Nor does it distinctly appear which of these cases is to be regarded 



* Except in the oaae of the Grove's cell, in whioh the reactions are quite complicated, 
the absorption of heat is meet marked in the electrolysis of hydrochloric acid. The 
latter oaae is interesting, since the experiments confirm the presumption afforded by 
the behavior of the substances in other circumstances. (See page 343. ) In addition 
to the circumstances mentioned above tending to diminish the observed absorption of 
h ea t , the following, whioh are peculiar to this case, should be noticed. 

The electrolysis was performed in a cell with a porous partition, in order to prevent 
the chlorine and hydrogen dissolved in the liquid from coming in contact with each 
other. It had appeared in a previous series of experiments {M6m, Savants Strang, ^ 
loo. oit., p. 131 ; or Cotnpies Bendus, t. Ixvi, p. 1231), that a very considerable amount 
of heat might be produced by the chemical union of the gases in solution. In a ceU 
without partition, instead of an absorption, an evolution of heat took place, which 
aometimee exceeded 5000 calories. If, therefore, the partition did not perfectly perform 
its ofBoe, this could only cause a diminution in the value of AQ, 

A large part at least of the chlorine appears to have been absorbed by the electrolytic 
fluid. It is probable that a slight difference in the circumstances of the experiment — 
a diminution of pressure, for example, — might have caused the greater part of the 
chlorine to be evolved as gas, without essentially affecting the electromotive force. 
The solution of chlorine in water presents some anomalies, and may be attended with 
complex reactions, but it appears to be always attended with a very considerable 
«vohitioti of heat. (See Berthelot, Compies Bendus, t, Ixxvi, p. 1514.) If we regard 
the evolution of the chlorine in the form of gas as the normal process, we may suppose 
that the absorption of heat in the cell was greatly diminished by the retention of the 
ehlorine in solution. 

Under certain circumstances, oxygen is evolved in the electrolysis of dilute hydro- 
ehlorio add. It does not appear that this took place to any considerable extent in the 
experiments which we are considering. But so far as it may have occurred, we may 
regard it as a case of the electrolysis of water. The significance of the fact of the 
abeorption of heat is not thereby affected. 
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as nonnal and which are to be rejected as inyolving secondary 
processea* 

If in any case secondary processes are excluded, we should expect 
it to be when the ion is identical in substance with the electrode upon 
which it is deposited, or from which it passes into the electrolyte. 
But even in this case we do not escape the difficulty of the different 
forms in which the substance may appear. If the temperature of the 
experiment is at the melting point of a metal which forms the ion 
and the electrode, a slight variation of temperature will cause the 
ion to be deposited in the solid or in the liquid state, or, if the current 
is in the opposite direction, to be taken up from a solid or from a 
liquid body. Since this will make a considerable difference in the 
variation of energy, we obtain different values for the eleciromotive 
force above and below the melting point of the metal, unless we 
also take account of the variations of entropy. Experiment does 
not indicate the existence of any such difference,! and when we take 
account of variations of entropy, as in equation (694), it is apparent 

that there ought not to be any, the terms -r- and t-^ being both 

affected by the same difference, viz., the heat of fusion of an electro- 
chemical equivalent of the metal. In fact, if such a difference existed, 
it would be easy to devise arrangements by which the heat jrielded 
by a metal in passing from the liquid to the solid state could be 
transformed into electromotive work (and therefore into mechanical 
work) without other expenditure. 

The foregoing examples will be sufficient, it is believed, to show 
the necessity of regarding other considerations in determining the 
electromotive force of a galvanic or electrolytic cell than the variation 
of its energy alone (when its temperature is supposed to remain con- 
stant), or corrected only for the work which may be done by external 



* It will be observed that in using the formulse (694) and (696) we do not have to 
make any distinction between primary and 9tc<md(iry processes. The only limitstioo 
to the generality of these formulae depends upon the reversibility of the procesMS, 
and this limitation does not apply to (696). 

t M. Raoult has experimented with a galvanic element having an electrode of bis- 
muth in contact with phosphoric acid containing phosphate of bismuth in solatioD. 
(See Comptea RtnduSj t. Ixviii, p. 643.) Since this metal absorbs in melting 12*64 
calories per kilogramme or 885 calories per equivalent (70*^**-), while a Darnell's cell 
yields about 24000 calories of electromotive work per equivalent of metal, the solid or 
liquid state of the bismuth ought to make a difference of electromotive force repre- 
sented by •037 of a Daniell's cell, if the electromotive force depended simply upon the 
energy of the cell. But in M. Raoult's experiments no sudden change of eleotromolive 
force was manifested at the moment when the bismuth changed its state of aggrega- 
tion. In fact, a change of temperature in the electrode from about fifteen degreed 
above to about fifteen degrees below the temperature of fusion only occanooed ft 
variation of electromotive force equal to '002 of a Daniell's cell. 

Experiments upon lead and tin gave similar results. 
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pressureB or by gravity. But the relations expressed by (693), (694), 
and (696) may be put in a briefer form. 
If we set, as on page 89, 

we have, for any constant temperature, 

and for any perfect electro-chemical apparatus, the temperature of 
which is maintained constant, 

F--F=-4fc+^+X'; (697) 

and for any cell whatever, when the temperature is maintained uni- 
form and constant, 

(F'-F)cfo^-ciVr +dW^+dW^. (698) 

In a cell of any ordinary dimensions, the work done by gravity, as 
well as the inequalities of pressure in different parts of the cell may 
be neglected. If the pressure as well as the temperature is main- 
tained uniform and constant, and we set, as on page 91, 

where p denotes the pressure in the cell, and v its total volume (in- 
cluding the products of electrolysis), we have 

d^^de-'tdfi+pdA), 

and for a perfect electro-chemical apparatus, 

V'-'V^'-^^, (699) 

or for any cell, 

(F'-.F)d€^-df. (700) 
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ON THE EQUILIBRIUM OF HETEBOOEXBOUS 
SUBSTANCES. 

Abstract op the Preceding Paper by the Author. 

[American Journal of Sciena, 3 aer., voL xvi., pp. 441-458, Dec.. K< 

It is an inference naturally saggested by the genend 
entropy which accompanies the changes oecorring in aoy 
material system that when the entropy of the syvlem has 
maximum, the system will be in a state of equilibrimiL 
this principle has by no means escaped the atteotioD of ftywam 
its importance does not appear to have been duly appreciated liOl 
has been done to develop the principle as a foundatioo for the j 
theory of thermodynamic equilibrium. 

The principle may be formulated as follows, constituting a < 
of equilibrium : — 

I. For the equilibrium of any iaolated eyMem it m neoeamry «ai 
sujfficient that in all poeaible variaiians c/ the eiaie cf tke 0f^m 
vohich do not aJUer its energy, the variation of iia eniropf 4Ji 
eitJier vaniafi or be negative. 

The following form, which in easily hIiowu to be e«|uivaleiit le 'jt 
preceding, is often more convenient in application : — 

II. For the equilibrium of any ieotfitetl ifyiHeni it is necemtn «m 
8Ujffici4*nt that in all ftoHsihle variations of the state uf CA/ *y4es^ 
which ihf not alter its entnypy, the variation of itA ^nrrgy a* 
either vanish or be positive. 

If we denot4? the energy an«l entropy of the s^-Htem by f Aad f 
respectively, the criterion of e<]uilihriuni may be exprvMned by hIM 
of the formul» 

(o».=;o. 

Again, if we asHume that the temperature of the s^-ni^m U amfn 
and denote its absolute temperature by /, and set 

the i*eiiiaining coiiditioas of e<]uilibrium may lie expmnvd Sy *J 
foniiiilti 
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the suffixed letter, as in the preceding cases, indicating that the 
quantity which it represents is constant This condition, in connection 
with that of uniform temperature, may be shown to be equivalent 
to (1) or (2). The difference of the values of yff for two different 
states of the system which have the same temperature represents the 
work which would be expended in bringing the system from one 
state to the other by a reversible process and without change of 
temperature. 

If the system is incapable of thermal changes, like the systems 
ooDfiidered in theoretical mechanics, we may regard the entropy as 
having the constant value zero. Conditions (2) and (4) may then 
be written 

and are obviously identical in signification, since in this case ylr^e. 

CSonditions (2) and (4), as criteria of equilibrium, may therefore 
both be r^arded as extensions of the criterion employed in ordinary 
statics to the more general case of a thermodynamic system. In fact, 
each of the quantities — € and — '^ (relating to a system without 
sensible motion) may be regarded as a kind of force-function for 
the system, — ^the former as the force-function for conetaKU erUropy 
(Le., when only such states of the system are considered as have 
the same entropy), and the latter as the force-function for constant 
temperatv/re (i.e., when only such states of the system are considered 
as have the same uniform temperature). 

In the deduction of the particular conditions of equilibrium for 
aay system, the general formula (4) has an evident advantage over 
(1) or (2) with respect to the brevity of the processes of reduction, 
since the limitation of constant temperature applies to every part 
of the system taken separately, and diminishes by one the number 
of independent variations in the state of these parts which we have 
to consider. Moreover, the transition from the systems considered 
m ordinary mechanics to thermodynamic systems is most naturally 
made by this formula, since it has always been customary to apply 
the principles of theoretical mechanics to real systems on the sup- 
position (more or less distinctly conceived and expressed) that the 
temperature of the system remains constant, the mechanical properties 
of a thermodynamic system maintained at a constant temperature 
being such as might be imagined to belong to a purely mechanical 
system, and admitting of representation by a force-function, as follows 
directly from the fundamental laws of thermod3mamic& 

Notwithstanding these considerations, the author has preferred in 
general to use condition (2) as the criterion of equilibrium, believing 
that it would be useful to exhibit the conditions of equilibrium of 
khermodynamic systems in connection with those quantities which 
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are most simple and most general in their dafinitiona* aac 
appear most important in the general theory of sueh wjnmaiL TW 
slightly different form in which the sobjeet woald derekfi iudl 
if condition (4) had been choeen as a pcnnt of departure iiMtead d i ft 
is occasionally indicated. 

Equililxrium of maasea in cantart.-^The first problean to wiuA 
the criterion is applied is the determination of the eoodiuoat if 
equilibrimn for different masses in contact, when oniiifliMoedl If 
gravity, electricity, distortion of the solid masses, or capillary 
The statement of the result is facilitated by the foUowinif 

If to any homogeneous mass in a state of hydroaUUie 
suppose an infinitesimal quantity of any substance to be adiML ik 
mass remaining homogeneous and its entropy and Tolame ffsmumf 
unchanged, the increase of the energy of the mass divided by Ik 
quantity of the substance added is the potential for that imhstsnn ■ 
the mass considered* 

In addition to equality of temperature and presmre in the ■■■■ 
in contact, it is necessaiy for equilibrium that the polential for evwy 
substance which is an independently variable compooent of aaj of 
the different masses shall have the same value in all of whkb it m 
such a component, so far as they are in contact with one 
But if a substance, without being an actual eompooeDt of a 
mass in the given state of the system, is capable of being 
by it, it is sc^cient if the value of the potential for that aal 
in that mass is not lees than in any contiguous maaa of wUck tk 
substance is an actual component We may regard theae 
as suflScient for equilibrium with respect to infinitesimal 
in the composition and thermodynamic state of the diflermt mmm 
in contact There are certain other conditions which relate to tk 
possible formation of masses entirely different in composition cr nHf 
from any initially existing. These conditicHis are best regaiM m 
determining the stability of the system, and will be menikoed vakt 
that head. 

Anything which restricts the free movement of the ccmpaofli 
substances, or of the masses as such, may diminish the nmkr d 
conditions which are necessaiy for equilibrium. 

EquUibriuvi of omrnAic forces, — If we suppose two fluid mmm 
to be separated by a diaphragm which is permeable to aoaie of tk 
component substances and not to others, of the oondiiiom of mf^ 
librium which have just been mentioned, those will still sofaaist wbik 
relate to temperature and the potentials for the substances to wbd^ 
the diaphragm is permeable, but those relating to the potentiab ter 
the HulMtances to whidi the diaphragm is impermeable will no bafir 
be necessary. Whether the pressure must be the same in ike tw« 
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fluids will depend upon the rigidity of the diaphragm. Even when 
the diaphragm is permeable to all the components without restriction, 
equality of pressure in the two fluids is not always necessary for 
equilibrium. 

Effect of gravity. — In a system subject to the action of gravity, 
the potential for each substance, instead of having a uniform value 
throughout the system, so far as the substance actually occurs as an 
independently variable component, will decrease uniformly with 
increasing height, the difierence of its values at different levels being 
equal to the difference of level multiplied by the force of gravity. 

FundaTnental equations. — Let e, jy, v, t and p denote respectively 
the energy, entropy, volume, (absolute) temperature, and pressure of 
a homogeneous mass, which may be either fluid or solid, provided 
that it is subject only to hydrostatic pressures, and let m^, m^, ... mn 
denote the quantities of its independently variable components, and 
/i^, fA^,... fi^ the potentials for these components. It is easily shown 
that 6 is a function of fi, i;, m^, m^, ...mn, and that the complete value 
ol de ia given by the equation 

de=^tdti-'pdv+fi^dm^+fi^dm,^...+findmin. (5) 

Now if 6 is known in terms of jy, v, 7n^,...7n,ni we can obtain by 
differentiation t, p, /ii,.../jLn in terms of the same variables. This 
will make n+S independent known relations between the 2n+5 
variables, e, jy, v, mj, mj, ... rrin, t, p, fi^, /Xj, ... fin' These are all that 
exist, for of these variables, n+2 are evidently independent. Now 
upon these relations depend a very large class of the properties of 
the compound considered, — we may say in general, all its thermal, 
mechanical, and chemical properties, so far as active tendencies are 
oonoemed, in cases in which the form of the mass does not require 
consideration. A single equation from which all these relations may 
be deduced may be called a fundamental equation. An equation 
between e, jy, v, m^, m^, ... mn is a fundamental equation. But there 
are other equations which possess the same property. 

If we suppose the quantity ^ to be determined for such a mass 
as we are considering by equation (3), we may obtain by differentiation 
and comparison with (5) 

d^-s —fidt''pdv+fAid7n^+/i2dm^...+iind'nn. (6) 

If, then, ^ is known as a function of t, v, m^, m^, ...mn, we can find 
If Ps /«i> /^I'-A'n in terms of the same variables. If we then 
substitute for yfr in our original equation its value taken from 
equation (3) we shall have again n+S independent relations between 
the same 2n+5 variables as before. 
Let 

^^e-'tfi+pv, (7) 
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then, by (S% 

If, then, f is known as a function of t, p, m,, 714, ... m^, we csa fii 
9* v> A4> A4' •-• /^ ^ terms of the same variaUeHL B7 eliminaum 
we may obtain again n+3 independent relatiooB bet we e n the tm 
2n+5 variables as at first* 

If we integrate (5), (6) and (8), supposing the qnaniity of \ 
compound substance considered to vary from lero to any finite rwk 
its nature and state remaining unchanged, we obtain 

If we differentiate (9) in the most general manner, and eonpaffi t 
result with (5), we obtain 

or 

Hence, there is a relation between the n+i quantitaea t, ^ i 
/i^,...fi^, which, if known, will enable us to find in terms of tk 
quantities all the ratios of the n+2 quantities 9. r, m^. m,. ...■ 
With (9), this will make n+3 independent relations between the m 
2n+5 variables as at first 

Any equation, therefore, between the quantities 
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is a fundamental equation, and any such is entirely equival<^ct 
any other. 

Coexistent phuAej*. — In conHidering the different homogenccoi bodi 
which can be formed out of any set of component subfftance». is 
convenient to have a term which shall refer soh'ly to the oompaam 



* The propertiet of the qiuntitiee - ^ and - ^ reganled m fnnctiocM ul thir 
tare and volume, and temperature and prvMure, reepeotiveljr, the oosipaBUoK <4 
body being regarded as invariable, have Imjvo diiicuawd by M. Maamcv m • mm 
entitled "Sur lee fonctions oaract^rittiquee dee di^-en fluidea ei ear li t^>« 
vapeurs*' (Jftfm. Samni* Ktranf/., U zzii). A brief tketeh o| hia tth wi a • I 
slightly different fnmi that ultimately adopted ie given in Chmpits HemdrnM. t. l&ii 11 
pp. K58 ami U)A7, and a report <in hi* memoir by M. Bcrtrmnd in C>Mi|tf«« j^tarf^ L I 
p. 257. M. Maeeieu appean to havu been the first to solve the problf ul 
all the propertien of a body of invariable compositioQ which are 
I by maans of a single funotkm. 
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and thermodynamic state of any such body without regard to its size 
or form. The word plwse has been chosen for this purpose. Such 
bodies as differ in composition or state are called different phases of 
the matter considered, all bodies which differ only in size and form 
being regarded as different examples of the same phase. Phases 
which can exist together, the dividing surfaces being plane, in an 
equilibrium which does not depend upon passive resistances to change, 
are called coexistent 

The number of independent variations of which a system of co- 
existent phases is capable is n+i—r, where r denotes the number of 
phases, and n the number of independently variable components in 
the whole system. For the system of phases is completely specified 
by the temperature, the pressure, and the n potentials, and between 
these n+2 quantities there are r independent relations (one for each 
phase), which characterize the system of phases. 

When the number of phases exceeds the number of components by 
onity, ^he system is capable of a single variation of phase. The 
pressure and all the potentials may be regarded as functions of the 
temperature. The determination of these functions depends upon the 
elimination of the proper quantities from the fundamental equations 
'^ J^> ^' A4> A4> ^^ ^^^ ^^6 several members of the 9ystem. But 
without a knowledge of these fundamental equations, the values of 

the differential coeflBcients such as ^ may be expressed in terms of 

bhe entropies and volumes of the different bodies and the quantities 
of their several components. For this end we have only to eliminate 
the differentials of the potentials from the different equations of the 
form (12) relating to the different bodies. In the simplest case, when 
there is but one component, we obtain the well-known formula 

in which v\ v"^ i\\ rf denote the volumes and entropies of a given 
quantity of the substance in the two phases, and Q the heat which it 
absorbs in passing from one phase to the other. 

It is easily shown that if the temperature of two coexistent phases 
of two components is maintained constant, the pressure is in general 
a maximum or minimum when the composition of the phases is 
identical In like manner, if the pressure of the phases is maintained 
constant, the temperature is in general a maximimi or minimum when 
the composition of the phases is identical. The series of simultaneous 
values of i and ;> for which the composition of two coexistent phases 
is identical separates those simultaneous values of i and j> for which 
DO coexistent phases are possible from those for which there are two 
pairs of coexistent phases. 
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If the temperature of three coexistent phases of three components 
is maintained constant, the pressure is in general a mayimum or 
minimum when the composition of one of the phases is such as can be 
produced by combining the other two. If the pressure is maintained 
constant, the temperature is in general a maximum or minimum when 
the same condition in regard to the composition of the phases k 
fulfilled. 

Stability of fluids, — A criterion of the stability of a homogeneous 
fluid, or of a system of coexistent fluid phases, is afiforded by Uie 
expression 

e-t'fi+p'v-fi^'m^-fi^'m^ ...-/tin'mn, (14) 

in which the values of the accented letters are to be determined by 
the phase or system of phases of which the stability is in question, 
and the values of the unaccented letters by any other phase of the 
same components, the possible formation of which is in question. We 
may call the former constants, and the latter variables. Now if the 
value of the expression, thus determined, is always positive for any 
possible values of the variables, the phase or system of phases will 
be stable with respect to the formation of any new phases of its 
components. But if the expression is capable of a negative value, 
the phase or system is at least practicaUy unstable. By this is meant 
that, although, strictly speaking, an infinitely small disturbance or 
change may not be sufficient to destroy the equilibrium, yet a veiy 
small change in the initial state will be sufficient to do sa The 
presence of a small portion of matter in a phase for which the above 
expression has a negative value will in general be sufficient to produce 
this result. In the case of a system of phases, it is of course supposed 
that their contiguity is such that the formation of the new phase does 
not involve any transportation of matter through finite distances. 

The preceding criterion afibrds a convenient point of departure in 
the discussion of the stability of homogeneous fluids. Of the other 
forms in which the criterion may be expressed, the following is 
perhaps the most useful : — 

If tlie presawre of a fluid is greater than that of any other phm 
of its independeTit variable components which has the same temper- 
atwre and potentials , the fluid is stable with respect to iheformaMxm 
of any other phase of these components ; btU if its pressvure is nU 
as great as that of some such phase, it wiU he practicaUy i/uastatk 

Stability of fluids with respect to continuous changes of phase,— 
In considering the changes which may take place in any mass, 
we have often to distinguish between infinitesimal changes in existing 
phases, and the formation of entirely new phases. A phase of a fluid 
may be stable with respect to the former kind of change, and unstable 
with respect to the latter. In this case, it may be capable of continued 



ABSTRACT BY THE AUTHOR 361 

existence in virtue of properties which prevent the commencement of 
liscontinuous changes. But a phase which is unstable with respect to 
x>ntinuous changes is evidently incapable of permanent existence on a 
arge scale except in consequence of passive resistances to change. 
To obtain the conditions of stability with respect to continuous 
shanges, we have only to limit the application of the variables in (14) 
X) phases adjacent to the given phase. We obtain results of the 
following nature. 

The stability of any phase with respect to continuous changes 
iepends upon the same conditions with respect to the second and 
liigher differential coefficients of the density of energy regarded as 
% function of the density of entropy and the densities of the several 
components, which would make the density of energy a minimum, 
if the necessary conditions with respect to the first differential 
coefficients were fulfilled. 

Again, it is necessary and sufficient for the stability with respect 
bo continuous changes of all the phases within any given limits, that 
within those limits the same conditions should be fulfilled with 
respect to the second and higher differential coefficients of the 
pressure regarded as a function of the temperature and the several 
potentials, which would make the pressure a minimum, if the 
necessary conditions with respect to the first differential coefficients 
were fulfilled. 

The equation of the limits of stability with respect to continuous 
changes may be written 

(p) =0, or (^^ =x, (15) 

where y^ denotes the density of the component specified or mn-r-v. 
It is in general immaterial to what component the suffix ^ is regarded 
as relating. 

Critical phases. — ^The variations of two coexistent phases are 
sometimes limited by the vanishing of the difference between them. 
Phases at which this occurs are called critical phases. A critical 
phase, like any other, is capable of n+l independent variations, 
n denoting the number of independently variable componenta But 
when subject to the condition of remaining a critical phase, it is 
capable of only ti — 1 independent variations. There are therefore 
two independent equations which characterize critical phases. These 
may be written 

(P) =0' (^) =0- (16) 

It will be observed that the first of these equations is identical with 
the equation of the limit of stability with respect to continuous 
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changes. In fact, stable critical phases are situated at that limit 
They are also situated at the limit of stability with respect to dis- 
continuous changes. These limits are in general distinct, but touch 
each other at critical phases. 

Oeometrical illustrations, — In an earlier paper,* the author has 
described a method of representing the thermodynamic properties 
of substances of invariable composition by means of surfoce& The 
volume, entropy, and energy of a constant quantity of the substance 
are represented by rectangular coordinatea This method corresponds 
to the first kind of fundamental equation described above. Any 
other kind of fundamental equation for a substance of invariaUe 
composition will suggest an analogous geometrical method* In the 
present paper, the method in which the coordinates represent tem- 
perature, pressure, and the potential, is briefly considered. Bat 
when the composition of the body is variable, the fundamental 
equation cannot be completely represented by any surface or finite 
number of surfacea In the case of three components, if we regard 
the temperature and pressure as constant, as well as the total quantify 
of matter, the relations between ^, m^, mj, m^ may be represented 
by a surface in which the distances of a point from the three sides 
of a triangular prism represent the quantities m^, m^, rn^, and the 
distance of the point from the base of the prism represents the 
quantity ^. In the case of two components, analogous relations may 
be represented by a plane curve. Such methods are especially useful 
for illustrating the combinations and separations of the components, 
and the changes in states of aggregation, which take place when the 
substances are exposed in varying proportions to the temperature 
and pressure considered. 

FundaToentaZ equations of ideal gases and gas-mixtures, — From 
the physical properties which we attribute to ideal gases, it is easy 
to deduce their fundamental equations. The fundamental equation 
in €, ;;, v, and m for an ideal gas is 

elog^=l-H+alog5; (17) 

that in ^, t, v, and m is 

Vr = Em+m<(c-H-clog^-falog-); (18) 

that in p, t, and fi is 

p = a€ " < « 6 «< , (19) 

where e denotes the base of the Naperian system of logarithms. As 
for the other constants, c denotes the specific heat of the gas at 
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xmstant volume, a denotes the constant value of pv-i-mty E and H 
lepend upon the zeros of energy and entropy. The two last equations 
(nay be abbreviated by the use of different oonstanta The properties 
3f fundamental equations mentioned above may easily be verified 
in each caae by differentiation. 

The law of Dalton respecting a mixture of different gases affords 
% point of departure for the discussion of such mixtures and the 
wtablishment of their fundamental equations. It is found convenient 
to give the law the following form : — 

The preaawre in a m/ixtwre of different gases is equal to the su/m of 
the prea&wrea of the different gases as existing each by itself at tfie 
same temperatare and with the same value of its potential. 

A mixture of ideal gases which satisfies this law is called an 
ideal gas-^mixtv/re. Its fundamental equation in p, U fi^, fi^, etc. is 
evidently of the form 

1,=2,W "* < "■ e "•' A (20) 

where Z^ denotes summation with respect to the different components 
of the mixture. From this may be deduced other fundamental 
equations for ideal gas-mixtures. That in ^, t,v,7n^, m^, etc. is 

t^ = 2:,(E,riH+mi<(ci"Hi-Cilog^+ailog^)). (21) 

Phases of dissipated energy of ideal gas-mixtures. — When the 
proximate components of a gas-mixture are so related that some of 
them can be formed out of others, although not necessarily in the 
gas-mixture itself at the temperatures considered, there are certain 
phases of the gas-mixture which deserve especial attention. These 
are the phases of dissipated energy, i.e., those phases in which the 
energy of the mass has the least value consistent with its entropy 
and volume. An atmosphere of such a phase could not famish a 
source of mechanical power to any machine or chemical engine 
working within it, as other phases of the same matter might do. 
Nor can such phases be affected by any cataljrtic agent A perfect 
catalytic agent would reduce any other phase of the gaii-mixtore 
to a phase of dissipated energy. The condition which will make the 
energy a minimum is that the potentials for the proximate com* 
ponents shall satisfy an equation similar to that which expresses the 
relation between the units of weight of these eompcmentsw For 
example, if the components were hydrogen, oxygen and water, sinee 
one gram of hydrogen with eight grams of oxygen are diemieally 
equivalent to nine grams of water, the pr^entials for these mi\MmactH 
in a phase of dissipated energy must naiigty the relaiioD 
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Ghs-miostures with convertible components, — The theory of the 
phases of dissipated energy of an ideal gas-mixture derives an especial 
interest from its possible application to the case of those gas-mixtures 
in which the chemical composition and resolution of the components 
can take place in the gas-mixture itself, and actually does take place, 
so that the quantities of the proximate components are entirely deter- 
mined by the quantities of a smaller number of ultimate components, 
with the temperature and pressure. These may be called gas-mixtwres 
with convertible compon^ente. If the general laws of ideal gas- 
mixtures apply in any such case, it may easily be shown that the 
phases of dissipated energy are the only phases which can exist 
We can form a fundamental equation which shall relate solely to 
these phases. For this end, we first form the equation in p, t, /4> 
fi^, etc. for the gas-mixture, regarding its proximate components as 
n^t convertible. This equation will contain a potential for eveiy 
proximate component of the gas-mixture. We then eliminate one (or 
more) of these potentials by means of the relations which exist between 
them in virtue of the convertibility of the components to which tiiey 
relate, leaving the potentials which relate to those substances whiek 
naturally express the ultimate composition of the gas-mixture. 

The validity of the results thus obtained depends upon the applica- 
bility of the laws of ideal gas-mixtures to cases in which chemical 
action takes place. Some of these laws are generally regarded as 
capable of such application, others are not so regarded. But it may 
be shown that in the very important case in which the components d 
a gas are convertible at certain temperatures, and not at others, the 
theory proposed may be established without other assumptions than 
such as are generally admitted. 

It is, however, only by experiments upon gas-mixtures with con- 
vertible components, that the validity of any theory concerning them 
can be satisfactorily established. 

The vapor of the peroxide of nitrogen appears to be a mixture of 
two different vapors, of one of which the molecular formula is double 
that of the other. If we suppose that the vapor conforms to the laws 
of an ideal gas-mixture in a state of dissipated energy, we may obtain 
an equation between the temperature, pressure, and density of the 
vapor, which exhibits a somewhat striking agreement with the results 
of experiment. 

EquUibriu/nv of streaeed scUda, — The second part of the paper* 
commences with a discussion of the conditions of internal and external 
equilibrium for solids in contact with fluids with regard to all possible 
states of strain of the solids. These conditions are deduced by 
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analytical processes from the general condition of equilibrium (2). The 
condition of equilibrium which relates to the dissolving of the solid 
at a surface where it meets a fluid may be expressed by the equation 

^.=izi|±£.^ (22) 

where e, jy, v, and w^ denote respectively the energy, entropy, volume, 
and mass of the solid, if it is homogeneous in nature and state of 
strain, — otherwise, of any small portion which may be treated as thus 
homogeneous, — jii^ the potential in the fluid for the substance of which 
the solid consists, p the pressure in the fluid and therefore one of the 
principal pressures in the solid, and t the temperature. It will be 
observed that when the pressure in the solid is isotropic, the second 
member of this equation will represent the potential in the solid for 
the substance of which it consists {see (9)}, and the condition reduces 
to the equality of the potential in the two masses, just as if it were a 
case of two fluids. But if the stresses in the solid are not isotropic, 
the value of the second member of the equation is not entirely deter- 
mined by the nature and state of the solid, but has in general three 
different values (for the same solid at the same temperature, and in 
the same state of strain) corresponding to the three principal pressures 
in the solid. If a solid in the form of a right parallelopiped is subject 
to different pressures on its three pairs of opposite sides by fluids in 
which it is soluble, it is in general necessary for equilibrium that the 
composition of the fluids shall be different. 

The fundamental equations which have been described above are 
limited, in their application to solids, to the case in which the stresses 
in the solid are isotropic An example of a more general form of 
fundamental equation for a solid, is afforded by an equation between 
the energy and entropy of a given quantity of the solid, and the 
quantities which express its state of strain, or by an equation between 
yfr {see (3)} as determined for a given quantity of the solid, the tem- 
perature, and the quantities which express the state of strain. 

Capillarity. — The solution of the problems which precede may be 
regarded as a first approximation, in which the peculiar state of 
thermodynamic equilibrium about the surfaces of discontinuity is 
neglected. To take account of the condition of things at Uiese 
surfaces, the following method is used. Let us suppose that two 
homogeneous fluid masses are separated by a surface of discontinuity, 
Le., by a very thin non-homogeneous film. Now we may imagine a 
state of things in which each of the homogeneous masses extends 
without variation of the densities of its several components, or of the 
densities of energy and entropy, quite up to a geometrical surface (to 
be called the dividing surface) at which the masses meet. We may 
soppose this surface to be sensibly coincident with the physical surface 
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of disconiinaity. Now if we compare the actual state of things with 
the supposed state, there will be in the former in the vicinity of ttie 
surface a certain (positive or negative) excess of energy, of aitropy, 
and of each of the component substances. These quantities are 
denoted by 6^, tf, mf, w^, etc, and are treated as belonging to the 
surface. The ^ is used simply as a distinguishing mark, and must not 
be taken for an algebraic exponent. 

It is shown that the conditions of equilibrium already obtamed 
relating to the temperature and the potentials of the homogeneous 
masses, are not affected by the surfaces of discontinuity, and that the 
complete value of &^ is given by the equation 

5€3 = ^a^+a-&+/Xi«mf+/i,«m|+etc, (23) 

in which 8 denotes the area of the surf€Mse considered, t the tempera- 
ture, /ii, /i^, etc, the potentials for the various components in the 
adjacent masses. It may be, however, that some of the components 
are found only at the surface of discontinuity, in which case the letter 
fjL with the suffix relating to such a substance denotes, as the equation 
shows, the rate of increase of energy at the surface per unit of the 
substance added, when the entropy, the area of the surface, and the 
quantities of the other components are unchanged. The quantity (r 
we may regard as defined by the equation itself, or by the following, 
which is obtained by integration : — 

€* = ^J7®+<r«+/iimf +/i,mf +etc. (24) 

There are terms relating to variations of the curvatures of the 
surface which might be added, but it is shown that we can give the 
dividing surface such a position as to make these terms vanish, and it 
is found convenient to regard its position as thus determined. It is 
always sensibly coincident with the physical surface of discontinuity. 
(Yet in treating of plane surfaces, this supposition in regard to the 
position of the dividing surface is unnecessary, and it is sometimes 
convenient to suppose that its pasition is determined by other con- 
siderations.) 

With the aid of (23), the remaining condition of equilibrium for 
contiguous homogeneous masses is found, viz., 

<r(c,+c^)=p'-'p\ (25) 

where p\ p" denote the pressures in the two masses, and c^, Cj the 
principal curvatures of the surface. Since this equation has the san^ 
form as if a tension equal to or resided at the surface, the quantity a 
is called (as is usual) the superficial tension, and the dividing surface 
in the particular position above mentioned is called the swrfoM of 
tension. 

By differentiation of (24) and comparison with (23), we obtain 

do- = — rif^dt - T^dfi^ — Fgd/^ — etc., (26) 
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where 9g, F^, Fg, etc. are written for — , — , — , etc., and denote the 

S 8 S 

superficial densities of entropy and of the various substances. We 
may regard o- as a function of t, /i^, fi^, etc, from which if known 
9b> Fj, Fjt etc. may be determined in terms of the same variables. 
An equation between or, t, /i^, /ji^, etc may therefore be called a fumda- 
mental equation for the 8wrface of discontinuity. The same may be 
said of an equation between 6^> 17^, 8, mf , mf , etc 

It is necessary for the stability of a surface of discontinuity that 
its tension shall be as small as that of any other surface which can 
exist between the same homogeneous masses with the same tempera- 
ture and potentials. Besides this condition, which relates to the nature 
of the surface of discontinuity, there are other conditions of stability, 
which relate to the possible motion of such surfaces. One of these is 
that the tension shall be positive. The others are of a less simple 
nature, depending upon the extent and form of the surface of dis- 
continuity, and in general upon the whole system of which it is a 
part The most simple case of a system with a surface of discon- 
tinuity is that of two coexistent phases separated by a spherical 
surface, the outer mass being of indefinite extent When the interior 
mass and the surface of discontinuity are formed entirely of sub- 
stances which are components of the surrounding mass, the equilibrium 
is always unstable; in other cases, the equilibrium may be stable. 
Thus, the equilibrium of a drop of water in an atmosphere of vapor 
is unstable, but may be made stable by the addition of a little salt. 
The analytical conditions which determine the stability or instability 
of the system are easily found, when the temperature and potentials 
of the system are regarded as known, as well as the fundamental 
equations for the interior mass and the surface of discontinuity. 

The study of surfaces of discontinuity throws considerable light 
upon the subject of the stability of such phases of fluids as have a 
less pressure than other phases of the same components with the same 
temperature and potentials. Let the pressure of the phase of which 
the stability is in question be denoted by p\ and that of the other 
phase of the same temperature and potentials by p". A spherical 
mass of the second phase and of a radius determined by the equation 

2<r=(p'-p')r. (27) 

would be in equilibrium with a surrounding mass of the first phase. 
This equilibrium, as we have just seen, is unstable, when the surround- 
ing mass is indefijiitely extended. A spherical mass a little larger 
would tend to increase indefinitely. The work required to form such 
a spherical mass, by a reversible process, in the interior of an infinite 
mass of the other phase, is given by the equation 

W=(r«-(i>'-2>')t;". (28) 
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The term as repreaents the work spent in forming the 

the term (p''^p')tf the work gained in forming the interior hha 

The seoond of these quantities is always eqnal to two-tliirdi of ihi 

first The value of W is therefore positive, and the 

strictness stable, the quantity W affording a kind of 

stability. We may easily express the value of W in a 

does not involve any geometrical magnitudes, vie, 

W- ^^^^ i9i 

where p", p' and tr may be regarded as functions of the 
and potentiala It will be seen that the stability, thus 
is infinite for an infinitesimal difference of pressureii, but 
very rapidly as the difference of pressures increai 
elusions are all, however, practically limited to the eaee in 
the value of r, as determined by equation (27X ui of 
magnitude. 

With respect to the somewhat similar problem of the 
of the surface of contact of two phases with respect to the 
of a new phase, the following results are obtained. Lei the 
(supposed to have the same temperature and potentiala) he 
by A, B, and C ; their pressures by j)^, p^ and />c \ ^nd ^he 
of the three possible surfaces by o-j^b* ^bc* <''ac- If /^ is leei 

(Tbc + O'AC 

there will be no tendency toward the formation of the 
at the surface between A and B. If the temperature or 
are now varied until j>c ih equal to the above expresnioo. thcrv «* 
two cases to be distinguiHhed. The tension (Tab will be either tefm 
to <r AC +0-110 or less. (A greater value could only relate to an onrtaUi 
and therefore unusual surface.) If <rAB = <''Ac+<''Bc»<^ farther vanauas 
of the temperature or potentials, making j>c greater than the abc«i 
expression, would cause the phase C to be formed at the fiirfser 
between A and B. But if o-ab < o'ac + o'bc* the surface between A «aC 
B would remain stable, but with rapidly diminishing stability, afar 
Pq has passed the limit mentioned. 

The conditions of stability for a line where several rarfani d 
disa>ntinu]ty meet, with respect to the possible formaliou ol a are 
surface, are capable of a very simple expression. If the snrfaeva A-B 
B-C. C-D, D-A, separating the masses A, B, C, D, meet along a \m 
it Ih necessary for equilibrium that their tensions and direcli(«» it 
any point of the line sliould be such that a quadrilateral a. 3* T ' 
may Iw formed with sides representing in direction and length tkt 
normals and tensions of the successive surfaces. For the iUhB^ 
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of the system with reference to the possible formation of surfaces 
between A and C, or between B and D, it is farther necessary that 
the tensions o-ao ^i^d o-bd should be greater than the diagonals ay and 
fiS respectively. The conditions of stability are entirely analogous 
in the case of a greater number of surfaces. For the conditions of 
stability relating to the formation of a new phase at a line in which 
three surfaces of discontinuity meet, or at a point where four different 
phases meet, the reader is referred to the original paper. 

Liquid jWm8. — When a fluid exists in tiie form of a very thin 
film between other fluids, the great inequality of its extension in 
different directions will give rise to certain peculiar properties, even 
when its thickness is sufficient for its interior to have the properties 
of matter in mass. The most important case is where the film is 
liquid and the contiguous fluids are gaseous. If we imagine the film 
to be divided into elements of the same order of magnitude as its 
thickness, each element extending through the film from side to side, 
it is evident that far less time will in general be required for the 
attainment of approximate equilibrium between the different parts 
of any such element and the contiguous gases than for the attainment 
of equilibrium between all the different elements of the film. 

There will accordingly be a time, commencing shortly after the 
formation of the film, in which its separate elements may be regarded 
as satisfying the conditions of internal equilibrium, and of equilibrium 
with the contiguous gases, while they may not satisfy all the con- 
ditions of equilibrium with each other. It is when the changes due 
to this want of complete equilibrium take place so slowly that the 
film appears to be at rest, except so far as it accommodates itself to 
any change in the external conditions to which it is subjected, that 
the characteristic properties of the film are most striking and most 
sharply defined. It is from this point of view that these bodies are 
discussed. They are regarded as satisfying a certain well-defined 
class of conditions of equilibrium, but as not satisfying at all certain 
other conditions which would be necessary for complete equilibrium, 
in consequence of which they are subject to gradual changes, which 
ultimately determine their rupture. 

The elasticity of a film (i.e., the increase of its tension when ex- 
tended) is easily accounted for. It follows from the general relations 
given above that when a film has more than one component, those 
components which diminish the tension will be found in greater pro- 
portion on the surfaces. When the film is extended, there will not be 
enough of these substances to keep up the same volume- and surface- 
densities as before, and the deficiency will cause a certain increase of 
tension. It does not follow that a thinner film has always a greater 
tension than a thicker formed of the same liquid. When the phases 
G. I. 2a 
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within the films as well as withoat are the sanie, and the mCaee" 
the films are also the same, there will be no difierenoe of trvs 
Nor will the tension of the same film be altered, if a part of 
interior drains away in the courHe of time, without a&ctin; 
sorfaces. If the thickness of the film is redneed by eTapoffmum 
tension may be either increased or diminished, according hy 
relative volatility of it4 diflfervnt components. 

Let ns now suppose that the thickness of the film is reduced « 
the limit is reached at which the interior ceases to have the pripa 
of matter in mass. The elasticity of the film, m*hich determittei 
stability with respect to extension and contraction, does not irti 
at this limit But a certain kind of instability will generally arw 
virtue of which inequalities in the thickness of the film will lead 
increase through currents in the interior of the film. This proks 
leads to the destruction of the film, in the case of most U4)ibda 
a film of soap-water, the kind of instability described tattm^ U^ 
manifested in the breaking out of the black spots. Bat the nil 
diminution in thickness which takes place in parta of the ffls 
arrested by some unknown cause, possibly by viscous or gelMOm 
properties, so that the rupture of the film does not neceasarily liSi:^ 

Electromotive furcf. — ^The conditions of e<}uilibrium may be moU 
by electromotive force. Of such cases a galvanic or eleetioljtic e 
may be regarded as the type. With respect to the potentials f t t 
ions and the electrical potential the following relation may be notimi 

When all the eorulitions of equilibrium are fulfilled in a jairnt 
or electrolytic cell, tlie electromotive force is equal to the dijferme^ 
the values of the poteiitial for any ion at the surfaceft of the fi^"'^: 
multiplied by the electro^heniiccd equivalent of thut ion. tk^ f^^' 
jxitenticU of an anion being at the same electrode as thi^ jr^^'^^ f»- 
trical potential, and the revere being true of a cation. 

The relation which exists between the electromotive f-rcv : 
perfect elect ro-chemictd ajtparatus (i.e.. a galvanic or vlectr-i}t>- - 
which satisfies the condition of reversibility), and the chanp-;* iz i 
cell which accompany the passage of electricity, may be trxpreas^ ' 
the equation 

in which de denotes the increment of the intrinsic en<»ri^* :s - 
apparatus, dtj the increment of entropy, de the quantity of elT^rvr 
which passes through it. V and V" the electrical poU^ntiaU t:: }s^ 
of the same kind of metal connected with the am-ide ax>d csif/« 
respectively, rfWo the work done by gravity, and dVi^ the w^irk -i f 
by the pressures which act on the external surface of tht* appan:- 
The term JWq may generally be neglected. The same is true ^i n 
when gases are not concerned. If no heat is supplied or withii*mi 
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Uie term tdr/ will vanish. But in the calculation of electromotive 
forces, which is the most important application of the equation, it is 
convenient and customary to suppose that the temperature is main- 
tained constant. Now this term tdri, which represents the heat 
abeorbed by the cell, is frequently neglected in the consideration of 
cells of which the temperature is supposed to remain constant. In 
other words, it is frequently assumed that neither heat or cold is 
produced by the passage of an electrical current through a perfect 
electro-chemical apparatus (except that heat which may be indefinitely 
diminished by increasing the time in which a given quantity of 
electricity passes), unless it be by processes of a secondary nature, 
which are not immediately or necessarily connected with the process 
of electrolysis. 

That tbis assumption is incorrect is shown by the electromotive 
force of a gas battery charged with hydrogen and nitrogen, by the 
currents caused by differences in the concentration of the electrolyte, 
by electrodes of zinc and mercury in a solution of sulphate of zinc, by 
a priori considerations based on the phenomena exhibited in the 
direct combination of the elements of water or of hydrochloric acid, 
by the absorption of heat which M. Favre has in many cases observed 
in a galvanic or electrolytic cell, and by the fact that the solid or 
liquid state of an electrode (at its temperature of fusion) does not 
aflbct the electromotive force. 



ON THE VAPOIUDENSITIES OF PEROXIDE OF NTTBOGD 
FORMIC ACID, ACETIC ACID. AND FERCHLORIDB (N 
PHOSPHORU& 

[Jmerietm Jmarmal of Sdetite, aer. 3, vol xviii, OcL-Ncrr. 1879 } 




The relation between tempentore, preflsore, and voIobm; for th 
vapor of each of these sobrtanoea diflTen widely from that 
by the usual laws for the gaseous state, — tlie laws 
widely by the names of Mariotte, Gay^Lossae, aod A vii g a d iu Tk 
density of each vapor, in the sense in which the term is mmj^ 
employed in chemical treatises, i^., its density taken relatmljr « 
air of the same temperature and pressore,* has not a ( 
bat varies nearly in the ratio of one to twa And these 
are exhibited at pressores not exceeding that of the 
and at temperatures comprised between aero and 200* or SOO* 4 
the centigrade scale. 

Such anomalies have been explained by the soppoaitioo thai At 
vapor consists of a mixture of two or three different kindi ol pi 
or vapor, which have different densities. Thos it is 
the vapor of peroxide of nitrogen is a gaft-mixture, the 
of which are represented (in the newer chemical noCatioo) by N0| 
and Njf)^ respectively. The densities corresponding to these formsia 
are 1 589 and 3 178. The density of the mixture should Imw • 
value intermediate between tliese numbers, which is sufartanOiSj 
the case with the actual vapor. The case is similar with ref«l 
to the vapor of formic acid, which we may regard as a mixturr i 
CU,0, (density 1 589) and C^H^O^ (density 31781 and thr r^fot 
of acetic acid, which we may regard as a mixture of CflA 
(density 2*073) and C«HgO« (density 4 14<>). In the case ci f^ 
chloride of phoephorus, we must suppose the vapor to mnrirf d 
three parts; PCI^ (the proper perchloride. density 7-iOK K\ r^ 
protoehloride, density 4*98), and Cl^ (chlorine, density 3l23^ ^Sian 
the chlorine and protoehloride arise from the decumpaQtkn d tat 
perchloride, there must Ije as many molecules of the type G, •« -^ 
the type PC1|. Now a gas-mixture containing an ««|ual nasbtf 

* The UngUAge of thit paper will lie cunlunned to thit luafe. 
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of molecules of PCI3 and Cl^ will have the density ^(4*98+2-22) 
or S'60. It follows that, at least so far as the range of the possible 
values of its density is concerned, we may regard the vapor as a 
mixture in variable proportions of two kinds of gas having the 
densities 7*20 and 3*60 respectively. The observed values of the 
denaty accord with this supposition. 

These hypotheses respecting the constitution of the vapors are 
corroborated, in the case of peroxide of nitrogen and perchloride 
of j^osphoms, by other circumstance& The varying color of the 
first vapor may be accounted for by supposing that the molecules 
of the type N2O4 are colorless, while each molecule of the type NO, 
has a constant color. This supposition affords a simple relation 
between the density of the vapor and the depth of its color, which 
has been verified by experiment.* 

The vapor of the perchloride of phosphorus shows with increasing 
temperature in an increasing degree the characteristic color of 
ehknrine. The amount of the color appears to be such as is required 
hy the hypothesis respecting the constitution of the vapor on the 
Tmy probable supposition Uiat the perchloride proper is colorless, 
bat the case hardly admits of such exact numerical determinations 
as are possible with respect to the peroxide of nitrogen.t But since 
the products of dissociation are in this case dissimilar, they may be 
partially separated by diffusion through a neutral gas, the lighter 
dilorine diffusing more rapidly than the heavier protochloride. 
The fact of dis»x^iation has in this way been proved by direct 
eKperiment.t 

In the case of acetic and formic acids, we have no other evidence 
than the variations of the densities in support of the hypothesis of 
the compound nature of the vapor, yet if these variations shall 
appear to follow the same law as those of the peroxide of nitrogen 
and the perchloride of phosphorus, it will be difficult to refer them 
to a different cause. 

But however it may be with these acids, the peroxide of nitrogen 
and the perchloride of phosphorus evidently furnish us with the 
means of studying the laws of chemical equilibrium in gas-mixtures 
in which chemical change is possible and does in fact take place 
xevendbly, with varying conditions of temperature and pressure. 
Or» if from any considerations we can deduce a general law 



* Sftlet, "Snr la ooloration da peroxyde d'azote," CompUs Bendus, t. Izvii, p. 488. 
fH. Sainte-Claire DeviUe, "Sur lee density de vapear/' CcmpU» Bendus, t. Izii, 

^Wanklyn and Robinaon, "On Difiosion of Vapoun: a meani of dittinguUhing 
betireen apparent and real Vapoor-dentitiee of Cbemioal Compoandi," Proc. Roy. Soc^ 
ToL xii, p. fi07. 
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detennining the proportions of the component gases neeessaiy for 
the equilibrium of such a mixture under any given conditions, 
these substances afford an appropriate test for such a law. 

In a former paper* by the present writer, equations were proposed 
to express the relation between the temperature, the pressure or the 
volume, and the quantities of the components in such a gas-mixture 
as we are considering — a gaa-mixtv/re of convertible componeTUs in 
the language of that paper. Applied to the vapor of the peroxide 
of nitrogen, these equations led to a formula giving the density in 
terms of the temperature and pressure, which was shown to agree 
very closely with the experiments of Deville and Troost, and much 
less closely, but apparently within the limits of possible error, with 
the experiments of Playfair and Wanklyn. Since the publication 
of that paper, new determinations of the density have been published 
in different quarters, which render it possible to compare the equation 
with the results of experiment throughout a wider range of t^n- 
perature and pressure. In the present paper, all experimental 
determinations of the density of this vapor which have come to 
the knowledge of the writer are cited, and compared with the values 
demanded by the formula, and a similar comparison of theory and 
experiment is made vdth respect to each of the other substances 
which have been mentioned. 

The considerations from which these formulad were deduced may 
be briefly stated as follows. It will be observed that they are based 
rather upon an extension of generally acknowledged principles to a. 
new class of cases than upon the introduction of any new principle. 

The energy of a gas-mixture may be represented by an expression 
of the form 

m^{c^t + El) + m^(c^t + Ej) + etc., 

with as many terms as there are different kinds of gas in the mixture, 
7n^, TTig, etc. denoting the quantities (by weight) of the several com- 
ponent gases, Cj, Cg, etc., their several specific heats at constant volume, 
E^, E^, etc., other constants, and t the absolute temperature. In like 
manner the entropy of the gas-mixture is expressed by 

m,(Hi + Ci logs ^ - Oi logN ^) + mj^Hj + Cj logN ^ - a, logN ^^ 

where v denotes the volume, and Hj, 04, Hj, a^, etc. denote constants 
relating to the component gases, a^, ttg, etc. being inversely pro- 
portional to their several densities. The logarithms are Naperian. 

* " On the Equilibrium of Heterogeneous Substances," this volume, page 56. The 
equations referred to are (313), (317), (319), and (320), on pages 171 and 172. The 
applicability of these equations to such oases as we are now considering is disciUBed 
under the heading ** Gas-mixtures with Convertible Components," page 172. 



VAPOR-DENSITIES. 375 

These expressions for energy and entropy will undoubtedly apply 
to mixtures of different gases, whatever their chemical relations may 
be (with such limitations and with such a degree of approximation 
as belong to other laws of the gaseous state), when no chemical action 
can take place under the conditions considered. If we assume that 
they win apply to such cases as we are now considering, although 
chemical action is possible, and suppose the equilibrium of the mixture 
with respect to chemical change to be determined by the condition 
that its entropy has the greatest value consistent with its energy and 
its volume, we may 'easily obtain an equation between m^, m^, etc., 
t and t;.* 

The condition that the energy does not vary, gives 

(miCi+m^,+etc.)d<+(Ci^+Ei)dmi+(c2^+Ej)dm2+etc. = 0. (1) 

The condition that the entropy is a maximum implies that its 
variation vanishes, when the energy and volume are constant. 
This gives 

^^"^7^"^^^' d^+(H>-a.+c,logH^--a,logH^)dm, 

+(H2-a,+c,logN^-ajlogN^jdmj+etc = 0. (2) 

Eliminating dt^ we have 
(Hi-o, -Oi-^+c, logN ^-a, logj, ^jcimi 

+ (H,— a,— c, — T^+Cjlogu^ — ajlogu— jd7iij+etc. = 0. (3) 

If the case is like that of the peroxide of nitrogen, this equation 
will have two terms, of which the second may refer to the denser 
component of the gas-mixture. We shall then have a^ = 2a^, and 
chn^= ^dm^y and the equation will reduce to the form 

log^=-A-Blog<+^. (4) 

where common logarithms have been substituted for Naperian, and 
A, B and C are constants. If in place of the quantities of the 
components we introduce the partial pressures, p^, p^, due to these 
components and measured in millimeters of mercury, by means of 
the relations 



^1=— "i^-j^. 



* For certain a priori considerations which give a degree of probability to the«e 
iptions, the reader is referred to the paper already cited. 
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where a| denotes a constant, we have 

log^,= -(A+log2a,)-(l + B)logf+^ 

I'l * 

»-A'-B'logt + y. 'Jl 

where A' and B' are new constantn. Now if we denote by p thf» tnoi 
pressure of the gas-mixture (in millimeten of mereiuy), br D tt 
density (relative to air of the mnie temperature and premoreX and fcy 
D| the theoretical density of the rarer component, we shAll have 

p:7>+p,::D,:D. 

This appears from the consideration that p+Pt reprenenta what tbr 
pressure would become, if without chanj^ of temperature or tqIok 
all the matter in the gas-mixture could take the form of the niw 
component. Hence, 

D-D. 



2D,~D 

and £i = 5itDj:P4. 

By substitution in (5) we obtain 

By this formula, when the values of the constants are determineiL w 
may calculate the density of the gas-mixture from its iMnpeiatv* 
and pressure. The value of D| may be ol>tained from the molccuiir 
formula of the rarer component. If we compare equations <3i i4* 
and (5), we see that 

B' = B+1, B = -^""'^«. 

Now C|— c, in the difference of the specific heats at constant %*oIuiiie >^ 
NO, and N,0^. The general rule that the specific heat of a giM •: 
constant volume and per unit of weight is independent of its ct^nde*- 
scUian, would make c^^c^, B=:0, and B'= 1. It may easily be nhovu 
with respect to any of the sulMtances considered in thl^ paper,* th*: 
unless the numerical value of B' greatly exceedH unity, the term B kj^* 
may be neglected without Herioiis error, if itM omission in cumpenosM 
in the vahicM given to A' and C. We may then>fore cancel thL« trrm 
and then determine the remaining constants by conipari^uto of tbr 
fonnula with the resultH of ex{M.*rinient. 

* Kur tb« OAM of peroxide of iiitro|{en, tee pp. ISO, 181 in ibe p^per citod aburt 



VAPOR-DENSITIES. 377 

In the case of a mixture of Cl^, PCI3 and PCI5, equation (3) will 
have three terms distinguished by different suffixes. To fix our ideas, 
we may make these suffixes 2, 3 and 5, referring to Cl^, PCI3 and PCI5 
respectively. Since the constants a^, a^ and a^ are inversely propor- 
tional to the densities of these gases, 

02(27712=^3(2^3= '-'a^d/m^y 
and we may substitute — , — , for d/m^, d/ni^ and dm,^ in equation (3), 

(Xj CE-3 ttg 

which is thus reduced to the form 

log:??VL=_A-Blog^H-5. (7) 

1£ we eliminate m^, mg, m^ by means of the partial pressures p^^PsfPsf 
we obtain 

when A', 6', like A, 6 and C, are constants. If the chlorine and the 
protochloride are in such proportions as arise from the decomposition 
of the perchloride, Pt=Pz ^^^ ^PiPs^iPi+Psf- ^^ ^^^ ^^^^e, there- 
fore, we have 

log 7—^-^= -A'-B'log<-hy. (9) 

It will be seen that this equation is of the same form as equation (5), 
when jpg in (9) is regarded as corresponding to j>2 ^ (5), and P2+Ps in 
(9), which represents the pressure due to the products of decomposition, 
is regarded as corresponding to p^in (5), which has the same signifi- 
cation. It follows that equation (5), as well as (6), which is derived 
from it, may be regarded as applying to the vapor of perchloride of 
phosphorus, when the values of the constants are properly determined. 
This result might have been anticipated, but the longer course which 
we have taken has given us the more general equations, (7) and (8), 
which will apply to cases in which there is an excess of chlorine or 
of the protochloride. 

If the gas-mixture considered, in addition to the components 
capable of chemical action, contains a neutral gas, the expressions for 
the energy and entropy of the gas-mixture should properly each 
contain a term relating to this neutral gas. This would make it 

necessary to add c^m^ to the coefficient of dt in (1), and -^^ to the 

coefficient of dt in (2), the suffix ^ being used to mark the quantities 
relating to the neutral gas. But these quantities would disappear 
with the elimination of dt, and equation (3) and all the subsequent 
equations would require no modification, if only p and D are estimated 
(in accordance with usage) with exclusion of the pressure and weight 
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due to the neutral gas. This result, which may be extended to aaj 
number of neutral gases, is simply an expresmon of Daltoo's Law. 

We now proceed to the comparison of the formiiI«, especially of 
equation (6), with the results of experiment 

Table L— Peroxide of NrrRooKX. 

Erperiments at Atmospheric Prtmure. 

M1T8CHSRUCH,— R. MOLLEa,— Divnxi and Tbocm. 



Temfwvm* 

tur«_ 


Pr«Mur«. 


calculatMl 


Dtodty obMrrad. 




D««llfa4Tr-^ 


lUJV. 




by«q.(lOX 


M-r. I. II. III. 


■ — •■ 

M-r. 


I. 


II. 


n: 


183-2 




(760) 


1-592 


1-57 








-m 


1540 


(760) 


1-597 


1-58 








-«: 


151*8 


(760) 


1-598 


1-50 




-10 






135-0 


(760) 


1-607 


1-60 








-« 


121-8 


(760) 


1-622 


1-64 




+ « 






121-5 


(760) 


1-622 


l-«2 








- itt 


111-3 


(760) 


1-641 


1-65 








'* ^9 


100-25 


760 


1-677 


1-72 


+ -0I 








1001 


(760) 


1-676 


1-68 








•f ^M 


100-0 


(760) 


1-677 


1-71 




-^i)• 






000 


(760) 


1-728 


172 








* ^9 


84-4 


(760) 


1-768 


1-83 




*« 






80-6 


(760) 


1-801 


1-80 








- ^H 


79 


748 


1-814 


1-84 


-►-€• 








77-4 


(760) 


1-833 


1-85 






-^iM 




700 


(760) 


1-920 


1-92 








W^ 


70 


754-5 


1-919 


1-95 


^-03 








68-8 


(760) 


1-937 


1-99 




-►-05 






66-0 


(760) 


1-976 


209 






^-01 




60-2 


(760) 


2^7 


2-06 








^mi 


55-0 


(760) 


2-157 


2« 






♦ -M 




52 


757 


2^11 


2-26 


+ -05 








49-7 


(760) 


2^255 


2-34 




-►-OS 






49-6 


(760) 


2^256 


2^ 








««• 


45-1 


(760) 


2342 


240 






^i* 




398 


(760) 


2-443 


246 








• viT 


35-4 


(760) 


2-524 


253 








• *m 


35^ 


(760) 


252H 


2^ 




-13 






34 6 


(760) 


2539 


2-62 






^i» 




32 


748 


2-582 


265 


-^•07 








28-7 


(760) 


2-642 


2-80 




* 16 






28 


751 


2^2 


2-70 


*-05 








27-6 


(76U) 


2-661 


2-70 






*1M 




26-7 


(760) 


2-676 


265 








' «« 



Peroxide ofnitntffrn. — If we take the constants of the equatioL f:f 
this substance from the paper already citc<l.* we have 



, 15-89(D- 1-589) 3118-6 . . ^ .., 

'^« (3178-1))* =r;:+273-^>^e/^-^^**^»' 



ih 



/c denoting the teinj)onitun» on the centigrade ncale. The numHfrt 
317H and 1*589 reprttsent the theoretical densitit* of N,0^ and N''. 

• Sn» «><|iiAti«iii {Xkh <»n jiagv 177.— also the fiillt>vin^ r«|iiAti««« in wkuc^ t^ ^ttm^ 
IS K*^'**" in t«*miM of thi* tomprraturv aiid prvMurv. In coinp*niif theae cqv&UuM. ' 
must lie olM(i'r\'i*<l that in (336) the prtrMun** arr inv««urrd lu atOMi^ibcrva, bvl a tt* 
pA|irr in nuUimrtm uf mcrcun*. 
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respectively. The two other constants were determined by the 
experiments of Deville and Troost. 

The results of these and other experiments at atmospheric pressure, 
all made by Dumas' method, are exhibited in Table I. The first three 
columns give the temperature (centigrade), the pressure (in millimeters 
of mercury),* and the density calculated from the temperature and 
pressure by equation (10). The subsequent columns give the densities 
observed by different authorities, and the excess of the observed over 
the calculated densitiea In the first column of observed densities, 
we have one observation by Mitscherlicht (at 100"25*') and five by 
R Mtiller. t The three remaining columns contain each the results of 
a series of experiments by Deville and Troost. § In each series the 
experiments were made with increasing temperatures, and vdth the 
same vessel, without refilling. It should be observed that the results 
of the three series are not regarded by their distinguished authors as 
of equal weight. It is expressly stated that the numbers in the two 
earlier series, and especially in the first, may be less exact. The last 
series agrees very closely with the formula. It was from this that 
the constants of the formula were determined. The experiments of 
series I and 11, and those of Mitscherlich and Mtiller, give somewhat 
larger values, with a single exception, as is best seen in the columns 
which give the excess of the observed density. The differences be- 
tween the different columns are far too regular to be attributed to 
the accidental errors of the individual observations, except in the 
case of the experiment at I5I'8°, where some accident has evidently 
occurred either in the experiment itself or in the reduction of the 
result. Setting this observation aside, we must look for some constant 
cause for the other discrepancies between the different series. 

We can hardly attribute these discrepancies to difference in the 
material employed, or to air or other foreign substance imperfectly 
expelled from the flask. For impurities which increase the density 
would make the divergence between the different series greatest 
when the densities are the least, whereas the divergences seem to 
vanish as the density approaches the limiting value. (A similar 



* 7QQnun Y^g^ Ijqqq assumed as the pressure of the atmosphere in all cases in whioh the 
precipe pressure is not recorded in the published account of the experiments. The 
figures inserted in the columns of pressures are in such cases enclosed in parentheses. 
The same course has been followed in the subsequent tables. With respect to the 
principal series of observations by Deville and Troost (series III), it is stated that the 
bupometer varied between 747 and 764 millimeters. A dififerenoe of 13 millimeters in 
the pressure would in no case cause a difference of *0Q5 in the calculated densities. In 
this series, therefore, the errors due to this circumstance are not very serious. 

iPogg. Ann., vol. xxix (1833), p. 220. 

X lAth, Ann,, voL oxxii (1802), p. 15. 

§ Comptea Bendu8, vol Ixiv (1867), p. 237. 
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objection woold apply to the soppomtioD of any error in ike <ki«- 
mination of the weight of the flask whoi filled with air akna» 
Bat if we ahoold attribute the divergenees to an impurity wbd 
diminishes the density (as airk we should be driven to the ou ti ciiMMJ i 
that the first series of Deville and Troost gives the moat eoma 
results, and that all the best attested numbers at 
below 90' are considerably in the wrong. It does not 
to account for these discrepancies by any causes which would fftf 
to cases of n<Minal or constant density. They are iUnstrataam d 
the general fact that when the density varies rapidly with xm 
temperature, determinations of density for the same tempenmt 
and pressure by different observers, or different determinatioD^ W 
the same observer, exhibit discordances which are entirely of * 
different order of magnitude from those which occur with snhslaawi 
of n<Minal or constant densities, or which occur with the ssat 
substance at temperatures at which the density approacbai i 
constant value. In some cases such results may be accoqpted fv 
fay carelessness on the part of the observers, not cootroUed by a 
comparison of the result with a value already known. Bat mtk m 
explanation is inadequate to explain the general fact, and evidcBL? 
inadmissible in the present case. 

It is probaUe that these discrepancies are in part atlribaiahir 
to a circumstance which has been noticed fay M. Wurta, in hm 
account of his experiments upon the vapor-density of facomhydnii 
of amylene, in the following words: — "Le temps pendant leqwi ii 
vapeur est maintenue k la temperature ou Ton determine la dengK 
n'est pas sans influence sur les nombres obtenus. Cest ce qui pmi 
des deux experiences faites k 225 degr^s avec des produits identi^oi^ 
Dans la premiere, la vapeur a ete port^e rapidement k 235 dcjcm 
Dans la seconde elle a 6ti maintenue pendant dix minutes k occ* 
temperature. On voit que les nombres trouv^s pour les dcttsiu* ooi 
ete fort different^ (The numbers were 4-69 and 3-68 respecti%-«lT • 
Ce r^sultat ne doit point surprendre si Ton considers que le ph<«> 
mfene de dt^mposition de la vapeur doit absorber de La chal^or m 
que les quantit^s de chaleur n^cessaires pour produire et la dilauu e 
et la decomposition ne sauraient etre foumies instantanement*^ 

It is not difficult to fonn an estimate of the quantities of b^ 
which come into play in such cases. With respect to peroxidr .< 
nitrogen, it was estimat^Ki in the paper already cited that the bra: 
absorbed in the conversion of a unit of N,0^ into NO, unlrtr 
constant pressure is represente*! by 7181 a,. (The heat is rappriMC 
to be measunHl in units of mechanical work.) Now the exterasl 

* Ccmptts Bendua, t. U, p. 73U. 
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work done by the conversion of a unit of NgO^ into NOj under 
constant pressure is a^. Therefore, the ratio of the heat absorbed 
to the external work done by the conversion of NgO^ into NOj is 
7181 -f-<, or 23 at the temperature of 40* centigrade. Let us next 
consider how much more rapidly this vapor expands with increase 
of temperature at constant pressure than air. From the necessary 
relation 

where m denotes the weight of the vapor, and k a constant, we obtain 

where the suffix ^ indicates that the differential coefficients are for 
constant pressure. The last term of this expression evidently denotes 
the part of the expansion which is due to the conversion of NjO^ 
into NOj, and the preceding term the expansion which would take 
place if there were no such conversion, and which is identical with 
the expansion of the same volume of air under the same circum- 

stancea The ratio of the two terms is '^t^v^] > ^'^ numerical 

value of which for the temperature of 40'' is 2*42, as may be found 
by differentiating equation (10), or, with less precision, from the 
numbers in the third column of Table I. Let us now suppose that 
equal volumes of peroxide of nitrogen and of air at the temperature 
of 40® and the pressure of one atmosphere receive equal infinitesimal 
increments of temperature under constant pressure. The heat ab- 
sorbed by the peroxide of nitrogen on account of the conversion of 
N2O4 into NO2 is 23 times the external work due to the same cause, 
and this work is 2*42 times the external work done by the expansion 
of the air. But the heat absorbed by the air in expanding under 
constant pressure is well known to be 3*5 times the work done. 
Therefore the heat absorbed on account of the conversion of NjO^ 
into NO, is (23x2-42-r3-5 = )15-9 times the heat absorbed by the air. 
To obtain the whole heat absorbed by the vapor we must add that 
which would be required if no conversion took place. At 40'' the 
vapor of peroxide of nitrogen contains about 54 molecules of NjO^ 
to 46 of NO2, as may easily be calculated from its density. The 
specific heat for constant pressure of a mixture in such proportions 
of gases of such molecular formulae, if no chemical action could take 
place, would be about twice that of the same volume of air. Adding 
this to the heat absorbed by the chemical action we obtain the final 
result, — that at 40'' and the pressure of the atmosphere the specific 
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heat of peroxide of nitrogen at oonntant preasore is aboot «ij(htM9 
times that of the same volume of air.* 

But the greater amount of heat which is required to bn&( t^ 
vapor to the desired temperature is only one factor in tbe iDctiawni 
liability to error in cases of this kind. The expansion of fentoi^ 
of nitrogen for increase of temperature under constant |in«iiiii i: 
40"" is 3'42 times that of air. If, then, in a determination of deomxt. 
the vapor fails to reach the temperature of the bath, the error d» 
to the difference of the temperature of the vapor and the bath. wS 
be 3*42 times as great as would be caused by the aame ditbrveer 
of temperatures in the case of any vapor or gas having a cmam 
density. When we consider that we are liable not only to the mmt. 
but to a much greater difference of temperatures in a eaae like tim 
of peroxide of nitrogen, when the exposure to the heat » of the «Bf 
duration, it is e\ndent that the common test of the exactncw of * 
process for the determination of vapor-densities^ by applying it xa 
a case in which the density is nearly constant, is entirely insoiEcMt 

That the experiments of the IIP aeries of Deville and Trooc jprt 
numbers so regular and so much lower than the other erperiiMTi 
is probably to be attributed in part to the length of time of expomf 
to the heat of the experiment, which was half an boor in this series— 
for the other series, the time is not given. 

Another point should be considered in this connection. Dorii^ 
the heating of the vapor in the bath, it Is not immaterial wbctkr 
the flask is open or closed. This will appear, if we compaiv Ike 

values ot (--jj) and (-;. ) . the differential coeflScients of the deoaxj 

with respect to the temperature on the suppositions, reKpectivelj % 
constant pressure, and of constant volume. For 40', we ha%'e 



©,-<"»»■ O.'-^^ 



the first number being obtained immediately from equation ilO< be 
differentiation, and the second by differentiation after substitiitije 

of --g for ;). The ratio of these numbers evidently giv» i> 

proportion in which the chemical change takes place under tbe tv. 
suppositions. This shows that only about six-sevenths of th^ h«« 
required for the chemical change can be supplied before opccu^ 
the flask, and the remainder of this heat as well as that rvqurvi 
for expansion must be supplied after the opening. The erruo dw 

* SimiUr calcuUtioot from Iom preoine daU for th« brotthjniir«U of imjIim u Sf 
•Mm u> iiKlicat« a apecifio he*t m muoh m forty timM m grMt mm ikM oi t^ «■» 
Tolume of air. 
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to this source may evidently be diminished by diminishing the 
intervals of temperature between the successive experiments in a 
series of this kind, and also by diminishing the opening made in 
the flask, which increases the time for which the flask may be left 
open without danger of the entrance of air. In the III^ series of 
experiments by Deville and Troost, the intervals of temperature did 
not exceed ten degrees (except after the density had nearly reached 
its limiting value), and the neck of the flask was drawn out into a 
very fine tube. 

In Table II, which relates to experiments on the same substance 
at pressures less than that of the atmosphere, the principal series 
is that of Naumann,* which commences a few degrees below the 
lowest temperatures of Deville and Troost, and extends to — 6** 
centigrade, the pressures varying from 301 to 84 millimeters. These 
experiments were made by the method of Qay-Lussac. The numbers 
in the column of observed densities have been re-calculated from 
the more immediate results of the experiments, and are not in all 
cases identical with those given in Professor Naumann's paper. 
Every case of diflerence is marked with brackets. Instead of the 
numbers [266], [2*62], [2*85], [2*94], Naumann's paper has 2*57, 265, 
2*84, 3*01, respectively. In some cases the temperatures and pressures 
of two experiments are so nearly the same that it would be allowable 
to average the results, at least in the column of excess of observed 
density. In such cases the numbers in this column have been 
united by a brace. The greatest difference between the observed 
and calculated densities is *16, which occurs at the least pressure, 
84 millimeters. In this experiment the weight of the substance 
employed is also less than in any other experiment. Under such 
circumstances, the liability to error is of course greatly increased. 
The average difference between the observed and calculated densities 
is *063. Since these differences are almost uniformly positive and 
increase as the temperature diminishes, it is evident that they might 
be considerably diminished by slight changes in the constants of 
equation (10), vdthout seriously impairing the agreement of that 
equation with the experiments of Deville and Troost. But it has 
not seemed necessary to re-calculate the formula, which, in its present 
form, will at least illustrate the degree of accuracy with which 
densities at low pressures and at temperatures below the boiling 
point of the liquid may be derived from experiments at atmospheric 
pressure above the boiling point. Moreover, the excess of observed 
density may be due in part to a circumstance mentioned by Professor 
Naumann, that the chemical action between the vapor and the 



* BerichU der detUdchen chenMchen OeaelUchfuft, Jfthrgang xi (1878), S. 2045. 
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mercury diminished the volume of the vapor, and ihoB 
the numbers obtained for the density. 

Table IL— Pkroxidb of NrntDOBX. 

Experiments at lees than Atmcepherie Premurt, 

Playfair and Wakklyv,— Tbocjst.— Naumaksi. 



Ttmperm* 


PreMurt. 


Density 


Dttdty obMrrwL 


BSCM 


«Ce^ *^^ 


ture. 




by •q. (lOX 


P. h W. T, 


If. 


r.Aw. 


T. % 


»7-5 


(301) 


1*681 


1*788 




4-152 




27 


85 


1*90 


1*6 






-•» 


27 


16 


1*77 


1*50 






-IS 


24*5 


(823) 


2-524 


2*52 




-«H 




22*5 


186*5 


2*84 




2*85 




♦ « 


22*5 


101 


2*26 




2*28 




^^ 


21-5 


161 


2*41 




2*88 




-«1 


20*8 


153*5 


2*41 




246 




•«i 


20 


301 


2*59 




270 




* II 


18*5 


186 


2*48 




2*46 




« ^ 


18 


279 


2*61 




2*71 




♦ 16 


17-6 


172 


2*51 




2*52 




♦ «\ 


16*8 


172 


2*58 




2*55 




♦"6t| 


16*5 


224 


250 




12*66] 
[2*62] 




♦6C\ 


16 


228*5 


2*61 






♦ ^> 


14*5 


176 


2*58 




2-68 




-f ^ 


11-8 


(150) 


2*620 


2*645 




^<m 




11 


100 


2^ 




2*76 




♦ » 


10-5 


168 


2*64 




278 




-* ^ 


4-2 


(120) 


2*710 


2*588 




-129 




4 


172*5 


2-77 




2*85 




^m 


2*5 


145 


2*76 




12*86] 




-* fM 


1 


188 


2*78 




2*84 




« ^ 


-1 


158 


2*88 




2-87 




4^M 


-8 


84 


2*76 




2« 




*-l6 


-5 


128 


2*85 




2« 




* O^ 


-6 


125*5 


2*87 




[2-04] 




• «t 



The same table includes two experiments of TrooHt,^ by DoBii 
method, but at the very low pressures of 35"" and 16"". In ^A 
experiments we cannot expect a close agreement with the forau 
for the same error in the determination of the weight of xht vftpcr 
which would make a difference of 01 in the density in experimdO 
at atmospheric pressure, would make a difference of '21 or 47 in tkt 
circumstances of these experiments. In fact, the numbers oltataad 
differ considerably from thcjsc demanded by the formula. 

There remain four experiments by Playfair and Wanklyc* s 
which Dumas* method was varie<l by diluting the vapor vsi 
nitrogen. The numbers in the column of pressures neprment Oii 
total pn^ssure diminished by the pressure which the nitrogen a^w 
would have exerted. They arc not (|uite accurate, since the dtfft 
given in the memoir cited only enable us to determine thr mtm 

•Compifs HtwluA, t. Ixxxvi (IH78), p. 189A. 

t Trans, Roy. Soc, Sdinh., vol. xxii (1861), p. 468. 
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of the total and the partial pressures. The numbers here given 
are obtained by setting the total pressure, which was that of the 
atmosphere at the time of the experiment, equal to 760™™. The 
effect of this inaccuracy upon the calculated densities would be 
small. Two of these observations agree closely with the formula; 
and two show considerable divergence, but in opposite directions, 
and these are the two in which the quantities of peroxide of nitrogen 
were the smallest. The differences appear to be attributable rather 
to the difficulty of a precise determination of the quantities of 
nitrogen and of vapor, than to any effect of the one upon the 
other. 

Special interest attaches to experiments at the same or nearly the 
same temperature but different pressures. For with experiments at 
the same temperature, the constants of the formula which are deter- 
mined by observation are reduced to one, so that the verification of 
the formula by experiment cannot possibly be regarded as a case 
of interpolation. It is not necessary that the temperatures should 
be exactly the same, for it will be conceded that the formula 
represents the actual function well enough to answer for adjusting 
slight differences of temperature; but it is necessary that the 
range of pressures should be considerable in order that the differ- 
ences of density should be large in proportion to the probable 
errors of observation. But the pressures must not be so low that 
accurate determinations become impossible. 

In the experiments of Namnann we see some fair correspondences 
with the formula in respect to the influence of pressure, especially 
in the first four experiments of the list, where, if we average the 
results of the third and fourth experiments, as is evidently allowable, 
the observed values follow very closely the fluctuations of the cal- 
culated, extending from 2*26 to 2'41. In other cases the agreement 
is less satisfactory. The circumstance that the experiments at the 
two highest pressures (301 and 279™") give results exceeding the 
calculated values considerably more than any other experiments at 
adjacent temperatures may seem to indicate that the densities increase 
with the pressures more rapidly than the formula allows; but the 
differences are not too large to be ascribed to errors of observation, 
and the experiment at the lowest pressure (84™™) also shows a large 
excess of observed density. 

A much more critical test may be found in the comparison of 
Naumann's experiments with those of Deville and Troost, notwith- 
standing the interval of about 4'' of temperature. The formula 
requires that a diminution of pressure from 760 to 101 millimeters 
shall reduce the density from 2676 at 26-7* to 226 at 22•5^ not- 
withstanding the effect of the change of temperature. Experiment 
G. I. 2 b 
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gives a reduction of density from 2*65 to 2^, which is about one- 
ninth less. This is, it will be observed, a deviation from the formula 
in the opposite direction from that which the experiments of Naumann 
alone, or a comparison of the experiments of Troost with those of 
Deville and Troost, seemed to indicate. The experiment here com- 
pared with Naumann's belongs to the III* series of Deville and Troost 
If instead of this experiment we should take an average of the 
experiments at lowest temperature in the 11* and m* series, the 
agreement with the formula with respect to the effect of change of 
pressure would be almost perfect. 

Formic acid. — In Table III, the determinations of Bineau are 
compared with the densities calculated by the formula 

, 1-689 (D- 1-589) 8800 ^, ,^^., ,,,, 

^^g (3-178-Dy "^+2?3+^^gy-^^'^^^' (") 

The observed densities are taken from the eighteenth volume of 
the third series of the Anrvalea de ChiTnie et de Physique (1846), 
except in three cases, distinguished by parentheses, which are earlier 
determinations published in the nineteenth volume of the Comptes 
Remdua (1844). It may be added that the pressure (687) for Uie 
experiment at 108'' is taken from Elrdmann's Jownud fiJur praktidche 
Chemie (voL xl, p. 44), the impression being imperfect in the Annates, 
in the copies to which the writer has been able to refer, where the 
figures look much like 637. (The pressure 637 would make the 
calculated density 228.) 

In the column which gives the excess of observed densities, the 
effect of nearness to the state of saturation is often very marked 
Such cases are distinguished by an asterisk. The temperature of 
99-5** is below the boiling point of formic acid, and the higher 
pressures employed at this temperature cannot be far from the 
pressure of saturated vapor. With respect to lower temperatures, 
we have the statement of Bineau that the pressure of saturated 
vapor is about 19™ at 13", 20*5™ at 15", 33-5°^ at 22^ and 53-5" 
at 32**. By interpolation between the loga/rithms of these pressures 
(in a single case, by extrapolation), we obtain the following result :— 



Temperature, 


10-5 


12-5 


16 


18-5 


22 


Pressure of sat. vapor, 


16-6 


18-5 


22 


26-2 


33-5 


Pressure of experiment. 


14-69 


15-20 


15-97 


23-53 


2517 
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Table m. — Formic Acid. 

EXPEBIMXNTS OF BiNBAU. 



887 



Temperature. 


Pressure. 


Density 

calouUtedby 

eq.(llX 


Density 
obserYod. 


Excess 

of obserred 
density. 


216-0 


690 


1-60 


1-61 


+ •01 


184-0 


760 


1-64 


1-68 


+ -04 


125-5 


687 


2-03 


2-05 


+ -02 


125-5 


645 


2-02 


2-03 


+ •01 


124-5 


670 


2-04 


2-06 


+ -02 


124-5 


640 


2-03 


2-04 


+ -01 


118-0 


666 


2-13 


(214) 


( + •01) 


118-0 


650 


2-13 


213 


-00 


117-5 


688 


216 


213 


-02 


115-5 


649 


2-17 


2-20 


+ •03 


115-5 


640 


2-16 


216 


•00 


115 


666 


218 


(213) 


(-•05) 


111-5 


690 


2-25 


2-22 


-•08 


111-5 


690 


2-25 


2-25 


-00 


111 


608 


2-22 


(2-13) 


(-•<») 


108 


[687] 


2-30 


2-31 


+ •01 


106-0 


691 


2-35 


2-35 


-00 


106-0 


650 


2-34 


2-33 


-•01 


105-0 


630 


2-33 


2-32 


-•01 


101-0 


693 


2-42 


2-44 


+ -02 


101-0 


660 


2-40 


2-41 


+ -01 


99-5 


690 


2-44 


2-52 


+ -08* 


99-5 


684 


2-44 


2-49 


+ •05 


99-5 


676 


2-44 


2-46 


+ -02 


99-5 


662 


2-43 


2-44 


+ •01 


99-5 


641 


2-42 


2-42 


•00 


99-5 


619 


2-41 


2-41 


•00 


99-5 


602 


2-41 


2-40 


-•01 


99-5 


567 


2-39 


2-34 


-•06 


34-6 


28-94 


2-82 


2-77 


-•06 


31-6 


3-04 


2-40 


2-60 


+ •20 


30-5 


8*83 


2*67 


2-69 


+ ■02 


30-0 


18-28 


2*81 


276 


-•06 


29-0 


27-40 


2-88 


2-83 


-•06 


24-6 


17-39 


2-88 


2*86 


-•02 


22-0 


2617 


2-96 


3-05 


+ 10* 


20-0 


16-67 


2-93 


2-94 


+ •01 


20-0 


7-99 


2-84 


2-86 


+ •01 


20-0 


2-72 


2-64 


2-80 


+ 16 


18-5 


23-63 


2-98 


3-23 


+ 26» 


16-0 


15-97 


2-97 


3-13 


+ ^W 


16-5 


2*61 


2-72 


2-86 


+ 14 


15-0 


7-60 


2-90 


2-93 


+ •03 


12-5 


15-20 


3-00 


3-14 


+ 14» 


11-0 


7-26 


2-96 


3*02 


+ •07 


10-6 


14-69 


3-01 


3*23 


+ -22» 



Aether the large excess of observed density in these cases represents 
property of the vapor, or an incipient condensation on the walls 
; the vessel which contains it, as has been supposed by eminent 
lysicists in similar cases, we need not here discuss. 
If we reject these cases of nearly saturated vapor, as well as the 
iree earlier determinations, there remain 25 experiments at pressures 
tmewhat less than one atmosphere in which the maximum difference 
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between the observed and caleolated densities is *05, and th*" srprifp 
difference *016; nine experiments at pressures ranging from 9^ 
to 7***, in which the maximum difference is *07 and the mrrrmp <ttS 
and three experiments at pressures of about 8"^, in which thit aT«ffift 
difference is *17. The extraordinary precisimi of the dctenniDscni 
at low pressures is doubtless due to the large scale on which tk» 
experiments were conducted. All the experimentn at iempcntM 
below OO"* were made with a globe of the capacity of 5| litef^ wA 
a stem of suitable length to hold the barometric colamn. 

The agreement is certainly as good as could be desired, and Aam 
the accuracy of which the method of observation is cmpaMp Ml 
in no part of the thermometric scale do we find so great a laifv 
of pressures as might be desired, without using pu sM Uw loo 1^ 
for accurate results, or observations which are to be re|6eied for 
other reasona 

Acetic acid. — For this substance the densities have been eaknktsi 
by the formula 

, 2-073(D- 2-073) 3520 ^. ,,_^ ,^ 



the constants 3520 and 11 '349 being derived from the 
of Cahours and Bineau, which with those of Horstmann and Tioatf 
are given in Table IV. The experiments of Cahours and HanUBtfS 
were made under atmospheric pressure, those of Hontmaiui* by tb 
method of Bunsen, those of Cahours presumably by the mechod d 
Dumas. The numbers in the first column of the densities ohwrnrt 
by Cahours are taken from the twentieth volume (lH45i of t^ 
CoTnptea Rendun, except a few cases, distinguished by paivnlheM. 
which are taken from the preceding volume (1844V The numhrt^ 
in the second column are taken from his Lefon^ tie rAimiV ye*'"^ 
^Umentaire, 1856. These numbers seem to be based in part opa 
new experiments and in part upon a revision of the ofain^r%'ab>» 
recorded in the Ci/injAeH RendiiA, the calculations being carried <<£ 
to another figure of decimals. They are therefore entitled w * 
greater weight than the numbers of the preceding column. 

The agreement of the formula with the numbeni given ia tk 
Lef€ms de chimie is very good, the greatest divergences being ^ 
at 190"^ and -062 at 180'. But at 190* the Uble in tKe Om^ 
Rmdua agrees precisely with the formula, and at 171* <tbe »c 
experiment) it shows a divergence in the opposite dinectiaiL TV 
next divergences in the order of magnitude are — "033. — *09d. -^ 

* lAA. ^im., rappL ti, p. 6fi. 
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Table IV. — ^Acetic Acid. 

Experiments or Cahours,— HoaamAJSTN,— BiKEAr,— Trooot. 







ottJculAtad 


DenaJty oboarrod. 


KicQM of obMnred 


deoM^. 


Twopet*- 


FrM«UT«^ 




Rnrat 


Cfthoun. 


tttir^t. 






bJ^Ain 


C. B. 


Lwanv« 




C. &. Lfl^obM. 




838 


(760^ 


2i)77 1 


2-08 






W 




S36 


(760) 


2H)77 




2-082 




+ 005 




at? 


(780) 


2D78 


208 


2-085 




W +1)07 




321 


(760) 


2-079 


2^ 


2^83 




•00 +i)0* 




308 


(760) 


2081 




2-085 




+ ■004 




300 


(760) 


2082 


2-08 






DO 




2&6 


(760) 


2 084 




2083 




^-001 




280 


(760) 


2im 


208 






-•01 




272 


(760) 


2D93 




2-088 




-iKWS 




264-6 


747-2 


2105 






2-136 




+ D30 


2S2 


(760) 


2408 




2-090 




--018 




250 


(760) 


2111 


2-08 






-*03 




940 


(760) 


2*122 




2-090 




--032 




233-5 


752-8 


2-132 






2195 




+ ^63 


231 


(760) 


2-137 


(2-12) 


2-101 




( - D2) -im 




230 


(760) 


2139 


2-09 






-m 




219 


(760) 


2-186 


2-17 


2 m 




+ D1 -^3S 




200 


(760) 


2'SS9 


2-22 


2-348 




*1)S +-009 




100 


(760) 


2*2^ 


230 


2-378 




w +-oao 




181-7 


749-7 


2-350 






2-419 




+ ■060 


ISO 


(780) 


2-^8 




2-438 




+ -062 




171 


(760) 


2-468 


2-42 






-« 




170 


(780) 1 


2-477 




2-480 




+ ■003 




165^ 


754-1 


2-534 






2iI47 




+ 'U3 


182 


(760) 


2-575 




2-583 




+ ■008 




ieo-3 


76) ■« 


2-6&4 






2^9 




+ -066 


160 


(780) 


2601 


248 






-12 




152 


(760) 


2716 


(2-72) 


2727 




(-00) +D11 




150 


(760) 


2747 


2-75 






-00 




145 


(780) 


2'826 


(2-75) 






(-D8) 




140 


(780) 


2-910 


2-90 


2-907 




- Dl - -003 




134-3 


748-8 


3001 






3-108 




+ 107 


131-3 


764 1 


3<»55 






3-070 




+ 1016 


130 


(760) 


3 082 


3*12 


3-106 




+ 04 +-023 




128^ 


752-9 


3-103 






3-079 




-D34 


125 


(760) 


3!68 


8^ 






+ -03 




124 


(760) 


3-185 




3-194 




+ D09 






Btowu. 




Tkwst 


BlnwL TRKwt. 


132 


757 1 


3-05 


(2-86) 






(-m 




130 


50-7 


2-31 






2-12 




-19 


130 


308 


2^1 






210 




-11 


129 


633 


^•m 


(2-88) 






(-15) 




36-6 


11-32 


3-63 


3-62 






--01 




35-0 


1119 


3-65 


3 64 






*-01 




30^ 


6fl3 


381 


3-60 






-■01 




380 


10 -o;! 


3 75 


375 






•00 




24^ 


5 75 


3-71 


3 70 






-■01 




22iJ 


8*84 


3-82 


3-86 






+ DJ 




22 


2-70 


3-59 


3-66 






-■M 




21-0 


4m 


3'70 


372 






+ 1)2 




90^i 


10D3 


3-86 


3-96 






+ 09 




20i> 


8-55 


3-84 


3-88 






+ ■04 




90^ 


5-56 


3-77 


377 






DO 




Wi> 


4-00 


3-73 


3-75 






+ -02 




19 


2-60 


3^ 


3-66 






+ DI 




12-0 


623 


3-88 


3-92 






+ 04 




12 


2-44 


3-77 


3-80 






+ D3 




11-5 


3-76 


384 


3SS 






+ « 
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at 219*, 231*. 240*, respectively. Here the table in the Compto 
Rendus agrees substantially with that of the Lefons^ bnt the expm 
ments of Horstmann show a divergence in the oppoaHe l i if e rtw a 
In fact^ the three colomns of observed densities nowhere agre* a 
the direction of their divergence from the formnla. 

The somewhat decided differences between the resolla ol H<x«- 
mann and those of Cahoors may be due in part to the 
methods of observation, especially to the entirely different 
of applying the heat and measoring the temperature. But the hifsiHr 
values obtained by Horstmann cannot be accounted for by loo Am 
an exposure to the source of heat, for his experiments 
with decreasing temperaturea 

The determinations of Bineau are taken from the 
those on formic acid, the earlier determinations being 
as before by parentheses. One of these (at 182") was made by tht 
method of Dumas, the other by that of Qay-Lussac The wnallaf 
of the observed densities appears due to the presence of water. {Am 
acidimetric test gave 295 parts of add in 306.) The other ezpari- 
ments were made with the same apparatus which was need wiik 
formic acid and show even greater regularity in their reenlta thia 
the experiments with that substance. Only in one ease is tht 
influence of proximity to saturation seen, viz., at 20-5* and 1009* 
the pressure of saturated vapor at this temperature being afao« 
j2*7«i« jji ^Q remaining fifteen observations of this series, ikc- 
withstanding the very low pressures employed (from 2*44 to Ulfi. 
the greatest difference between the obser\'ations and the fomiki 
is •04, and the average difference -02. 

The two obeerN-ationA by Trooett were luade by the nieth>jd -.c 
Dumas, but at pressures very low for this method. The tenors 
obtained differ considerably from the formula, but not so mori! m 
in the case of his experiments at low pressure with pertixidr i 
nitrogen. 

Table V contains the experiments of Naumann; on acrtic M>i 
These consist of ten series (distinguished by the letters A, B, C. *«c 
of observations by Hoffmann's method. § The temperatorm ot \Jb^ 
observations in the different series are for the most paK the mm 
so that for each temperature we have obser\'ations through a mk 
range of pressures. Within each compartment of the table are pvm, 



* Thia oomber U obtained frum cUu gi\*eii by Binean by the mm» ktmd d 
tioo which wm ami for formio acid. 

t CbrnpttM Htndms, vcO. Ixxxvi (1878). p. 1396. 

X tAth. i4tM., vuL oW, p. S2S. 

I Thia ia a modifioation ol the method of Gay-Ln—r, io whieh Um hml m 
by a vapor bath. 
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Tbmpkbaturk. 




78* 


100' 


110- 


W 


130- 


140' 


150* 


160- 


185* 


.Id. calc 
^i D. ob«. 

VEzc of D. obs. 




303-5 
3-39 
3-44 

+ •05 


411 
3^23 
331 

+ •08 


432 
3-06 
314 

+ •08 


455 
290 
2-97 

+ •07 


477 
275 
282 
+ •07 


498-5 
2-61 
2-68 

+ •07 





565 
2-28 
2-36 
+ -08 


rPresBiire. 
^J D. cale. 
^D.obe. 

iBxc of D. ob«. 




3423 
3-35 
3-37 

+ •02 


359-3 

318 
3-22 
+ •04 


377-5 
3-02 
3-06 

+ •04 


3985 
2-85 
2-89 
+ •04 


4175 
2-70 
275 
+ •05 


4365 
257 
2^63 
+ •06 


495 
2-26 
2-31 
+ •06 


'Pkwssure. 
r, D. oalc 
^ D.obfc 

.Ezc of D. obe. 




258 
3-26 
317 
-•09 














382 
2-22 
2^25 
+ •03 


/PrtBBuro. 
^D. cala 

lExc. of D. obe. 




232 
3-23 
312 

-11 




252 

2^87 
2-94 
+ 07 


274 
2-72 
2-68 

-•04 


287-5 
2-58 
2-54 
--04 


300 
246 
2-44 

-•02 




335 
2^21 
2-23 

+ •02 


^Pkwssnre. 
« D. calc. 
^ D. obe. 

Exc of D. obe. 


164 
3*53 
3*41 
-12 


186 
3-15 
3-06 

-09 


197 
2-97 
2-91 
-•06 


209 
2-81 
2-75 
-•06 


221 
2-65 
2-61 
-04 


232 
2-52 
2-50 
-•02 


243 
241 
2-40 
-•01 


253 
232 
231 
-•01 


269 
218 
2-22 

+ •04 


« D. calc. 
^ D. obe. 

.Exc. of D. obe. 


149 
3(50 
3-34 
-16 


168 
312 
3-01 
-11 






201 
2-62 
2-56 

--06 










Tlreerare. 
^ D. oalc 
® D. obe. 

.Ezc of D. obe. 


137 
3*48 
3-26 
-•22 


156 
3-09 
2-98 
-11 


166-5 
2*92 
281 
-11 


180 
2-75 
2-61 
-•14 


188 
2-60 
2-50 
-10 


199 
2-47 
2-40 
-•07 

168-2 
243 
2-32 

-11 


208-2 
2-37 
2-29 
-•08 




230 
217 
214 
-•03 


Treeeore. 
„ D. calc 
^ D. obe. 

.Ezc of D. obe. 


113 
3-42 
8-25 

-•17 


130 
3-03 
294 

-•09 


138-5 
2-85 

2-78 
-•07 


149 
2-69 
2-60 

--09 


157-5 
2-55 
2-47 

-08 


175 
2-33 
2^26 
-•07 




1915 
215 
213 
-•02 


Praeeorc 
J D. calc 
•^ D. obe. 

.Exc of D. obe. 


80 
3-32 
306 
-•26 


92 
291 
276 
-15 


98-5 
2-73 
2-61 
-12 


106 
2-58 
2-46 

-12 


112-5 
2-45 
2-34 
-11 

93 
2-40 
2-32 
--08 


117-3 
2-35 
2-27 
-•08 




129^2 
2^21 
211 

-10 




T^researe. 
». D. calc 
^ D. obe. 

.Ezc of D. obe. 


66 
3-26 
3-04 
-•22 


77-7 
2^85 
2-66 
-19 


84 
2-68 
2-49 
-19 


895 
2-53 
237 
-16 


98 
2-31 
2-24 
-•07 


103 
2^24 
216 

-•08 




110-6 
2-12 
2-11 

-•01 



in order the pressure of an experiment, the density calculated by 
equation (12), the observed density, and the excess of observed density, 
the temperature of the experiment being given at the head of the 
column. These experiments, taken by themselves, seem to show an 
effect of pressure upon the density about one third greater than is 
indicated by the formula. But the divergences (of which the greatest 
is '26 and the average '085) are not large in view of the fact that 
the experiments were undertaken rather with the desire of obtaining 
a great number of observations with moderate labor, than with the 
intention of attaining the greatest possible accuracy. 
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The quantity of acid diminishes somewhat regularly fnioi ifP4 
grams in series A to -0185 in series K. The votume, which v» 
154"" in the experiment at 185'' in series A, diminishea in tkf 
successive series, and in the same series with diminishing tenipent««. 
to 69*6** in the experiment at TS"" in series KL It is worthy of ante 
that the greatest deviations from the formula oocor where the liaUily 
to error is most serious with respect to pressure (which was mmtmd 
without a cathetometcr), to volume, and to the quantity of add. 

Far more serious than the absolute amount of these divergoievc » 
the regularity which they exhibit But it must be remembered thu 
the observations are by no means entirely independent, and aiaT 
sources of possible error, such as the calibration of the tube and thp 
determination of the quantity of acid, might affect the rvaoha vnii 
considerable regularity. 

Only to a slight degree can the divergences from the formula b» 
accounted for by an insufficient exposure to the temperatore ol th» 
experiment The observationSi except those at 78', were nuMle wni 
increasing temperatures, and the greatest divergences from the formok 
are not in the positive direction. Yet the positive divergenees oerar 
where we should most expect to find them, if they were due to tkm 
cause, viz,, in the series in which the greatest quantities of acid vat 
used, and in cases in which the temperature seems to hare hwa 
raised at once an unusual number of degrees. (See especially xht 
observation at 120'' in series D, and in general the ofaaerTaUaDi it 
185^ which exhibit if not a positive at least a diminution of negstm 
excesa) In the obser\'ations at 78*, which were the last of mrk 
series, and therefore followed a fall of temperature from IW. w* fad 
in some cases, especially in series G, H, and J. a negative diveqpmff 
much greater than in the other determinations of the same serin, iui 
which appears to be referable to this circumstance. 

In Table VI are extiibited the results of experiments by Plajfiff 
and Wanklyn,* in which the vapor of the acid was diluted wnk 
hydrogen or, in a single case (the experiment at 95*5' K by ur 
Columns I and II of the observed densities relate each to a flm«» ^ 
observations by the method of Gay-Lussac, column III contains (<« 
independent determinations by the method of Dumas. The imaihfti 
in the colunm of pressures are, as in other similar cases, the pertisl 
pressures obtained by subtracting from the total pressure (which wit 
never very much less than that of the atmosphere) that which woaU 
be exerted by the hydrogen or air alone. 

The first observation of the first series gives the denshy I'fM. 
which is doubtless too small, since it is much less than the iheureCiaa 



* Trtuu. /foy. Soc, ildimh,, «qd1. zxii, p. 4ft5. 
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limit 2*073. Since the greater part of the measurements from which 
this number was calculated were also used in reducing the other 
observations of the series, the error probably affects the other obser- 
vations, and in a somewhat increased degree. This will account only 
for a part of the difference between the observations and the formula. 
The remaining part of the differences in this series, and the somewhat 
smaller differences in the next, may be due to the fact that the 
experiments of both series were conducted with descending temper- 
aturea Tet the experiments of the third column, which were made 
by Dumas' method, do not exhibit any preponderance of positive 
values for the excess of observed density, but rather the opposite. 

Table VI.— Acetic Acid. 

EXPEKIMSNTB OF PlATFAIR AND WaKKLTK. 



Tempexft- 
tore. 


Pronure. 


Density 
oalcuUted 


Density observed. 


Excess of observed density. 




byeq.(l2). 


I. 


IL 


IIL 


I. 


IL 


III. 


212-6 


322-8 


2-124 




2060 






-064 




IM 


326-0 


2168 




2-066 






-113 




186 


254-4 


2-173 


1-036 






--237 






182 


310-4 


2*213 




2-108 






-105 




166*6 


280-6 


2-203 




2-350 






+ •067 




163 


246-8 


2-200 


2-017 






--273 






132 


227*6 


2*628 


2-202 






-•336 






130-5 


286-7 


2*720 




2-426 






-303 




119 


260-0 


2-014 




2-623 






--201 




116-6 


211-3 


2-876 


2-371 






--606 






06-5 


(123-8) 


3-105 






2-504 






-•511 


86-5 


(200-4) 


3-432 






3-172 






-•260 


70-9 


(83-3) 


3-207 






3-340 






+ 043 


62-6 


(46-2) 


3-473 






3060 






+ •477 



On the whole, these experiments furnish no decisive indication of 
any influence of the hydrogen or air upon the vapor. They may be 
thought to corroborate slightly the tendency observed in the experi- 
ments of Naumann and Troost toward lower densities than the 
formula gives at very low pressurea Yet where the experiments 
of Naumann show the greatest deficiency in observed density (at 
78** and 80""), an experiment of Playfair and Wanklyn, at almost 
precisely the same temperature and pressure, gives a trifling excess 
of observed density, and at a little lower temperature and pressure, 
where we should expect from the experiments of Naumann that the 
deficiency would be still greater, an experiment of Playfair and 
Wanklyn shows a great excess of density. 

By combining the experiments of Cahours, Naumann and Troost, 
we may obtain observations of density at 130* for a very wide range 
of pressures. For one atmosphere, we may regard the formula as 
coinciding with the average of the numbers given by Cahours. For 
pressures between three-quarters and one-half of an atmosphere the 
experiments of Naumann show an excess of density; at pressures 
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below half an atmosphere the experiments both of Xinmaim mi d 
Trooet show a deficiency of density as compared with thm for«ik 
For an indefinite diminution of pressure, there can be little doabl tbi 
the real density, like the value given by iht fonDiila» a ppraa d ben tW 
theoretical value 2*073. The greatest exeess in nombeni obUiiMd faf 
experiment is *07 ; the greatest deficiency is '19, which oeeon as 
59.7111B . ^\^Q QQ^^ ^ order of magnitude is *ll, which oocum motv tkia 
once. These discrepancies are certainly such as may be a friwims i i 
for by errors of observation. They do not appear to be {creatcr thm 
we might expect on the hypothesis of the entire oorrectaeai nf thr 
formula. On the other hand, the agreement is greater than we 1 
expect, if we reject the theory on which the formula wai 
It is about such as we might expect in a suitable fonnola of 
polation with three constants, which have been determined fay Uit 
values of the density for one atmosphere, for half an atmosphef^, mi 
for infinitesimal pressurea But we must regard the actnal fonsiik 
in its application to this single temperature, as ha\'ing only two 
constants, of which one is determined so as to make the fonnola gm 
the theoretical value for infinitesimal pressures, and the other so at to 
make it agree with the experiments of Cahours at the preasore of odc 
atmosphere. 

An entirely different method has been employed by Hnrnfmsm* 
to determine the vapor-density of this substance. A current of dried 
air is forced through the liquid acid, which is heated to jtgom^ 
evaporation, and the mixture of air and vapor is cooled to any demnd 
temperature, with deposition of the excess of acid, by passing upvirt 
through a spiral tube in a suitable bath, llie acid is then ivparatr: 
from the air, and the (|uantity of each det^*miined. It is amanwd t^ 
the air is exactly saturated with vapor on leaving the ctnl. and thst .t 
has the temperature of the bath. If we know the pressure of !«aunir^ 
vapor for that temperature, and assume the validity «>f DalMci'^ l*v 
it is easy to calculate the density of the vapor. For the pr tH ' C g* 
of the air is found by subtracting the pressure of the vap^r fnc 
the total pressure (the experiments w^ere so conducted that tL.« 
was the Hanie as the actual pressure of the atmosphere^ and *Jt^ 
ratio of the weights of the acid and the air obtained by analr«« 
dividerl by the ratio of their pressures, will give the ratio of i^^ 
densities. The pressures of saturated vapor employed by Hnr^t&Acz 
are those given by Landolt,t and diifer greatly from the detrnniaft 
tions of Regnault, in some cases lieing nearly twice as gTY«t — « 
diflference notice<l but not explained by I^ndolt. who however ^.^« 

* Herichtt tier deutschen ehtmuicKen (Jt4>eiiMcht^/t^ Jahrg. Hi (1S70), S. TH : mui J«^ ^ 
(1878), K. 1*287. 

t Lith, AHfL, tiippL vi (1868), p. 157. 
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determinations (previously unpublished) of Wtillner, which somewhat 
exceed his own. (On the other hand, the observations of Bineau 
substantially agree with those of Regnault.) 

If we compare the observations of Horstmann with the values given 
by equation (12), on the basis of Landolt's pressures, we find a very 
marked disagreement, as may be seen by the following numbers, 
which relate to the highest temperatures of Horstmann's experiments, 
where the disagreement is least : — 

Temperature - - 63*1 02-0 59*9 5M 49*0 48*7 44*6 41*4 

PlressoreCLaDd) - llOK) 109*2 97-0 69-0 63*4 63*0 53*1 46*6 

Denrityoalceq. (12)- 3*67 3*67 3*69 3*76 3*77 3*77 3*79 3*81 

BeDBiiyofaB. - 319 3*11 312 316 2*89 2*98 2*75 2*62 

It will be observed that while the values obtained from equation (12) 
increase with diminishing temperatures, the values obtained from 
Horstmann's experiments diminish. This diminution continues as 
far as the experiments go, imtil finally at 12'' or IS"" the densities 
are only one half as great as those obtained by Bineau, by direct 
experiment at the same temperatures and at somewhat less pressures, 
in a series of observations which bear every mark of a very excep- 
tional precision. (CJompare Tables VII and IV.) The explanation 
of this disagreement is doubtless to be foimd in the values of the 
pressures employed in the calculations, and it will be interesting to 
see how the results may be modified by the adoption of different 
pressurea 

In determinations of the pressure of saturated vapors, too great 
values are so much more easily accounted for than errors in the 
opposite direction, especially when the pressures are small, that 
especial interest attaches to the lowest figures which are supported by 
a competent authority. The experiments of Regnault* were made 
with three different preparations of acetic acid, of which the second 
was once, and the third twice, purified by distillation over anhydrous 
phosphoric acid. Each distillation considerably diminished the pressure 
of the saturated vapor, the effect of the second distillation being about 
half that of the first. The numbers obtained with the third prepara- 
tion are given in the following table with their logarithms, and the 
differences of the logarithms for one degree of temperature : — 



Tempcxsture. 


Pressurou 


log. preasure. 


diff.perr. 


9*71 


6-42 


•8075 


•0239 
•0272 
*0161 
-0252 
•0251 
•0237 
-0232 


1212 


7-33 


8651 


14*33 


8*42 


•9253 


14-87 


8*59 


9340 


17-23 


9*85 


*9934 


19-84 


11*455 


1*0590 


22*37 


1315 


1*1189 


25-28 


15*36 


11864 



* Mim. Acad. 8cience8t voL xxvi, p. 758. The experimentB date from 1844. 
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The tmifomiity of the numbers in the last column ahows the 
able precision of the determinations. At the same tioie il is ef 
that the differences in these numbers are due principally to the 
of observation, so that numbers obtained by interpolation beiwwa the 
logarithms of the observed pressures will be somewhat better im 
account of averaging of the errors) than the original determinatkittL 

The values obtained by such an interpolatioo have been oaed far 
the comparison of Horstmann's experiments with the fonnola \\h 
which is given in Table VIL Unfortunately this cooipariaQn 
be extended above 25"", which is the limit of Regnaalt*s ei 
The first three columns of the table give the temperaturea of Hoff- 
mann's experiments, the pressures corresponding to these tcmpeiatai* 
according to the determinations of Landolt, and the density dedaeii 
from Horstmann's experiments by the use of these pfwrnrea. T* 

Table VIL — Acinc Acia 
Determinations of Vapor-den^ity fry DiMiUaiiom. 



THnpar- 


PrMturi 
•oe. to 


iifi, ., -la 

OOMTTWlf 

•ndUiMlolt 


PNMUfV 

■oe.to 
R^Bftalt 


DMMlty 
mkufm 

lUgMOlt't 


jsa 


dtawwia 


tf 




L 


a 


26-0 


28*5 


2-42 


1513 


3-86 


3-iD 


-« 




23-8 


22*4 


2-23 


1419 


3-86 


3*5a 




-n 


22-6 


21-6 


2-29 


1331 


3-87 


3-76 


--II 




21*6 


20-4 


2-24 


12-54 


3-87 


3« 


-If 




20-4 


19-2 


2-05 


11-81 


3-88 


317 




-« 


20*2 


19-0 


2-28 


11-68 


3-88 


3-75 


-IS 




20-0 


18-0 


213 


11-56 


3-88 


3« 




-■11 


17-4 


16-8 


2-09 


9-96 


3-89 


3-56 


-31 




15-6 


15-6 


1-98 


8-96 


3-90 


3-4S 


--«i 




16-3 


15-3 


li» , 


8-81 


3-90 


342 




-# 


16-3 


15-3 


185 1 


8-81 


3-90 


3^ 




-m 


14-7 


151 


1-78 


8-54 


3-91 


3 IS 


-73 




12-7 


137 


1^ 


7-60 


3-91 


3-56 


-•» 




124 


13*5 


1-89 


746 


3-92 


3-45 


- 47 





these columns, which are taken from Horstinann'H paper, are atUitf 
the pressure derived from Reguault s observations by the lo}sarithBx 
interpolation described above, the density calculated by et|QaU«.io iIS» 
from these pressures and the temperatures of the tir^t culomn. simI 
the densities obtained by combining Horstmann's experimenU wnk 
Regnault H pressures. This column is derived from the seovid. Uurfi 
and fourth, as follows. If w and W denote respectively the wei^i» 
of vapor and of air which pass through the apparatus in the «aac 
time, P the height of the barometer, and pi^ the prewore of aatural^d 
vapor as detennine<l by Landolt. the densities obtained on the Iwa« A 
Landolt'H pressures, and given in the third column, are evidently rt'prr 

sentiMl by ^. ' . Tlie numbers of the fifth column, which att 

^^^ uy(P — !>.) 

represented in the same way by — l y * , where p^ denotei tk 



VAPORrDENSITIES. 397 

pressure as determined by Regnault's experiments, have been cal- 
cnlated by the present writer by multiplying the numbers of the 

Aa the height of the barometer in Horstmann's experiments is not 
given, it has been necessary to assume P=760. The inaccuracy due 
to this circumstance is evidently trifling. The last two columns of 
the table, which relate to different series of experiments by Horstmann 
(a distinction not observed in other parts of the table), give the excess 
of the densities thus obtained from Horstmann's and Regnault's 
experiments above the values calculated from equation (12) with the 
use of Begnault's determinations of pressure. 

The densities obtained by experiment are without exception less 
than those obtained from equation (12). At the highest temperatures, 
where the liability to error is the least, both in respect to the measure- 
ment of the pressure of saturated vapor and in respect to the analysis 
of the product of distillation, the results of experiment are most 
uniform, and most nearly approach the numbers required by the 
formula. At the lowest temperatures, the greatest observed density 
is about one-eleventh less than that required by the formula, the 
difference being about the same as between the highest and lowest 
observed values for the same temperature. 

Since each successive purification of the substance employed by 
Begnault diminished the pressure of its vapor, it is not improbable 
that the pressures might have been still farther diminished by farther 
purification of the substance. The pressures which we have used are 
therefore liable to the suspicion of being too high, and it is quite 
possible that more accurate values of the pressure would still farther 
reduce the deficiency of observed density. 

PercJUoride of phoaphoma. — For this substance, we have at 
ahnospheric pressure a single determination of vapor-density by 
Mitscherlich,* and a series of determinations by Cahours;t at lower 
pressures we have determinations by WurtzJ and by Troost and 
Hautefeuilla§ In the experiments of Wurtz the pressure was reduced 
by mixing the vapor with air. In Table VIII all these determinations 
are compared with the formula 

, 3-6(D-3-6) 5441 ., -.^^^ ,,„. 

^^ (7'2-D)^ -^^+273+^^^^"" ^**^^^- <^^> 

The differences between the calculated and observed values are often 
large, in six cases exceeding *30; but they exhibit in general that 

♦ Pogg. Atm., voL xxix (1833), p. 221. 

iCfompUs BenduBf yoL xxi (1845), p. 025; and Annates de ChinUe et de Phytiquit^ 
ter. 8, voL zz (1847), p. 360. 
t ChmpUs BenduB, yoL Ixxvi (1873), p. 601. § Ibid,, vol Ixxxiii (1876), p. 977. 
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irregularity which is characteristic of errors of observaticHi. We 
should expect large errors in the observed densities, on account of the 
difficulty of obtaining the substance in a state of purity, and because 
the large value of the density renders it very sensitive to the effect of 
impurities which diminish the density, — also because the specific heat 
of the vapor is great, as shown by the numerator of the fracticm in 
the second member of (13),* and because the density varies very 
rapidly with the temperature as seen by the numbers in the third 
column of Table VIII. 

Table VIIL — Pebchloride of Phosphorus. 

EXPSRIMKNTB OF M l TSU HE RUOH, CaHOUBS, WuBTZ, AlTD TrOOST 
AND HaUTERUILLK. 



Tempen- 


PreMure. 


Density 
oaloulated 


Donaity obMrred. 




ture. 




l^eq.a»X 


MitMherlioh. 


Oahoun. 


MltMboriloh. 


Othomu. 


396 


(760) 


3-610 




3-666 




+ •046 


327 


764 


3-614 




3-666 




+ •042 


900 


766 


3-637 




3-664 




+ •017 


280 


(760) 


3-666 




3-69 




+ <B4 


288 


763 


3-669 




3-67 




+ •011 


274 


766 


3701 




3-84 




+ 189 


250 


761 


3-862 




3-991 




+ 129 


230 


746 


4169 




4-302 




+ •142 


222 


763 


4-344 


4-86 




+ •606 




206 


(760) 


4-762 




4-73 




-•021 


200 


768 


6-018 




4-861 




-167 


190 


768 


6-368 




4-987 




--381 


182 


767 


6-646 




6-078 




--668 




Wurte. 


T.&H. 


Wurts. 


T.*H. 


178-6 


227-2 


6-063 




6-160 




+ •097 


176-8 


2537 


6-223 




6-236 




+ •012 


167-6 


221-8 


6-466 




6-416 




-•041 


164-7 


221 


5-926 




6-619 




-307 


1601 


226 


6086 




6-886 




-•200 


148-6 


244 


6169 




6-964 




-•205 


146 


391 


6-46 


6-66 




+ 10 




146 


311 


6-37 


6-70 




+ -33 




146 


307 


6-36 


6-33 




--03 




144-7 


247 


6-287 




614 




-147 


137 


281 


6-63 


6*48 




-•05 




137 


269 


6-61 


6-64 




+ •03 




137 


243 


6-48 


6-46 




-02 




137 


234 


6-47 


6-42 




-•06 




137 


148 


6-31 


6-47 




+ 16 




129 


191 


6-59 


618 




-•41 




129 


170 


6-66 


6-63 




+ •07 




129 


166 


6-66 


6-31 




-•24 





But at the two lowest temperatures of Cahours' experiments, the 
differences of the observed and calculated densities (*381 and '568) are 
not only great, but exhibit, in connection with the adjcu^ent numbers, 
a regularity which suggests a very different law from that of the 



* Compare Equilib, Het, Subset this volume p. 180, and supra pp. 380-382. 
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formula. In fact, the densities obtained by Cahours at atmospheric 
pressure and those obtained by Troost and Hautefeuille at pressures 
a little less than one-third of an atmosphere seem to form a continuous 
series, notwithstanding the abrupt change of pressure. Yet it is 
difficult to admit that the density is independent of the pressure. So 
radical a difference between the behavior of this substance and that of 
the others which we have been considering requires unequivocal evi- 
dence. Now it is worthy of notice that the experiment at 182**, in 
which the greatest discrepancy is seen, is not given in the first record 
of the experiments, which was in the Comptea ReTtdua in 1845. It is 
given in the Annales de Ghiraie et de Physique in 1847, where it is 
called the first experiment. (The experiment at 336° is also omitted 
in the Comptea Rendua and that at 208"" in the Annaiea, — otherwise 
the lists are the same.) If it was the first experiment in point of time, 
which is apparently the meaning, it was made before the publication 
in the Comptea Rendua, and we can only account for its omission by 
supposing that it was a preliminary experiment, in which its distin- 
guished author did not feel sufficient confidence to include it at first 
with his other determinations, although he afterwards concluded to 
insert it. If we reject this observation as doubtful, the disagreement 
between the formula and observation appears to be within the limits 
of possible error, but additional experiments will be necessary to 
confirm the formula.* 

Elxperiments have also been made by M. Wurtz in which the vapor 
of the perchloride of phosphorus was diluted with that of the proto- 
chloridat These experiments may be used to test equation (8), 
which, when the values of its constants are determined by equation 
(13), reduces to the form 

l<^K^ = /~^k-13751, (14) 

PiPs to + 273 

where p^f Pv ^^^ Ps denote the partial pressures due respectively to 
the PCI5, the Cl^ , and the PCI,, existing as such in the gas-mixture. 
Since these quantities cannot be the subjects of immediate observa- 
tion, a farther transformation of the equation will be convenient. 
Let Mg, M, denote the quantities of the protochloride and of chlorine 
of which the mixture may be formed, and P,, P, the pressure which 



* Additional experiments on the density of this vapor have been made by M. Cahours, 
oonoeming whioh he says in 1866 : " Lee determinations qui je viens d'effeotuer k 170 et 
172 degrte (oe oorpe bout vers 160 a 165 degr^) m'ont donn4 des nombres qui, bien que 
notaUement plus forts que oeux que j'ai obtenus ant^eurement k 182 et 185 degr^ 
sont encore bien ^oign^ de oelui que correspond k 4 volumes," Oompiea Bendus, t 63, 
p. 16. 80 far as the present writer has been able to ascertain, these determinations 
have not been published. The formula gives 6*025 for 170" and 5*973 for 172*, at 
atmospheric pressure. The number corresponding to four volumes is 7*20. 

t OompUs Bendw, vol Ixzvi (1873), p. 601. 
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would belong to each of these if existing by itself with the same 
volume and temperature. These quantities wiU be connected by the 
equations 



'2-22v' 



«~4-98v' 



(16) 



where k denotes the same constant as on page 381. From the evident 
relations 

we obtain 

Pt^^i+^z-P^ P^^P-^s' Pt=P-^2'y 
and by substitution of these values in equation (14), 
P^+P,-p 5441 



log/ 



13-751. 



(16) 



'(p-^2)(P-^t) ^0+273 
In view of the relations (15), this may be regarded as an equation 
between the pressure, the temperature, the volume, and the quantitieB 
of protochloride of phosphorus and chlorine into which the gas- 
mixture is resolvable. 

Table IX. — Pebchloride and Protochloride or Phosphorus. 

EXPXBIMSVTS ON THB BilXSD VaPOBS BT WuBTE. 



No. of 
exp. 


(c 


(0&.) 


T 


a 


P. 


Pi 


P 
CAlculatad 
by«q.a«X 


KZOMI 

olol».nli» 
olp. 


XII 


173-29 


756-1 


423 


6-68 


392-4 


725-5 


760-7 


-4-6 


X 


165-4 


748-4 


413 


6-80 


3901 


725-5 


747-9 


+ -5 


vn 


176-24 


751-0 


411 


6-88 


392-7 


732-7 


7731 


-22-1 


vin 


169-35 


724-1 


394 


716 


391-8 


721-9 


760-5 


-26-4 


V 


175-26 


743-3 


343 


7-03 


334-9 


735-2 


764-4 


-211 


II 


164-9 


758-5 


338 


7-38 


346-4 


766-9 


782-9 


-24-4 


XI 


176-75 


760-0 


318 


7-00 


309-2 


761-2 


776-8 


-le-s 


IV 


175-26 


766-3 


271 


706 


265-7 


751-0 


770-9 


-14-6 


IX 


160-47 


753-6 


214 


7-44 


221-1 


760-6 


766-8 


-13-3 


I 


165-4 


760-0 


194 


7-26 


195-3 


761-3 


768-5 


- 8-5 


VI 


170-34 


761-2 


174 


8-30 


200-6 


777-8 


787-6 


-36-4 


111 


174-28 


742-7 


168 


7-74 


180-6 


7553 


766-5 


-23-8 



It is in this form that we shall apply the equation to the experimentB 
of M. Wurtz, the results of which are exhibited in Table IX. The 
first column gives the number distinguishing each experiment in the 
original memoir ; the second, the temperature ; the third, the observed 
pressure (p) of the mixture of PCI5, PCI,, and Cl^, which is the 
barometric pressure corrected for the small quantity of air remaining 
in the flask ; the fourth, the pressure x due to the possible perchloride, 
found by subtracting the pressure due to the excess of protochloride 
(this pressure is calculated from the theoretical density of the proto- 
chloride) from the total pressure; the fifth, the density S of the 
possible perchloride calculated from its pressure x with the tem- 
perature and volume. The numbers of these five columns are taken 
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from the memoir cited, except that the correction of the barometric 
pressures has been applied by the present writer in accordance with 
the data famished in that memoir. The two next columns contain 
the values of Pg and Pg. These would naturally be calculated from 
Mj and M3 by equations (15). But since the values of M^ and M3 
have not been given explicitly, those of Pj and P3 have been calculated 
from the recorded values of t and S. Since the weight of the possible 

percMoride is 57^ Mj, we have 

'^">22t;7r" tt »' 
Moreover, 

p-7r = P3-Pj, 

since both members of the equation express the pressure due to the 
excess of the protochloride. The values of Pg and P3 were obtained 
by these equations. 

The eighth column of the table gives the values of p calculated 
from the preceding values of Iq, Pj, and P3, by equation (16); and the 
last column, the difference of the observed and calculated values of p. 
The average difference is 18°^, or a little more than two per cent., the 
observed pressure being almost uniformly less than the calculated 
value. This deficiency of pressure is doubtless to be accounted for 
by a fact which MM. Troost and Hautefeuille have noticed in this 
connection. The protochloride of phosphorus deviates quite appre- 
ciably from the laws of Mariotte, Gay-Lussac, and Avogadro, the 
product of the volume and pressure of a given quantity of vapor at 
180* and the pressure of one atmosphere being 1-548 per cent, less 
than at the same temperature and the pressure of one-half an atmo- 
sphere.* Now we may assume as a general rule that when the 
product of volume and pressure of a gas is slightly less than the 
theoretical number (calculated by the laws of Mariotte, Gay-Lussac, 
and Avogadro) the difference for any same temperature is nearly pro- 
portional to the pressure.! It is therefore probable that between 
160® and 180**, at pressures of about one atmosphere, the product of 
volume and pressure for protochloride of phosphorus is somewhat 
more than three per cent, less than the theoretical number. The 
experiments of Wurtz, as exhibited in Table IX, show that the 
pressure, and therefore the product of volume and pressure (we may 
evidently give the volume any constant value as unity), in a mixture 
consisting principally of the protochloride is on the average a little 
more than two per cent, less than is demanded by theory, the differ- 
ences being greater when the proportion of the protochloride is 



* Trooet and HantefetiiUe, Oomptes Rendus, vol. Ixxxiii (1876), p. 334. 
t Andrews, <*0n the Gaseous State of Matter," PhO. Trans., vol. olxvi (1876), p. 447. 
G.I. 2C 
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grc'tttor. The deviation from the calculated valuer w thrrvf.*v - 
the same direction and about such in quantity bh we hIiooI*! ri\m^ * 

M. Wurtz haH remarked that the avera^^e value of S (the *irz.^r. 
of tlie jn^Hsilile pn*chlorid^) is nearly identical with the lh«^**-^-a 
density of the perchloride, and appears inclinttl to attri(<uv '.t^ 
variations from tliis value to the errors of experiment Yet it Apf^^i^i^ 
very distinctly in Table IX, in which the experinieniA arr ami^ 
according to tlie value of ir (the pressure due to the fmmt^^i^ ^^ 
chloride), that S increases as x diminishes. The experimrnt* f 
MM. Troost and Hautefeuille show that the coincidence rt'inaHk^tl *% 
M. Wurtz is due to the fact that on the average in tht.<9«t? exi^rixxj^^:* 
the deficiency of the density of the possible perchlcjride (omtipar!*: 
with the theoretical value) is counterbalanced by the excess of i^onstj 
of the protochloride. When ir > 400, the effect of the detid*-DrT a 
the density of the possible perchloride distinctly pnepond«*raCci« . «^rt 
TT < 250, the effect of the excess of density in the proCuch^ <^> 
distinctly preponderates. But the magnitude of tike difiereDCM c c 
cemed is not such as to invalidate the general conclusion estabiv«iM 
by the experiments of M. Wurtz, that the dissociation uf the |rr- 
chloride may be prevented (at least approximately) by mixing it w^.'J 
a large quantity of the protochloride. 

Table for faeilittiting calculation. — The numerical solutioo ui t^,-» 
tions (10), (11), (12) and (13) for given values of t and j* nuv v 
facilitated by the use of a table. If we set 

wi' liave for peix>xide of niti*ogen, 

for formic acid, 
for acetic acid. 



J 3118() . fk 1-1 



* Tht' <Ii*vUti(iii of the pn»t<iohloricle of phrmphonu fitm the Uw» «i| nUml fw* «&«* 
tht* imiMiMiibility of any tvry r/o^ AgrM^ment tjctvmm bucIi <«4aftti««M m kft«v *«^ 
diMiiKt^l in thin p*lM'r uml tht* rvmilu of ezprnni<^t in the cmme ni i;»ft miitofv* is «* •< 
thi<» Mu^MtAnif if* out* of tht* c<>inpr>nt*ntH. With nr«pr<*t t<» the i|arstii«i wfthrtWr f^c* 
t*k|»iTimi*nt« on thi- \a\ntr of tht* |»(*n*hlori(it* (alone, «ir with an virras nl cUtcia* t t 
tht* |init«K'hlon(U*) hiH i<*(Iuo«* tht* <liiiii)(n«inf*nt (trtweeu the i^loulatni ai»l ^ m i ■■: 
valuta to Huch niaKMiitu(it*ii aA <iccur in the oaae i»f thr proiuohlontlr alt^w, it w^mAS * 
nvih t«i Attt*nipt t«i uiitit'i|iatv the niiult of experimeot. 
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and for perchloride of phosphorus, 

L=^^®|— +logp-ll-363. (22) 

By these equations the values of L are easily calculated. The values 
of A may then be obtained by inspection (with interpolation when 
necessary) of the following table. From A the value of D may be 
obtained by multiplying by D^, viz., by 1*589 for peroxide of nitrogen 
or formic acid, by 2*073 for acetic acid, and by 3*6 for perchloride of 
phoephorua* 

Table X. 

For the Bolution of the equation: log^^^^"^^=L. 



•7 
•8 
•9 
1-0 
M 
1-2 
1-3 
1-4 
1-5 
1-6 
1-7 
1-8 
1-9 
2-0 
2-1 
2-2 
2-3 
2-4 
2-5 
2-6 
2-7 
2-8 
2-9 
3-0 



1-005 
1*006 
1-008 
1-010 
1-012 
1016 
1-019 
1-024 
1-030 
1-037 
1-046 
1-056 
1-069 
1-084 
1-102 
1-122 
1-146 
1172 
1-202 
1-234 
1-268 
1-305 
1-343 
1-382 



Dlff. 



1 

2 

2 

2 

3 

4 

5 

6 

7 

9 

10 

13 

15 

18 

20 

24 

26 

30 

32 

34 

37 

38 



30 
3-1 
3-2 
3-3 
3-4 
3-5 
3-6 
3-7 
3-8 
3^ 
4-0 
41 
4-2 
4-3 
4-4 
4-5 
4-6 
4-7 
4-8 
4-9 
6-0 
51 
5-2 
5-3 



1-382 
1-421 
1-461 
1-500 
1-537 
1-574 
1-609 
1-642 
1-673 
1-703 
1-730 
1-755 
1-778 
1-800 
1-819 
1-837 
1-854 
1-868 
1-882 
1-894 
1-905 
1-915 
1-924 
1-932 



Diff. 



40 
39 
37 
37 
35 
33 
31 
30 
27 
25 
23 
22 
19 
18 
17 
14 
14 
12 
11 
10 
9 
8 



5-3 


1^32 


5-4 


1-939 


5-6 


1-945 


6-6 


1-951 


5-7 


1-956 


5-8 


1-961 


5-9 


1-965 


6-0 


1-969 


6-1 


1-972 


6-2 


1-976 


6-3 


1-978 


6-4 


1-980 


6-5 


1*982 


6-6 


1-984 


6-7 


1-986 


6*8 


1-987 


6-9 


1-989 


7-0 


1-990 


7-2 


1-992 


7*4 


1-994 


7-6 


1-995 


7-8 


1-996 


8-0 


1*997 


9-0 


1-999 



Diff. 



7 
6 
6 
6 
6 
4 
4 
3 
3 
3 
2 
2 
2 
2 
1 
2 
1 



The constants of these equations are of course subject to correction 
by future experiments, which must also decide the more general 
question — in what cases, and within what limits, and with what 
degree of approximation, the actual relations can be expressed by 
equations of such form. In the case of perchloride of phosphorus 
especially, the formula proposed requires confirmation. 

* The valne of A diminished by unity exx>reB8e8 the ratio of the number of the mole- 
oulee of the more complex type to the whole number of molecules. Thus, if A=1'20, 
in the case of peroxide of nitrogen there are 20 molecules of the type N3O4 to 80 of the 
type NO2, or in the case of perchloride of phosphorus there are 20 molecules of the type 
PCI5 to 40 of the type PCI, and 40 of the type 01,. A consideration of the varying 
values of A is therefore more instructive than that of the values of D, and it would in 
some respects be better to make the comparison of theory and experiment with respect 
to the values of A. 
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ON AN ALLEGED EXCEPTION TO THE SECuND LlW or 
THERMODYNAMICS. 

[Science, vol. I, p. 160, Mar. 16, 1KS3.] 

Ac€X)RDiNQ to the received doctrine of radiation* heat is tnui<4uitt^ 
with the same intensity in all directions and at all puintu within «&t 
space which is void of ponderable matter and entirely Hurrjai^iti: 
by stationary bodies of the same temperature. We may a|*ply xh» 
principle to the arrangement recently proponed by Prof. H. T. EAlj* 
for transferring heat from a colder body A to a wanner B with at 
expenditure of work. 

In its simplest form the arrangement consiHts of parallel <<nr» 
which are placed between the bodies A and B, and have the fora i 
very thin disks with certain apertures, and the property «>f t<«i!h 
reflecting heat, lliese disks, or screens, are supposed t^» bo t{\td ^ 
a common axis, and to revolve with a constant velocity. Fjt :hf 
purposes of theoretical discussion, we may allow this velt»ity t- V 
kept up without expenditure of work, since we may Mi{ipp< tS- 
experiment to be made in txiouo. If the dimension.H anfl vrl-tf^ty i 
the apparatus are sucli that the screens n»ceive a C(>aHiiicrBKI* cKi:.j- 
of position during the time in which railiant heat travt-rvr* •>- 
distances between them, the apertures in the .screens niay U- ^ i\jk>< 
that radiations can pass from A to B, but not fmm K t«' X !*. 
is inferred that it is possible, by such means, to make ht-at ja-*« ir o 
a colder to a wanner body without compi*nsation. 

In order to judge of the validity of this inference, let u^ •■•^■•■*f 
thermal equilibrium to subsist initially in the syHteni. antl .r. .:::— 
whether the motion of the screens will have any tendency i«« •L'^tr^ 
that e(|uilibrium. We suppose, then, that the scri»en^. thr U-i:— A 
and R, and the walls enclosing the space in which the ex|*ri:..tr.: !• 
nia<le, have all the same teniix»ratun\ and that the spac«««» >••.»•--€ 
and around the screens and the Ixxlies A and B are tiU«Ml with ::«r 
nuiiations which belong to that temperature, according to th- yr.z 
ciple c'ite<l aliove. Under such circumstanct»s. it is evident that '.u 
preHi*nce of the scret*ns, whether at rest or in motion, will iv< \jk\t 

*Joum. FnMfdd. InM., March, IHM3. 
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any influence upon the intensity of the radiations passing through 
the spaces between and around them ; since the heat reflected by a 
screen in any direction is the exact equivalent of that which would 
proceed in the same direction (without reflection) if the screen were 
not there. So, also, the heat passing through any aperture in a screen 
is the exact equivalent of that which would be reflected in the same 
direction if there were no aperture. The quantities of radiant heat 
which fall upon the bodies A and B are therefore entirely unchanged 
by the presence and the motion of the screens, and their temperature 
cannot be aflected. 

We may conclude a fortiori that B will not grow warmer if A 
is colder than B, and none of the other bodies present are warmer 
than B. 

Since the body A, for example, when the screens are in motion, 
does not receive radiations from every body to which it sends them, 
it is not without interest to inquire from what bodies it will receive 
its share of heat This problem may be solved most readily by sup- 
posing the screens to move in the opposite direction, with the same 
velocity as before. One may easily convince himself that every body 
which receives radiant heat from A when the apparatus moves back- 
ward, will impart heat to A when the apparatus moves forward, and 
to exactly the same amount, if its temperature is the same as that 
of A. 
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ELECTROCHEMICAL THERMODYNAJIICS. 

Two letters to the Secretary of the Electrolyms Catnmittee *^' tiU 
Britis/i Aasociaiion for the Advancemer^ of Science. 

[Report BrU, A$so, Adv. ScL, 1886, pp. 388, 389 ; and 1888, pp. 54:i-^4(: 

New HaveD, January 8. \sn 
Professor Oliver J. Lodge, 

Dear Sir, — Please accept my thanks for the proof copy of jtm 
** Report on EUectrolysis in its Physical and Chemiod Bearings,'* wliidk 
I received a few days ago with the invitation, as I undenitaDd it» to 
comment thereon. 

I do not know that I have anything to say on the sabjccu man 
specifically discossed in this report, bat I hope I shall not do viokoor 
to the spirit of yoor kind invitation or too much presome oo yoor 
patience if I shall say a few words on that part of the general snbfct 
which yoo discussed with great clearness in yoor last report em 
pages 745 ff. (Aberdeen). To be more readily understood. I 
use your notation and terminology, and consider the most simple < 
possible. 

Suppose that two radicles unite in a galvanic cell during xht 
passage of a unit of electricity, and suppose that the same i|uaotiti4i 
of the radicles would give dc units of heat in uniting directly, that » 
without production of current ; will the union of the radicles in tkr 
galvanic cell give Jde units of electrical work ^ Certainly mn. unic^ 
the radicles can produce the heat at an infinitely high tempi^ratarp 
which is not, so far as we know, the usual cai»e. Suppose th** hi^rbec 
temperature at which the heat can be pnxluced is t'\ so that at th» 
temperature the union of the radicles with evolution of heat it a 
reversible process; and let f be the temperature of the cell. Uic^ 
temperatures being measured on the absolute scale. Now Hw mut^ 

of heat at the temperature t" are e<|uivalent to 6lrp unit<( i>f heat as 

the teinjMTature t\ together with Jdr— j.. units of meehankal or 
electrical work. (I use the tenn " e<|uivalent ** tftrieily t«» driK<c 
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reciprocal convertibility, and not in the loose and often misleading 
sense in which we speak of heat and work as equivalent when there 
is only a one-sided convertibility.) Therefore the reridevieiit of a 

perfect or reversible galvanic cell would be J0e— ,7— units of electrical 

t' . ... 

work, with Oep units of (reversible) heat, for each unit of electricity 

which passes. 

You ¥rill observe that we have thus solved a very different problem 
from that which finds its answer in the Joule-Helmholtz- Thomson 
equation with term for reversible heat. That equation gives a 
relation between the E.M.F. and the reversible heat and certain other 
quantities, so that if we set up the cell and measure the reversible 
heat, we may determine the E.M.F. without direct measurement, or 
nice versd. But the considerations just adduced enable us to predict 
both the electromotive force and the reversible heat without setting 
up the cell at all. Only in the case that the reversible heat is zero 
does this distinction vanish, and not then unless we have some way 
of knowing d priori that this is the case. 

From this point of view it will appear, I think, that the pro- 
duction of reversible heat is by no means anything accidental, or 
superposed, or separable, but that it belongs to the very essence of 
the operation. 

The thermochemical data on which such a prediction of E.M.F. and 
reversible heat is based must be something more than the heat of 
union of the radicles. They must give information on the more 
delicate question of the temperature at which that heat can be 
obtained In the terminology of Clausius they must relate to entropy 
as well as to energy — a field of inquiry which has been far too much 
neglected 

Essentially the same view of the subject I have given in a form 
more general and more analytical, and, I fear, less easily intelligible, 
in the closing pages of a somewhat lengthy paper on the " Equilibrium 
of Heterogeneous Substances " (Conn, Acad. Trans., vol. iii, 1878), of 
which I send you the Second Part, which contains the passage in 
question. My separate edition of the First Part has long been 
exhausted The question whether the " reversible heat " is a negligible 
quantity is discussed somewhat at length on pages 510-519.* On 
page 503t is shown the connection between the electromotive force 
of a cell and the difference in the value of (what I call) the jpotentUd 
for one of the ions at the electrodes. The definition of the potential 
for a material substance, in the sense in which I use the term, will be 
found on page 443 J of the synopsis from the Am. Jov/r. Sci., vol. xvi, 
which I enclose. I cannot say that the term has been adopted by 

* [This voL, pp. 339-347.] t [Ibid., p. 333. J : [/Wd., p. 356.] 
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physicists. It has, however, received the unqualified commendation 
of Professor Maxwell (although not with reference to this particular 
application — see his lecture on the "Equilibrium of Heterogeneous 
Substances," in the science conferences at South Kensington, 1876); 
and I do not see how we can do very well without the idea in certain 
kinds of investigations. 

Hoping that the importance of the subject will excuse the length of 
this letter, 

I remain. 

Yours faithfully, 

J. WiLLARD GiBBS. 

New Haven, November 21, 1887. 

Professor Oliver J. Lodge, 

Dear Sir, — ^As the letter which I wrote you some time since con- 
cerning the reni\d€ment of a perfect or reversible galvanic cell seems to 
have occasioned some discussion, I should like to express my views a 
little more fully. 

It is easy to put the matter in the canonical form of a Camot's 
cycle. Let a unit of electricity pass through the cell producing 
certain changea We may suppose the cell brought back to its 
original condition by some reversible chemical process, involving a 
certain expenditure (positive or negative) of work and heat, but 
involving no electrical current nor any permanent changes in otiier 
bodies except the supply of this work and heat 

Now the first law of thermodynamics requires that the algebraic 
sum of all the work and heat (measured in " equivalent " units) 
supplied by external bodies during the passage of the electricity 
through the cell, and the subsequent processes by which the ceU is 
restored to its original condition, shall be zero. 

And the second law requires that the algebraic sum of all the heat 
received from external bodies, divided, each portion thereof, by the 
absolute temperature at which it is received, shall be zero. 

Let us write W for the work and Q for the heat supplied by ex- 
ternal bodies during the passage of the electricity, and [W], [Q] for 
the work and heat supplied in the subsequent processes. 

Then W+Q+[W] + [Q] = 0, (1) 



».d ?+I^ = 0, (2) 



where t under the integral sign denotes the temperature at which the 
element of heat ci[Q] is supplied, and t the temperature of the cell, 
which we may suppose constant. 
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Now the work W includes that required to carry a unit of electricity 
from the cathode ha\"ing the potential V" to the anode having the 
potential V. (These potentials are to be measured in masses of the 
same kind of metal attached to the electrodes.) When there is any 
change of volume, a part of the work will be done by the atmosphere 
or other body enclosing the cell. Let this part be denoted by Wp. 
In some cases it may be necessary to add a term relating to gravity, 
but as such considerations are somewhat foreign to the essential 
nature of the problem which we are considering, we may set such 
cases aside. We have then 

W = V'-V"+Wp (3) 

Combining these equations we obtain 

V"-V' = Wp+[W]+[Q]-^'J^l. (4) 

It will be observed that this equation gives the electromotive force 
in terms of quantities which may be determined withotU setting vjp 
the cell. 

Now [W]+[Q] represents the increase of the intrinsic energy of 
the substances in the cell during the processes to which the brackets 

relate, and I — !^ represents their increase of entropy during the 

same processes. The same expressions, therefore, with the contrary 
signs, will represent the increase of energy and entropy in the cell 
during the passage of the current. We may therefore write 

V"- V'= - Af+f'Ajy+Wp, (5) 

where Ae and Aj; denote respectively the increase of energy and 
entropy in the cell during the passage of a unit of electricity. This 
equation is identical in meaning, and nearly so in form, with equation 
(694) of the paper cited in my former letter, except that the latter 
contains the term relating to gravity. See Trans. Conn, Acad., 
iii (1878), p. 509* The matter is thus reduced to a questicm of 
energy and entropy. Thus, if we knew the energy and entropy of 
oxygen and hydrogen at the temperature and pressure at which they 
are disengaged in an electrolytic cell, and also the energy and entropy 
of the acidulated water from which they are set free (the latter, in 
strictness, as functions of the degree of concentration of the acid), we 
could at once determine the electromotive force for a reversible cell. 
This would be a limit below which the electromotive force required in 
an actual cell used electrolytically could not fall, and above which the 
electromotive force of any such cell used to produce a current (as in a 
Grove's gas battery) could not reach. 

♦ [This volume, p. 338.] 
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Returning to equation (4), we may observe that if t under the 
integral sign has a constant value, say t", the equation will reduce to 

V"-.V'=^'P^[Q]+[W] + Wp. (6) 

Such would be the case if we should suppose that at the tem- 
perature ^" the chemical processes to which the brackets relate take 
place reversibly with evolution or absorption of heat, and that the 
heat required to bring the substances from the temperature of the cell 
to the temperature t'\ and that obtained in bringing them back again 
to the temperature of the cell, may be neglected as counterbalancing 
each other. This is the point of view of my former letter. I do not 
know that it is necessary to discuss the question whether any such 
case has a real existence. It appears to me that in supposing such a 
case we do not exceed the liberty usually allowed in theoretical 
discussions. But if this should appear doubtful, I would observe 
that the equation (6) must hold in all cases if we give a slightly 
diflferent definition to 1f\ viz., if f' be defined as a temperature deter- 
mined so that 

The temperature f\ thus defined, will have an important physical 
meaning. For by means of perfect thermo-dynamic engines we may 
change a supply of heat [Q] at the constant temperature if' into a 
supply distributed among the various temperatures represented by t 
in the manner implied in the integral, or v^ice verad. We may, 
therefore, while vastly complicating the experimental operations 
involved, obtain a theoretical result which may be very simply stated 
and discussed. For we now see that after the passage of the current 
we may (theoretically) by reversible processes bring back the cell to 
its original state simply by the expenditure of the heat [Q] supplied 
at the temperature f\ with perhaps a certain amount of work repre- 
sented by [W], and that the electromotive force of the cell is 
determined by these quantities in the manner indicated by equation 
(6), which may sometimes be further simplified by the vanishing 
of [W] and Wp. 

If the current causes a separation of radicles, which are afterwards 
united with evolution of heat, [Q] being in this case negative, if 
represents the highest temperature at which this heat can be obtained. 
I do not mean the highest at which any part of the heat can be 
obtained — that would be quite indefinite — but the highest at which 
the whole can be obtained. I should add that if the effect of the 
union of the radicles is obtained partly in work — [W], and partly 
in heat — [Q], we may vary the proportion of work and heat; and t" 
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will then vary directly as [Q]. But if the effect is obtained entirely 
in heat, t' will have a perfectly definite value. 

It is easy to show that these results are in complete accordance 
with Helmholtz's differential equation. We have only to differentiate 
the value which we have found for the electromotive force. For this 
purpose equation (5) is most suitable. It will be convenient to write E 
for the electromotive force V — V", and for the differences Ae, Ajy to 
write the fuller forms e"— e', i'-^vf, where the single and double 
accents distinguish the values before and after the passage of the 
current. We may also set p{v'-'V'') for Wp, where p is the pressure 
(supposed uniform) to which the cell is subjected, and v"—v' is the 
increase of volume due to the passage of the current. If we also 
omit the accent on the t, which is no longer required, the equation 
will read 

^^e''^e'^t{fl"-fl')+p{v''^vy (8) 

If we suppose the temperature to vary, the pressure remaining con- 
stant, we have 

dE^^de' -de' -tdff' +tdf( -{fi" -ff)dt+pdv'' --pdv'. (9) 

Now, the increase of energy de is equal to the heat required to 
increase the temperature of the cell by dt diminished by the work 
done by the cell in expanding. Since dtf is the heat imparted divided 
by the temperature, the heat imparted is tdtf, and the work is 
obviously p dv\ Hence 

d^=tdfj'—pdv\ 
and in like manner 

d€'' = tdri''-pdv\ 

If we substitute these values, the equation becomes 

cZE=(jy'-jy")ctt. (10) 

We have already seen that ff'—fj" represents the integral I— 7^ of 

equations (2) and (4), which by equation (2) is equal to the reversible 
heat evolved, — Q, divided by the temperature of the cell, which we 
now call t Substitution of this value gives 

which is Helmholtz's equation. 

These results of the second law of thermodynamics are of course 
not to be applied to any real cells, except so far as they approach the 
condition of reversible action. They give, however, in many cases 
limits on one side of which the actual values must lie. Thus, if we 
set ^ for = in equations (2), (4), (5), (6), and ^ for = in (8>, the 
formula will there hold true without the limitation of reversibility. 
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But we cannot get anything by differentiating an ino«|oa)ity. mx^: - 
does not appear d priori which side of (10) is the greater wheL *.*.- 

condition of reversibility is not satisfied. The term ^ in 1 1 1 • .• 

certainly not greater than f{'^f(, for which it was flnbHtitatcd [vr 
this does not determine which side of (11) is the gr^sater in «Ar ->( 
irrever»ibility. It is the same with Helmholtz's method of ^\i 
which is qoite different from that here given, but iodicateA nockic^ 
except so far as the condition of reversibility is fulfilled, t.v* 
SUzuviffAericIite BerL Acad,, 1882, pp. 24, 25.) 

I fear that it is a poor requital for the kind wiah whiefa yw 
expressed at Manchester, that I were present to explain and npp^ 
my position, for me to impose so long a letter upon you. Trmmi 
however, in your forbearance, I remain, yours faithfully, 

J. WiLLAED Gum 



VIII. 

SEMI-PERMEABLE FILMS AND OSMOTIC PRESSURE. 
[Nature, vol. LV, pp. 461, 462, Mar. 18, 1897.] 

Lord Kelvin's very interesting problem concerning molecules 
which diflfer only in their power of passing a diaphragm (see Natv/re 
for Janoary 21, p. 272), seems only to require for its solution the 
relation between density and pressure for the fluid at the temperature 
of the experiment, when this relation for small densities becomes that 
of an ideal gas ; in other cases, a single numerical constant in addition 
to the relation between density and pressure is sufficient. 

This will, perhaps, appear most readily if we imagine each of the 
vessels A and B connected with a vertical column of the fluid which 
it contains, these columns extending upwards until the state of an 
ideal gas is reached The equilibrium which we suppose to subsist 
will not be disturbed by communications between the columns at as 
many levels as we choose, if these communications are always made 
through the same kind of semi-permeable diaphragm as that which 
separates the vessels A and B. It will be observed that the difference 
of level at which any same pressure is found in the two columns is 
a constant quantity, easily determined in the upper parts (where the 
fluids are in the ideal gaseous state) as a function of the composition 
of the fluid in the A-column, and giving at once the height above the 
vessel A, where in the A-column we find a pressure equal to that in 
the vessel B. 

In fact, we have in either column 

d/p= —gydz, 
where the letters denote respectively pressure, force of gravity, density, 
and vertical elevation. If we set 

we have F'(p)dp=-gdz. 

Integrating, with a different constant for each column, we get 

FO>a)=-^(«-Ca), 

nPB) 9{z-Cjd, 

FO)A)-F(pB)=flr(CA-CB). 
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In the upper regions, 

^^ y P 

where t denotes temperature, and a the constant of the law of Boyle 
and (Charles. Hence, 

Moreover, if 1 : n represents the constant ratio in which the S- and 
D-molecules are mixed in the A-column, we shall have in the upper 
regions, where the S-molecules have the same density in the two 
columns, 

yA = (l + ^OyB. 1'a = (1+^)1>b, 

fl'(CA-CB)=a<log(l+n). 

Therefore, at any height, 

F(2^A)-F(2>B)=anog(l+n). 

This equation gives the required relation between the pressures in A 
and B and the composition of the fluid in A. It agrees with van't 
Hoff*s law, for when n is small the equation may be written 

F'(i>A)(l>A-PB) = «^^ 
or 

But we must not suppose, in any literal sense, that this difference 
of pressure represents the part of the pressure in A which is exerted 
by the D-molecules, for that would make the total pressure calculable 
by the law of Boyle and Charles. 

To show that the case is substantially the same, at least for any one 
temperatm-e, when the fluid is not volatile, we may suppose that we 
have many kinds of molecules. A, B, C, etc., which are identical in all 
properties except in regard to passing diaphragms. Let us imagine 
a row of vertical cylinders or tubes closed at both ends. Let the first 
contain A-molecules sufficient to give the pressure p' at a certain 
level. Then let it be connected with the second cylinder through a 
diaphragm impermeable to B-molecules, freely permeable to all others. 
Let the second cylinder contain such quantities of A- and B-molecules 
as to be in equilibrium with the first cylinder, and to have a certain 
pressure p" at the level of p' in the first cylinder. At a higher level 
this second cylinder will have the pressure which we have called p. 
There let it be connected with the third cylinder through a diaphragm 
impermeable to C-molecules, and to them alone. Let this third 
cylinder contain such quantities of A-, B-, and C-molecules as to be 
in equilibrium with the second cylinder, and have the pressure p" at 
the diaphragm ; and so on, the connections being so made, and the 
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quantities of the several kinds of molecules so regulated, that the 
pressures at all the diaphragms shall have the same two values. 

It is evident that the vertical distance between successive con- 
nections must be everywhere the same, say I; also, that at all the 
diaphragms, on the side of the greater pressure, the proportion of 
molecules which can and which cannot pass the diaphragm must be 
the same. Let the ratio he l:n. If we write y^, yB» etc., for the 
densities of the several kinds of molecules, and y for the total 
density, we have for the second cylinder 

For the third cylinder we have this equation, and also 

VA+yB 

which gives 

yA+YB+yo ^(i^^y 

In this way, we have for the rth cylinder 

Now the vertical distance between equal pressures in the first and 
rth cylinders, is 

(r-l)L 

Now the equilibrium will not be destroyed if we connect all the 
cylinders with the first through diaphragms impermeable to all except 
A-moleculea And the last equation shows that as y/yA increases 
geometrically, the vertical distance between any pressure in the 
column when this ratio of densities is found, and the same pressure 
in the first cylinder increases arithmetically. This distance, therefore, 
may be represented by log (y/yA) multiplied by a constant. This is 
identical with our result for a volatile liquid, except that for that 
case we found the value of the constant to be dt/g. 

The following demonstration of van't HofFs law, which is intended 
to apply to existing substances, requires only that the solutum, i.e., 
dissolved substance, should be capable of the ideal gaseous state, and 
that its molecules, as they occur in the gas, should not be broken up 
in the solution, nor united to one another in more complex molecules. 

It will be convenient to use certain quantities which may be called 
the potentials of the solvent and of the solutum, the term being thus 
defined: — In any sensibly homogeneous mass, the potential of any 
independently variable component substance is the differential co- 
efficient of the thermodynamic energy of the mass taken with respect 
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to that component, the entropy and volume of the mass a^d the 
quantities of its other components remaining constant. The advantage 
of using such potentials in the theory of semi-permeable diaphragms 
consists partly in the convenient form of the conditions of equilibrium, 
the potential for any substance to which a diaphragm is freely per- 
meable having the same value on both sides of the diaphragm, and 
partly in our ability to express van't Hoff's law as a relation between 
the quantities characterising the state of the solution, without reference 
to any experimental arrangement (see Transcictions of the Connecticvi 
Academy, vol. iii, pp. 116, 138, 148, 194) [this vol., pp. 63, 83, 92, 1^5]. 
Let there be three reservoirs, R', R", R"', of which the first contains 
the solvent alone, maintained in a constant state of temperature and 
pressure, the second the solution, and the third the solutum alone. 
Let R' and R" be connected through a diaphragm freely permeable 
to the solvent, but impermeable to the solutum, and let R" and R'" 
be connected through a diaphragm impermeable to the solvent, but 
freely permeable to the solutum. We have then, if we write /Xj and 
fjL^ for the potentials of the solvent and the solutum, and distinguish 
by accents quantities relating to the several reservoirs, 

<'=ft'=conflt., ^'=^". 

Now if the quantity of the solutum in the apparatus be varied, the 
ratio in which it is divided in equilibrium between the reservoirs R" 
and R'" will be constant, so long as its densities in the two reservoirs, 
yg", yg'", are small. For let us suppose that there is only a single 
molecule of the solutum. It will wander through R" and R'", and in 
a time sufficiently long the parts of the time spent respectively in 
R" and R'", which for convenience we may suppose of equal volume, 
will approach a constant ratio, say 1 : B. Now if we put in the 
apparatus a considerable number of molecules, they will divide them- 
selves between R' and R" sensibly in the ratio 1 : B, so long as they 
do not sensibly interfere with one another, i.e., so long as the number 
of molecules of the solutum whicli are within the spheres of action of 
other molecules of the solutum is a negligible part of the whole, lx)th 
in R" and R'". With this limitation we have, therefore, 

72 =^72 • 

Now in R'" let the solutum have the properties of an ideal gas, which 
give for any constant temperature {ibid, p. 212) [this vol., p. 152] 

where Oj ^® ^^^ constant of the law of Boyle and Charles, and C 
another constant. Therefore, 

/i,"=a,< log(By,")+C. 
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This equation, in which a single constant may evidently take the 
jplaoe of B and C, may be regarded as expressing the property of the 
aolntion implied in van't HoflTs law. For we have the general thermo- 
dynamic relation (ibid. p. 143) [this vol, p. 88]. 

vdp^fidt+Tn^dfi^+m^djuL^y 

irhere t; and fi denote the volume and entropy of the mass considered, 
and m^ and m^ the quantities of its components. Applied to this 
ease, since t and fi^ are constant, this becomes 

Snbstituting the value of d/A^", derived from the la.st finite equation, 
ire have 

dp'' = a^t dy^'y 

whence, integrating from 72" =0 and p"^p\ we get 

which evidently expresses van't HoflTs law. 

We may extend this proof to cases in which the solutum is not 
volatile by supposing that we give to its molecules mutually repulsive 
molecular forces, which, however, are entirely inoperative with respect 
to any other kind of moleculea In this way we may make the 
adltttum capable of the ideal gaseous state. But the relations per- 
taining to the contents of R" will not be affected by these new forces, 
since we suppose that only a negligible part of the molecules of the 
solutum are within the range of such forces. Therefore these relations 
cannot depend on the new forces, and must exist without them. 

To give up the condition that the molecules of the solutum shall 
not be broken up in the solution, nor united to one another in more 
complex molecules, would involve the consideration of a good many 
cases, which it would be difficult to unite in a brief demonstration. 
The result, however, seems to be that the increase of pressure is to be 
estimated by Avogadro's law from the number of molecules in the 
solution which contain any part of the solutum, without reference to 
the quantity in each. J. Willard Qibbs. 

New Haven, Connecticut, February 18. 
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UNPUBLISHED FRAGMENTS. 



[BeiTig portions of a supplement to the ''Equilibrium of Heterogeneous 
Substances " in preparation at the time of the author's death, and 
intended to a/icompany a proposed reprint of his thermo- 
dynamic papers*] 



[A list of subjects fownd with the vfuinuscript and priTited behw 
appea/rs to indicate the scope of the supplementa/ry chapters as 
planned by Professor Oibbs. As vriU be observed, however, the 
authors unfinished Truimuscript, except for a nu/mJber of dis- 
connected notes, relates to only two of these subjects, the first aid 
fourth in the lisf] 

On the values of potentials in liquids for small components. (Tem- 
perature coefficients.) 
On the fundamental equations of molecules with latent differences. 
On the fundamental equations for vanishing components. 
On the equations of electric motion. 
On the liquid state, 2> = 0. 
On entropy as mixed-up-ness. 
Geometrical illustrations. 
On similarity in thermodynamics. 
Cryohydrates. 



* [See Preface.] 
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On the Values of Potentials in Liquids for Substances which 
form but a Small Part of the whole Mass.* 

The value of a potential t for a volatile substance in a liquid may 
be measured in a coexistent gaseous phase, | and so far as the latter 
may be treated as an ideal gas or gas-mixture, § the value of the 
potential will be given by the equation (276), [" Equilib. Het Subs."] 
which may be briefly written 

/£ = f unc (t) + at log y g„ , [1] 

where fi is the potential of the volatile substance considered, either in 
the liquid or in the gas, t the absolute temperature, y^^ the density 
of the volatile substance in the gas and a the constant of the law of 
Boyle and Charles. Since this last quantity is inversely proportional 
to the molecular weight we may set 

A 

where M denotes the molecular weight, and A an absolute constant 
(the constant of the law of Boyle, Charles, and Avogadro), || and write 
the equation in the form 

At 
/£ = func(0+j^logygi«, [2] 

in which the value of the potential depends explicitly on the mole- 
cular weight. 

The validity of this equation, it is to be observed, is only limited 
by the applicability of the laws of ideal gases to the gaseous phase ; 
there is no limitation in regard to the proportion of the substance in 
question to the whole liquid mass. Thus at 20*" Cent, the equation 
may be determined by the potential for water or for alcohol in a 
mixture of the two substances in any proportions, since the vapor 
of the mixture may be regarded as an ideal gas-mixture. But at 
a temperature at which we approach the critical state, the same is 
not true without limitation, since the coexistent gaseous phase cannot 
be treated as an ideal gas-mixtura At the same temperature how- 
ever, if we limit ourselves to cases in which the proportion of water 
does not exceed ^ of one per cent., and suppose the density of the 

*The object of this chapter is to show the relation of the dootrine of potentials to van't 
Hofif's Law (what form van't HofiTs Law takes from the standpoint of the potentials) ; 
and to the modem theory of dilate solutions as developed by van't Hofif and Arrhenins. 
"EquiUb. Het. Subs." [this volume], pp. 135-138, 138144, 164165, 168-172, 172-184. 

fFor the definition of this term see p. 93, also pp. 92-96. 

tin some oases a semi-permeable membrane may be necessary. (Enlarge.) (Is the 
term ooexifAenl right in this case ?) 

§ Definition. (Enlarge. ) 

il ^^= ^> P^^ ^<- Ib ohMluU used correctly ? 
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water-vapor, yg„, to be measured in a space containing only water- 
vapor and separated from the liquid by a diaphragm permeable to 
water and not to alcohol, then the above equation would probably 
be applicable, since then the water- vapor might probably be treated 
as an ideal gas. The same would be true (mtUatis mutamdis) of the 
potential for alcohol in a mixture of alcohol and water containing 
not more than ^ of one per cent, of alcohol* 

This law, however, which makes the potential in a liquid depend 
upon the density of the substance in some other phase is manifestly 
not convenient for use. We may get over this difficulty most simply 
by the law of Henry according to which the ratio of the densities of 
a substance in coexistent liquid and gaseous phases is (in cases to 
which the law applies) constant. If y be the density in the liquid 
phase and yg^ in the gas, we have 

yEu=cy> [3] 

and by substitution in equation [2] we have 

At 
/£ = func(0+^logcy. 

At 
or /* = func(0+^logy, [4] 

At 
where the function of the temperature has been increased by -v? lege 

With this value of the potential, which is manifestly demonstrated 
only to be used so far as the law of Henry applies, in connection with 
the general equation (98), [" Equilib. Het. Subs."] viz., 

we may calculate the osmotic pressure, etc., etc, as we shall see more 
particularly hereafter. 

I. Osmotic pressure. 
II. Lowering freezing point. 
III. Diminishing pressure of other gas. 
Ilia. Effect on total pressure. 
nil. Raising boiling point with one pressure. 
Illla. Raising boiling point with two pressures. 

v. Interpolation formula for mixtures of liquids. 
In fact, when yot is small, we have approximately 

VD^iWD = j^ dyjy = At d^ , [5] 



*Also the potentials of water and aloohol in a mixture may be meaBored in a vertioal 
tube of sufficient height. [See p. 413.] 

t [In the following discussion, D indicates the dissolved substance, or solutum, and S 
the solvent.] 
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where tid denotes the number of molecules of the form (D), Henod 
we have for the solution 

dp = ^dt+ysdfis+Atd^. [i\] 

If ^ is constant, and also fig, — a condition realized in etiuilihrium, 
when the solution is separated from the pure solvent by a diaphragm 
permeable to the solvent but not to the solutum, — the tM|iiati()n 
reduces to 

dp = Atd-''. 

Whence p-p'=^^y^^At^. [7] 

p' being the pressure where yD = 0, i.e., in the pure solvent. Hero 

At 
p^p' is the so-called osmotic pressure, and jrsr y^ in the preNHure m 

calculated* by the laws of Boyle, Charles, and Avogaiiro for tlio 
solutum in the space occupied by the solution. Ttie iM|uatio» timui* 
festly expresses van't HoflTs law. 

For a coexistent solid phase of the solvent, with ootiNtant pnMMuro, 
the general equation gives 

= fldi+7n^dfi^+v Atd^ii 
for the solution, and 

O^tf dt+7rc^dfi^ 

for the solid coexistent phase. Here t and /ig liave tuMiAmmrWy IIm^ 
same values in the two equations, and we may HU{i{KiH<$ iUti quantity 
. of one of the phases to be so ch^jsen hm Uj make the vaiwm <;f ni^ «»'|UaI 
in the two equations. Tliis give«» 

In integrating fn>m yi;»0 V/ tuiy Hum\\ va|tj« «;f y^* w^ iiMiy Umi 
the ooeffidentB of di and fly^ «m tiJivi»^ i\m m4$kH v/^y4M4A vaiu^b «m 
when yD=0. This givtw 

If we write Q^i^/r -^^ <Xiik UuViA >mj«4, *4 $ui^'iMs>% i*/r Mm: unit 
of weight of th^ «olveml| w*: y^tji 

A, ^^ ^ 



* Kot eiqwriiinnitaU^t luuu<l 
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rngQg iA the latent heat of so much of the solvent as oocor* in «b» 
solution. (Or make m^ » 1.) 

Raoult makes A/ x ^, with exoeptions. 

With a coexistent gaseoos phase of the solvent (the solmam beo^ 
not volatile), we have for the solation 

and for the gaseous phase 

Here, on account of the coexistence of the phaspw, p and #^ snd djp 
and d^ have the same values. Hence 

ys -"D 

Say -dp^l^^^dy^. 

ort -±^Mi±;$, 

P ys ^h 

P-P^^fs yp ii: 

i> ys J^D* 

J/d is the molecular weight [of solutum] in aolutiou ; 
Mg is the molecular weight [of flolvent] in vapor. 

But the foregoing equation suggestM a gtaieralization mhich l« »< 
confined to cases in which the law of Henry ha« Ijeen proveJ. T.-* 
letter M in the e({uation has l)een defined as the molecular Wf^i^.: .( 
the Hul)stance in the fonn of gas. Nt)w the molecular wei;;ht whjc* 
figures in the relation between the potential and the deiiMty of t 
suljstance in a liquid would naturally l)e the molecular wei^t v>f ti^ 
substance as it exists in the liqui<l. It is therefore a natural vq^ 
position suggested by the e4|Uation that, in the case wh«*n* Hion • 
law holds g<Mxl, and coase^juently eq. [4], the molecular woi»i:ht i \hr 
solutum is the same in the liquid and in the gaM.H»u.H pha^- . ihi*. - 

* [/> u th«« va|K»r preMort} of the pure imlvvnt, P thAt tif the nolniiuci. ) 
Aamimiiig thAt thts vapur >M*hAve« like aii ideal ^raii. we hiivi* y^' - ^f'l 
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case the law of Henry and eq. [4] do not hold, it may be on account 
of a difference in the molecular weight in the gas and the liquid, and 
that the eq. [4] may still hold if we give the proper value to M 
in that equation, viz., the molecular weight in the liquid. 

But as these considerations, although natural, fall somewhat short 
of a rigorous demonstration, let us scrutinize the case more carefully. 
It is easy to give an a priori demonstration of Henry's law and 
equation [4] in cases in which there is only one molecular formula for 
the solutum in liquid and in gas, so long as the density both in liquid 
and in gas is so small that we may neglect the mutual action of the 
molecules of the solutum. In such a case the molecules of the solutum 
will be divided between the liquid and the gas in a (sensibly) constant 
ratio (the volume of the liquid and gas being kept constant), simply 
because every molecule, moving as if there were no others, would 
spend the same part of its time in the vapor and in the liquid as if 
the others were absent, and the number of the molecules being large, 
this would make the division sensibly constant. This proof will 
apply in cases in which the law of Henry can hardly be experi- 
mentally demonstrated, because the density of the solutum as gas is so 
small as to escape our power of measurement. Also in cases in which 
a semi-permeable diaphragm is necessary, an arrangement very con- 
venient for theoretical demonstrations, but imperfectly realizable in 
practice. (Also in cases in [which a] difference of level is necessary, 
with or without diaphragm.) But in every case when the law of 
Henry is demonstrably imtrue for dilute solutions, we may be sure 
that there is more than one value of the molecular weight of the 
solutum in the phases considered. 

This theoretical proof will apply to cases in which experimental 
proof is impossible : 

(1) When the density in gas is too small to measure. 

(2) When the density in gas is too great, either the total density or 

the partial. (Diaphragm or vertical column.) 

(3) When the liquid (or other phase) is sensitive to pressure and 
not in equilibrium with the gaa 

Will the various theorems exist in these cases ? 
If one or both appear in a larger molecular form, the densities of 
y^ and y^' * are proportional and 

At 
hence one equation of form, /^Im = iff ^^g Ym proves all 



*' } [12] 



* [y refers to the liquid, and y' to the gaseous phase.] 
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Let us next consider the case in which the solutum appears with 
more than one molecular formula in the liquid or gas or both. Now 
there are two cases, that in which the quantities of the substance 
with the different molecular formulae are independently variable, and 
that in which they are not. In the [first] case there is no question. 
If, for example, hydrogen appears with the molecular formula JSj 
and also in molecules with the molecular formula Hfi, these are to be 
treated as separate substances, and we have the two equations 

At 
fin, = f unc (t) +^ log ya,, 

and 

At 
/£H.o = func (t)+jj^logyB/}, 

and also if free oxygen is present 

At 
/£o,=func (0+;g--logyo,. 

But when the quantities of the substance associated in the different 
molecular combinations are not independently variable, then we have 
the equation 

ifl/£l + ifg/£, = iflj^, [13] 

which is exact and certain, and the considerations adduced on p. (*), 
which are not limited to gases, seem to show that in this case the 
equations of the form (t) all continue to subsist, but we have also the 
equation of form (J). 

It would therefore appear that we may regard the equation 

At 
/£ = func(0+j^logy 

as expressing a general law of nature, where the letter if is the 
molecular weight corresponding to any molecular combination in the 
liquid and y is the density of the matter which has that molecular 
formula, provided that the density y is so small that of the molecules 
which it represents only a negligible fraction at any time are within 
the spheres of each other's attraction. It goes without saying that 
the law is approximative, as the last condition can only be satisfied 
approximately for any finite value of y. (Need of verification on 
account of the unknown M,) 

[The author's mamuscript for the proposed supplement ends, so far 
at least as a connected treatment is concerned, at this point. The 
following notes are appended.] 



• [Although left blank in the MS., this probably refers to p. 423.] 
t [Probably equation [12].] t [Probably equation [13].] 
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In case of one molecular formula in liquid and none in gas, we 
may give the molecules repelling forces which will make the gas 
possible. (?) [See p. 417.] 

Deduce Ostwald's Uw in more general form. 

Deduce interpolation formula. 

What use can we make of Latent Differences? fL^, /£^, fi^, /£„, 
/£j^ all conform to Uw, I think. 

[On the Equations of Electric Motion.] 

[A aomewhat abbremated copy of a letter written fowr years earlier 
(in May 1899) to Professor W. D. Bancroft of Cornell University had 
been ptacei by Professor Oibbs between the pages of the manuscript, 
and was evidently intended to serve as a basis for the chapter " On 
the equations of electric motion " mentioned in the list on page 418. 

Ihrovgh the courtesy of Professor Bancroft the original letter has 
been placed at the disposal of the editors and is here given in full. 
The major portion of this letter was incorporated by Professor 
Bancroft in an artide entitled ''Chemical Potential and Electro- 
motive Force!" published after the death of Professor OibbSy in the 
Journal of Physical Chemistry, vol. viL.p. 416, Jwne 1903.] 

My dear Prof. Bancroft : 

A working theory of galvanic cells requires (as you 
suggest) that we should be able to evaluate the (intrinsic or chemical) 
potentials involved, and your formula 

dfi = Rtd\ogp, 
is all right as you interpret it I should perhaps prefer to write 

At 
/'D=J5+3grlogyD. (1) 

or yi>dfiv=-^dyj,, (2) 

for small values of yd, where yp is the density of a component (say 
the mass of the solutum divided by the volume of the solution), Mj, its 
molecular weight (viz., for the kind of molecule which actually exists 

in the solution), A the constant of Avogadro's Law (^= o)» ^^^ ^ * 

quantity which depends upon the wjlvent and the solutum, as well as 
the temperature, but which may \xi regarderl ah independent of yp so 
long as this is small, and which is practically independent of the 
pressure in ordinary cases. 
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We may avoid 'hedging' in regard to B by OAing the •litff*rvima; 
equation (2). We may simply say that this e(|aation bol*lji ft 
changes produced by varying the quantity of (DX when yi> l* <nLl 
It is not limited to changes in which t is constant, for th«- chMn^^ 
in /£d due to t appearing in (1) (both explicitly, and implicitly ia B 
becomes negligible when multiplied by the small quantity y^,. 

The formula contains the molecular weight if|>, and if ai! *Jy 
solutum has not the same molecular formula, the yi> must be q»w- 
stood as relating only to a single kind of molecule. 

Thus if a salt d^) is partly dissociated into the ion;* i^) aiyj iji 
we will have the three equations 

The three potentials are also connected by the relation 

which determines the amount of dissociation. We have, nam^lv 

M,B,+M^,^M,^,,+At log >^ = 0, 

Vit 

which makes -^^^ constant, for constant temperature and iiuivenL 

I may observe in passing that this relation, eq. (1> or \t\ 
which is so fundamental in the modem theory of solutioa«i. i* *>©?- 
what vaguely indicated in my " &|uilib. Het. Sulis." (Set» [thU v.»l!;!if' 
pp. 135-138, 156, and 164-165.) I say vaguely, fjecause the o»-ffici<ct 
of the logarithm is only given (in the general caM>) as con.*itant f^f i 
given solvent and temperature. Tlie generalization that thin o-rtBr-rr.: 
is in all cases of exactly the samt* fonn iis {nr gases, even to th- -J-u.-* 
which arise in cases of dissociation, is due to van*t Hotf in c<*nn»^.: c 
with Arrhenius, who suggested that the " discnnls " are hut " liArTi:* c-* 
not understood," and that exceptions vanish when wo u^^- th- t.T 
molecular weights. At all events, o<j. (2) with (9H> {K.H S.\ ;:i>. f r 
a solvent (*S') with one dissolves! substance (/M. 

If wo integrate, ktH»ping t constant and rtls«» /in (by connt^-ti n w.v 
the pure solvent thnmgh a si*mi-permfable iliaphnigin). wo h.%\' \m.* 
Hofl^H Law, 

. At 
Ml? 



W-fi)^t=v-^yj,^At-^, 
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In the above ease of dissociation the formula would be 

For a coexistent solid phase of the solvent we have for constant 

pressure 

At 
0=fidt+md/is+v^dyjyy 

mg being for convenience taken the same in both phases. 
Then {n'-n)dt = v^dyj,. 

In integrating for small values of yD we may treat the coefficients 
of dt and c2yD as constant This gives 

At j^W^D 

or if we write Qg for — — — (the latent heat of melting for the unit 

of weight of the solvent), we have 

.^^ Athn^ 
QgJfDmg* 
This may be written 

According to Raoult, the first member of this equation has a value 
nearly identical for all solvents and solutes (supposed definite com- 
pounds). This would make the second member the same for all 
liquids of " definite " composition, when we give if g the value for the 
molecule in the liquid state. I should think it more likely that these 
properties should hold for the two members of the equation 

A^ mg ifp At 
t Tn^Ms^QsMs 
which are pure numbers (of no dimensions in physical units). In 
this form it has a certain analogy with van der Waals' law of 
" corresponding statea'* 

With a coexistent vapor phase of the solvent, we have 

t;dp=mgd/£g+t;i^dyp, 
i/'dp=mgd/£g, 
(t;-i;')dp=t;^ ciyD, 
J V At J 
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We may regard -7—- as constant in integrating (for small yp), which 

^ V —V Mj, 

At At PMa , .... 

Now -^:^ = ^ = —^ nearly, which gives 

P-p^mp M^ ^j^j^j^ .^ Raoulfs Uw. 

Raoult found values about 5 per cent, larger than this, which agrees 

At PM 

very well with the fact that -; is somewhat larger than -. It 

•' V —V ° wis 

is also to be observed that M^ relates to the molecules in the solution, 

but Jfg to ^he molecules in the vapor. Or, with a coexistent vapor 

phase of the solutum (alone or mixed with other vapors or gases), 

we have 



4i 

At 
h 
R-B 

Yd 



i« = -B+3f-logyD, 



/^=^+ii logVD. 



-3pX=logB, 



which makes —, constant for the same solvent, solutum, and tem- 
Vd 

perature, according to Henry's Law. 

So for the galvanic cell which you first consider, I should write 

-"*a /a 

yay ya being the densities, supposed small, of the cation (a) in the two 
electrodes, which are supposed identical except for the dissolved (a). 
Here a^ has reference to the solution and Ma to the electrodes. It 
may be more convenient to divide a^ into the factors Ea, a^, where 
an is the weight of hydrogen which carries the imit of electricity, and 
Ea the weight of (a) which carries the same quantity of electricity as 
the unit of weight of hydrogen. In other words Ea is Faraday's 
" electrochemical equivalent " and a^ is Maxwell's " electrochemical 
equivalent." This gives 



F''-F' = aHil^jMog£%, 



where auA is your R and -^ your v, v\* 



• [The valence of the ion]. 
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The meagreness of the results obtained in my E,H.S, in the matter 
of electrolysis has a deeper reason than the difficulty of the evaluation 
of the potentials. 

In the first place, cases of true equilibrium (even for open circuit) 
are quite exceptional Thus the single case of unequal concentration 
of the electrolyte cannot be one of equilibrium since the process of 
diffusion cannot be stopped. Oases in which equilibrium does not 
subsist were formally excluded by my subject, and indeed could not 
be satisfactorily treated without the introduction of new ideas quite 
foreign to those necessary for the treatment of equilibrium. 

A^in, the consideration of the electrical potential in the electrolyte, 
and especially the consideration of the difference of potential in 
electrolyte and electrode, involves the consideration of quantities of 
which we have no apparent means of physical measurement, while 
the difference of potential in "pieces of metal of the same kind 
attached to the electrodes " is exactly one of the things which we can 
and do measure. 

Nevertheless, with some hedging in regard to the definition of the 
electrical potential, we may apply 

to points in electrolyte (') and electrode C). 
This gives 

say, V'-V'^'^log'^. 

The O like the P of your formula seems to depend on the solvent, 
presumably varies with the temperature, but as Nemst remarks does 
not depend on the other ion associated with (a), so long as the solution 
is dilute. 

The case of unequal concentration, or, in general, cases in which 
the electrolyte is not homogeneous, I should treat as follows ; Let us 
suppose for convenience that the cell is in form of a rectangular 
parallelopiped with edge parallel to axis of x and cross section of unit 
area. The electrolyte is supposed homogeneous in planes parallel to 
the ends, which are formed by the electrodes. 

Of course we should have equilibrium if proper forces could be 
applied to prevent the migration of the ions and also of the part of 
the solutum which is not dissociated. What would these forces be? 
For the molecules {^ which are not dissociated, the force per unit of 

mass would be -t-^. (The problem is practically the same as that 

discussed in E.H.8. [this volume], pp. 144 ff.) If the unit of mass of 
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the cation (^) has the charge c^, the force necessary to prevent its 
migration would be 



da, . dV 

For an anion (2) the force would be 

^-c — .♦ 
dx ^ dx 

Now we may suppose that the same ion in different parts of a 
dilute solution will have velocities proportional to the forces which 
would be required to prevent its motion. We may therefore write 
for the velocity of the cation {^), 

and for the flux of the cation d), 

for the flux of the anion (j), 

where A^, k^ are constants ('migration velocities') depending on the 
solvent, the temperature, and the ion.t Now whatever the number 
of ions the flux of electricity is given by the equation 

where the upper sign is for cations and the lower for anions, and the 
summation for all ions. This gives 



*-'*'"^J&-3?^'.*-''.- 



That is, V -r ^ ^ 

^^^^At^^^^dV. 

dx 
The form of this equation shows that since is the current, =; — r — 

is the "resistance" of an elementary slice of the cell, and the next 
term the (internal) electromotive force of that slice. 



* [Cg is a poeitive number equal numerically to the negative charge on unit mass of 
the anion.] 
t [The positive direction for both these fluxes is the direction of increasing x.] 
t [The sign of the charge is not included in c. Honoe the double sign ia neoessary.] 
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Integrating from one point to another in the electrolyte. 

The evaluation of these integrals which denote the resistance and 
electromotive force for a finite part of the electrolyte depends on 
the distribution of the ions in the cell. For one salt with varying 
concentration, 

or, since Ciyi=<5iy2 and C\dyi=c^d^^, 

The resistance depends on the concentration throughout the part of 
the cell considered, but the electromotive force depends only on the 
concentration at the terminal points (' and "). 

For c^M^ and c^M^ we may write -^ and — ^, where v, and Vj are 

the " valencies " of the molecules. This gives 

7"- r=aH^<|^*log3^, for 0=0 (circuit open). 

I think this is identical with your equation (V) when your ions 
have the same valency. 

Planck's problem is less simple.* We may regard it as relating to a 
tube connecting the two great reservoirs filled with different electro- 
Ijrtes of same concentration, i.e., 2i/?oyo' = 2oCoyo''« I use Q for any 
ion, (i) for any cation, (j) for any anion. [The accents (') and O 
refer to the two reservoira] 

The tube is supposed to have reached a stationary state and 
dissociation is complete. The number of ions is immaterial, but they 
all must have the same valency v. 

Now by equations (3) and (4), since c^M^^ — , 

oAt, dvoT-i dV 



«[PUnok, WiecL Ann,, voL zl (1890), p. 561.] 
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oAt 
or, writing T for the constant , 

[The terms T j— CoVo disappear in the algebraic sum since 
^lYi = SCgyj' ^^^ *^ similar reason] 

The first equation makes ^^^^ constant throughout the tube, and 

since 2iA)yo"=2iA)yo'» Scoy© ™^t be constant throughout the tube. 

dV 
The second equation then makes -z— constant throughout the tube. 

Let X= — J-. 
ax 

Our original equation is 

Now with X constant this is easily integrated. 

X 



log(y.T^)=±f*+logl^o. 



To determine 5^ we have 

yo -yo=^oV« -« / 

If we put the origin of coordinates in the middle of the tube 
we have 

X = —03 . 
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Let P^e^"', yo"-yo'=±Fo(P-P-i). 

Let 4)=yo"-yo'. y«>^A=^^ P^-P-i ' 






The condition of no electrical current gives 



/'• 



SqCo^oVo = 2o±C(A)Ao p_p-i • 
Apply to both ends and add, 

^o^J^oVo' + 2o^(A>yo' — 2q ± Cq^jjAq p_p-i » 

= 2o ± C(/;0 Aq p^-pTi • 
If we set, to abridge, 

When the summations are for cations or anions sepa/rcUdy, the 
last equation may be written 

which gives i» = ^\,7|^^ . 

Now logP=^a:-=^a:', 21ogP= -^(^y"^^^ =iy^, 

-JTi' is the part of the conductivity of the first electrolyte which is 
due to the cations. 

If the first electrolyte contains only one cation (^) and one anion (,), 
and the second only one cation (3) and one anion (4), we have 






or, smce c^y^ =<'2y2 =^8y8 =^4y4 






like the formula which you quote. 
0.1. 2b 
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I regret that I have been obliged to delay my writing so long. I 
presume that yon would have preferred to have me reply more 
promptly and more briefly. Bnt the matter did not seem to be 
capable of being dispatched in few words. 

One might easily economize in letters in the formulae by referring 
densities (y) and potentials (/i) to equivalent or molecular weights, as 
you have done, but I thought I was more sure to be understood with 
the notations which I have used. Moreover, since the molecular 
weight is often the doubtful point in the whole problem, there is a 
certain advantage in bringing it in explicitly rather than implicitly, 
so that we can see at a glance how a change in our assumptions in 
regard to the molecules will affect the measurable quantitie& 

Yours, very sincerely, 

J. WiLLARD OlBBS. 



7 
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